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Preface

This is the second volume in a series of books on the general theme of super-
symmetric mechanics which are based on lectures and discussions held in 2005
and 2006 at the INFN – Laboratori Nazionali di Frascati. The first volume
is published as Lecture Notes in Physics 698, Supersymmetric Mechanics –
Vol. 1: Noncommutativity and Matrix Models, 2006 (ISBN: 3-540-33313-4).

The present one is an expanded version of the series of lectures “Attractor
Mechanism, Black Holes, Fluxes and Supersymmetry” given by S. Ferrara at
the SSM05 – Winter School on Modern Trends in Supersymmetric Mechanics,
held at the Laboratori Nazionali di Frascati, 7–12 March, 2005. Such lectures
were aimed to give a pedagogical introduction at the nonexpert level to the
attractor mechanism in space-time singularities. In such a framework, super-
symmetry seems to be related to dynamical systems with fixed points, describ-
ing the equilibrium state and the stability features of the thermodynamics of
black holes. The attractor mechanism determines the long-range behavior of
the flows in such (dissipative) systems, characterized by the following phe-
nomenon: when approaching the fixed points, properly named “attractors,”
the orbits of the dynamical evolution lose all memory of their initial condi-
tions, although the overall dynamics remains completely deterministic. After
a qualitative overview, explicit examples realizing the attractor mechanism
are treated at some length; they include relevant cases of asymptotically flat,
maximal and nonmaximal, extended supergravities in four and five dimen-
sions. Finally, we shortly overview a number of recent advances along various
directions of research on the attractor mechanism.

Stefano Bellucci1

March 2006 Sergio Ferrara1−3

Alessio Marrani1,4

1 INFN – Laboratori Nazionali di Frascati, Via E. Fermi 40, 00044 Frascati, Italy;
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2 Theory Division, CERN 1211, Geneva 23, Switzerland; Sergio.Ferrara@cern.ch
3 UCLA, Department of Physics and Astronomy, Los Angeles, CA, USA; fer-
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1

Black Holes and Supergravity

These lectures deal with black holes (BHs) in different space–time (s-t) di-
mensions and their relation to supersymmetry (SUSY). On the same footing
of monopoles, massless point-particles, charged massive particles, and so on,
BHs are indeed in the spectrum of the general theories that are supposed to
unify gravity with elementary particle interactions, namely superstring theory,
and its generalization, called M-theory.

In general relativity (GR) a BH is nothing but a singular metric satisfying
the Einstein equations. The simplest and oldest example is given by the four-
dimensional (4-d) Schwarzchild (Schw.) BH metric

ds2Schw. (M) =
(

1− rg (M)
r

)
c2 dt2 −

(
1− rg (M)

r

)−1

dr2 − r2dΩ , (1.1)

where dΩ is the 2-d square angular differential and rg (M) ≡ 2G0M
c2 is the

Schwarzchild radius of the BH (c and G0 are the light speed in vacuum and the
4-d gravitational Newton constant, respectively; unless otherwise indicated,
in the following we will choose a suitable system of units, putting c = � =
G0 = 1).

Therefore, M being the mass of the BH, (1.1) describes a one-parameter
family of static, spherically symmetric, asymptotically flat uncharged singular
metrics in d = 4 s-t dimensions.

The metric functions diverge at two points, r = rg and r = 0. The first one
is just a “coordinate singularity,” because actually the Riemann–Christoffel
(RC) curvature tensor is well-behaved there. The surface at r = rg is called
event horizon (EH) of the BH. The EH is a quite particular submanifold of the
4-d Schw. background, because it is a null hypersurface, i.e., a codimension-1
surface locally tangent to the light-cone structure. Otherwise speaking, the
normal four-vector nµ to such an hypersurface is lightlike. By denoting with
dxµ the set of tangent directions to the EH, nµ is the covariant one-tensor
satisfying

nµdx
µ = 0, 0 = nµn

µ = gµνnµnν . (1.2)
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2 1 Black Holes and Supergravity

Thus, nµ is both normal and tangent to the EH, and it represents the direction
along which the local light-cone structure, described by the (local) constraint
gµν (x) dxµ dxν = 0, is tangent to the EH. From a physical perspective, the
tangency between the EH and the local light-cone (and the fact that spatial
sections of the EH may be shown to be compact) characterizes the EH as
the boundary submanifold, topologically separating the outer part of the BH,
where light can escape to infinity, from the “inner” part, where no escape is
allowed.

The singular behavior of the Schw. BH is fully encoded in the limit r → 0+,
in which the RC tensor diverges.

The observability of such an s-t singularity may be avoided by formulating
the so-called cosmic censorship principle (CCP), for which every point of the
s-t continuum having a singular RC tensor should be “covered” by a surface,
named event horizon, having the property of being an asymptotical locus for
the dynamics of particle probes falling toward the singularity, and preventing
any information going from the singularity to the rest of the universe through
the horizon. This means that the region inside the EH (the “internal part” of
the BH) is not in the backward light-cone of future timelike infinity.1 In other
words, the CCP forbids the existence of “naked” singularities, i.e., of directly
physically detectable points of s-t with singular curvature. From this point of
view, BHs are simply solutions of Einstein field equations that exhibit an EH.

The simplest way to see this in the Schw. case is to consider the radial
geodesic dynamics of a pointlike massless probe falling into the BH; in the
reference frame of a distant observer, such a massless probe will travel from a
radius r0 to a radius r (both bigger than rg) in a time given by the following
formula:

∆t(r) =

r∫
r0

dt

dr
dr =

r∫
r0

√
grr

gtt
dr =

∫ r

r0

dr

1− rg

r

= (r0 − r) + rg ln
(
r0 − rg

r − rg

)
→∞ for r → r+

g . (1.3)

Such a mathematical diverging behavior may be consistently physically inter-
preted in the following way. A distant observer will see the massless probe
reaching the EH in an infinite time: the physically detectable dynamics of
infalling physical entities will be asymptotically converging to the EH, which
covers the real s-t singularity located at r = 0.

Two important quantities related to the EH are its area AH and the sur-
face gravity κs. AH is simply the area of the two-sphere S2 defined by the
EH. The surface gravity κs, which is constant on the horizon, is related to

1 It is worth pointing out that many of the classical features of BH dynamics should
be modified by quantum effects, starting from the famous Hawking radiation
process. However, such issues are outside the scope of this work, and therefore
they will be omitted here
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the force (measured at spatial infinity) that holds a unit test mass in place,
or equivalently to the redshifted acceleration of a particle staying “still” on
the horizon. More formally, κs may be defined as the coefficient relating the
Riemann-covariant directional derivative of the horizon normal four-vector nµ

along itself to nµ:
nν∇νn

µ = κsn
µ . (1.4)

Let us now ask the following question: may SUSY be incorporated in such
a framework?

As it is well known, GR may be made supersymmetric by adding a spin
s = 3

2 Rarita–Schwinger (RS) field, namely the gravitino, to the field con-
tent of the considered GR theory. The result will be the N= 1 supergravity
(SUGRA) theory. It is then clear that setting the gravitino field to zero, the
Schw. BH is still a singular solution of N= 1, d = 4 SUGRA, because it is
nothing but the bosonic sector of such a theory. Nevertheless, it breaks SUSY:
indeed, no fermionic Killing symmetries are preserved by the Schw. BH metric
background. Otherwise speaking,

δε(x)Ψµ

∣∣
Schw.BH

= 0 (1.5)

has no solutions, with ε(x) being the fermionic local SUSY transformation
parameter, and Ψµ denoting the gravitino RS field.

On the other hand, in general (Riemann-)flat metric backgrounds preserve
SUSY. For instance, 4-d Minkowski space preserves four supersymmetries, be-
cause in such a space there exist four constant spinors, which are actually the
components of a 4-d Majorana spinor, thus allowing one to include fermionic
Killing symmetries in the isometries of the considered manifold.

Summarizing, while 4-d Minkowski space preserves four supersymmetries
corresponding to constant spinors, the Schw. BH background metric does
not have any fermionic isometry, and therefore it breaks all SUSY degrees of
freedom (d.o.f.s). Of course, due to the asymptotically Minkowskian nature
of the Schw. singular metric, such SUSY d.o.f.s are restored in the limit r →
∞. This feature will characterize all singular spherically symmetric, static,
asymptotically Minkowskian solutions to SUGRA field equations, which we
will consider in the following.

As it is well known, other (partially) SUSY-preserving BH metric solutions
exist; the first ones were found long ago, in the classical Maxwell–Einstein
theory. The simplest example is given by the 4-d Reissner–Nördstrom (RN)
BH metric

ds2RN

(
M, q2

)
=

(
1− rg (M)

r
+
q2

r2

)
dt2

−
(

1− rg (M)
r

+
q2

r2

)−1

dr2 − r2dΩ, (1.6)

which reduces to Schw. BH metric when the total electric charge q of the
BH vanishes. Therefore (1.6) describes a two-parameter family of spherically
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symmetric, static, asymptotically flat, electrically charged singular metrics in
d = 4. In this case, beside the real s-t singularity at r = 0, there are two
distinct “coordinate-singular” surfaces, at

r± = M ±
√
M2 − q2 . (1.7)

The outer one, placed at r+, is called “Cauchy horizon,” while the one at r−
is the proper EH. It should be reminded that Schw. and RN BHs belong to
the large family of spherically symmetric, static, asymptotically flat 4-d sin-
gular metric backgrounds of Maxwell–Einstein theory. They may be obtained
from the Kerr–Newman solution (describing a spherically symmetric, rotat-
ing, charged BH, and therefore parameterized by the triplet (M, q, J), with
J denoting the total angular momentum) by putting q = 0 = J and J = 0,
respectively.

As it is clear from (1.7), the reality of the radii crucially depends on the
ratio between the mass and the total electric charge of the RN BH. Indeed,
M2 < q2 implies that no BH horizons exist at all, and therefore that the
s-t RN singularity is “naked,” thus being physically detectable, because the
asymptotical dynamics of infalling particles would end in the singularity itself.

In order to prevent this from happening, it may explicitly be proven that
the CCP is, in general, equivalent to the constraint

M2 � q2 . (1.8)

Such a condition is stunningly similar to the Bogomol’ny–Prasad–Sommerfeld
(BPS) bound for the stability of monopole solutions in spontaneously broken
gauge theories, formulated in a suitable system of units.

When the BPS-like condition arising from the CCP is “saturated,” i.e.,
when

M2 = q2 , (1.9)

the EH and the Cauchy horizon coincide; the resulting RN BH is said to be-
come “extremal”2 (or “extreme”), acquiring an extra feature of 1

2 -BPS SUSY-
enhancement. Indeed, it may be rigorously shown that an extremal RN BH
preserves four supersymmetries out of the eight related to the asymptotical
N= 2 Minkowski background.3 The appearance of the BPS-saturated bound
2 In Sect. 4 we will give a general, equivalent characterization of extreme (and

nonextreme) BHs, pointing out that extreme RN BHs are only a particular subset
of the class of 4-d static, spherically symmetric, asymptotically flat extreme BHs

3 A generalization to electrically and magnetically charged static BHs yields a BPS-
like saturated bound of the kind

M2 = q2 + m2,

allowing one to interpret the considered s-t singularity as a Schwinger dyonic
massive particle with electric charge q and magnetic charge m (related by the
Dirac–Schwinger quantization relation).
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(1.9) should not be a surprise, because actually the extremal RN BH metric
background is a soliton stationary solution of field equations in N= 2, d = 4
Maxwell–Einstein supergravity theory (MESGT).

For a generic RN BH, the surface gravity reads

κs =
1
2
r+ − r−

r2
+

=

√
M2 − q2

r2
+

. (1.10)

It is worth noticing that in the case of a Schw. BH (q2 = 0, r+ = rg (M)), the
usual expression for the surface gravity of a massive star is recovered:

κs =
1

4M
. (1.11)

But the most interesting consequence of (1.10) is that the saturation (1.9)
of the BPS bound implies the vanishing of the surface gravity. Actually, the
extreme RN BH is just a particular example of 4-d static, spherically sym-
metric and asymptotically flat extreme BHs, which, within such fundamental
structural features, may be characterized as the most general (U(1))n-charged
class of singular Riemann backgrounds with vanishing surface gravity (with
n ∈ N).

As it is well known, the N= 2, d = 4 MESGT may be obtained from
the classical, non-SUSY, 4-d Maxwell–Einstein theory (whose field content is
given by the Riemann metric gµν and the Maxwell vector potential Aµ) just
by adding two s = 3

2 RS gravitino fields ΨA
µa (x) (A = 1, 2 is the SUSY index,

while µ and a are the Lorentz vector and spinor indices, respectively). Notice
that in such an approach to supersymmetrization, no extra bosonic fields are
introduced; consequently, all non-SUSY solutions of Maxwell–Einstein the-
ory (including RN BH) are also solutions of N= 2 MESGT, provided that
fermions are set to zero.4

For generic values of the couple of parameters (M, q), the RN BH does
not have a regular horizon geometry, nor it preserves any of the eight super-
symmetries of the local maximal N= 2, d = 4 SUSY algebra. The necessary

This is the first example of electric–magnetic duality, due to the U(1)-
invariance of the classical Maxwell equations, corresponding to SL(2, R)-duality
rotational covariance on the Abelian field strength F and its Hodge dual ∗F . In
the presence of n electric and n magnetic charges, the electric–magnetic duality
group is enlarged to Sp (2n, R) [1, 2]. As it will be seen later, the existence of
dyons is strictly related to the number of s-t dimensions being considered.

In what follows we will not explicitly consider magnetic charges, but such a
fact will not touch the core and the generality of the whole treatment

4 Such an argument is very powerful and versatile; for instance, it may be applied
to disentangle some symmetry structures of ordinary pure QCD. In fact, such a
theory (containing only gluons) may be supersymmetrized just by adding some
s = 3

2
fermionic fields; such an additive procedure makes nothing but explicit

some hidden SUSY properties of the starting theory. For instance, this has been
used in literature in the calculation of tree-level gluonic amplitude in pure QCD
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condition to obtain a minimal regularity of the geometric structure in prox-
imity of the horizon(s) is expressed by the CCP BPS-like constraint (1.8).

The eight supersymmetries related to the asymptotical maximally SUSY
Minkowski background in N= 2, d = 4 MESGT simply come from the exis-
tence of two Majorana spinors, each with four real components. Moreover, in
the same way the positive energy theorem can be proved in GR with the use
of SUSY, in N= 2, d = 4 MESGT it is possible to prove the CCP by using the
local SUSY algebra. Roughly speaking, we may obtain the condition M2 � q2

from the requirement of positivity of the operators appearing in the right-
hand sides (r.h.s.’s) of the anticommutator of two supercharges in the RN BH
metric background. The saturation of the CCP BPS-like bound (1.8) makes
the RN BH “extremal,” and allows one to obtain four independent solutions
to the spinor Killing equations

δε(x)Ψ
A
µ

∣∣
extreme RN BH = 0 . (1.12)

Thus, BPS-saturated RN BHs can be actually described in terms of massive
charged particles, corresponding to

(
M, q2

)
-parameterized, pointlike repre-

sentations of the N= 2, d = 4 SUSY algebra. BPS-saturation implies nothing
but the extreme RN BH solution to preserve one half of the supersymmetries
related to 4-d asymptotical Minkowski background.

Another fundamental feature of the N= 2 (d = 4) extreme RN BHs is the
restoration of maximal SUSY at the EH.

Denoting with rH ≡ r+ = r− the radius of the EH, for an arbitrary
value r > rH of the radius the spherically symmetric solutions of N= 2,
d = 4 MESGT represented by extreme RN BHs preserve only one half of
the eight supersymmetries related to their asymptotical limit, i.e., to the 4-d
Minkowski space, and therefore to the associated N= 2, d = 4 superPoincaré
algebra. Going toward the EH, i.e., performing the limit r → r+

H , one gets a
restoration of the previously lost four additional supersymmetries, reobtaining
a maximally symmetric N= 2 metric background, namely the 4-d Bertotti–
Robinson (BR) AdS2 × S2 BH metric5 [3]– [5].

It is instructive to explicitly show that the “near-horizon” limit of the
extreme RN BH metric in d = 4 is the BR metric AdS2 × S2. First of all,
let us BPS-saturate the 4-d RN BH metric given by (1.6), by simply putting
M2 = q2:

ds2RN,extreme (M) ≡ ds2RN

(
M, q2

)∣∣
q2=M2

=
(
1− rg (M)

2r

)2

dt2−
(
1− rg (M)

2r

)−2

dr2 − r2dΩ. (1.13)

5 Actually, the BR metric provides the first example of the celebrated Maldacena’s
AdS/CFT conjecture, namely the AdS2/CFT1 case. Indeed, the dynamics of
superstring theories in the bulk of AdS2 may be associated with a supersym-
metric conformal field theory on the 1-d boundary of such a space, i.e., with the
superconformal (quantum) mechanics (see, e.g., [6] and [72])
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Equation (1.13) describes a one-parameter family of static, spherically sym-
metric, asymptotically flat, charged singular metrics in d = 4. The metric
functions diverge at two points, namely at r = 0 (real s-t singularity) and at
rH ≡ rg (M) /2 (EH), where rg (M) ≡ 2G0M

c2 is the Schwarzchild radius. It is
worth noting that the charged nature of the extreme RN BH decreases the
radial coordinate of the EH, which is now at one half of the value related to
the corresponding uncharged Schw. BH with the same mass.

Redefining rH ≡ r′g ≡ rg (M) /2, and dropping the prime and the notation
of the dependence on M , we get

ds2RN,extreme (M) =
(
1− rg

r

)2

dt2 −
(
1− rg

r

)−2

dr2 − r2dΩ

=
1
r2

(r − rg)
2
dt2 − r2 (r − rg)

−2
dr2 − r2dΩ. (1.14)

By performing the limit r → r+
g and considering only the leading order, we

therefore obtain

limr→r+
g

[
ds2RN,extreme (M)

]
=

1
r2
g

(r − rg)
2
dt2 − r2

g (r − rg)
−2

dr2 − r2
gdΩ .

(1.15)
The mass of the spherically symmetric BR geometry is related to the area
AH = 4πr2

g of its EH by the simple relation

M2
BR =

AH

4π
= r2

g . (1.16)

By substituting such a relation in (1.15), we get

limr→r+
g

[
ds2RN,extreme (M)

]

=
1

M2
BR

(r − rg)
2
dt2 −M2

BR (r − rg)
−2

dr2 −M2
BRdΩ. (1.17)

Now, by performing the change of radial variable

r′ ≡ r − rg (1.18)

and dropping out the prime once again, we get the following expression:

limr→0+

[
ds2RN,extreme (M)

∣∣
r(′)≡r−rg

]
=

r2

M2
BR

dt2 − M2
BR

r2

(
dr2 + r2dΩ

)
.

(1.19)
It is easy to recognize that this is nothing but the BR metric AdS2 × S2,

with opposite scalar curvatures for AdS2 and S2. Indeed, the metric given by
(1.19) belongs to the general class of static 4-d black hole metrics of the kind

ds2 = e2U(x)dt2 − e−2U(x)dx2 , (1.20)
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with U (x) satisfying the 3-d D’Alembert equation

∆e−U(x) = 0 . (1.21)

In particular, the spherically symmetric BR metric corresponds to the choice

e−2U(x) =
AH

4π |x|2
=

M2
BR

r2
, (1.22)

which consequently relates U (x) to the Newtonian gravitational potential (see
Subsects. 4.1 and 4.2).

Notice that the change of radial coordinate specified by (1.18) encodes
the very relationship between the extremal RN BH and the BR metric back-
ground: indeed (1.18) yields that the real s-t singularity of the BR geometry
is on the EH of the extreme RN BH, which, as previously observed, is at one
half of the gravitational radius of the Schw. BH of the same mass. Conse-
quently, the BR geometry may be seen as the “near-horizon” asymptotical
metric structure of the extreme RN BH6; the r.h.s. of (1.19) should always
be considered for small values of the radius (i.e., for r → 0+), physically
corresponding to the proximity to the EH of the extreme RN BH.

The BR metric AdS2 × S2 yielded by (1.19) corresponds to the direct
product of two spaces of constant (and opposite) Riemann–Christoffel scalar
curvature. Consequently, it is R-flat, and it may also be shown that it is
conformally flat, i.e., that all components of the related Weyl tensor vanish.
Such a peculiar feature may be made manifest by choosing a suitable system
of coordinates, called “conformal coordinates,” defined as follows:

ρ ≡ M2
BR

r
⇔

∣∣y∣∣ ≡ M2
BR

|x| . (1.23)

By exploiting such a change of coordinates, we finally get

limρ→∞

[
ds2RN,extreme (M)

∣∣
ρ≡M2

BR
r

]
=

M2
BR

ρ2
dt2 − M2

BR

ρ2

(
dρ2 − ρ2dΩ

)

=
M2

BR∣∣y∣∣2
(
dt2 − dy2

)
, (1.24)

which is manifestly conformally flat, as it can be also seen by explicitly check-
ing that the Weyl tensor vanishes:

Cµνλδ = 0 . (1.25)

Notice that the conformal coordinates make the conformal flatness of the BR
metric manifest by giving a stereographic treatment of the singularity, because
they map the real s-t singularity at r = 0 to the point at the infinity ρ→∞.
6 In Sublsects. 4.1 and 4.2 we will see that such a result may be extended to a

generic (4-d, static, spherically symmetric, and asymptotically flat) extreme BH
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The phenomenon of the doubling of the SUSY near the EH was discovered
for the first time in MESGT in [9] (see [10] for an introductory report and
further References). As we will see later, it is related to the appearance of a
covariantly constant on-shell superfield of N= 2 (d = 4) SUGRA [11]. In the
presence of a dilaton such a mechanism was studied in [12]. In the context of
exact 4-d BHs, string theory and conformal theories on the worldsheet, the
BR metric has been studied in [13]. Finally, the idea of extremal, singular
p-branes metric configurations interpolating between maximally symmetric
asymptotical backgrounds has been developed in [14].

Therefore, for what concerns the SUSY-preserving features of the consid-
ered extreme RN BHs, there is a strong similarity between the asymptotical
(r → ∞) and near-horizon (r → r+

H) limits. They share the property of cor-
responding to maximally SUSY metric backgrounds in four dimensions, thus
preserving eight different supersymmetries, but they also deeply differ on the
algebraic side. The asymptotical 4-d. Minkowski flat background is associ-
ated with the N= 2, d = 4 superPoincaré algebra (rigid SUSY asymptotical
algebra). Instead, the horizon geometry has an AdS2 × S2 structure of direct
product of two spaces with nonvanishing, constant (and opposite) curvature,
and it is associated with another 4-d maximal N= 2 SUSY algebra, namely
to psu(1, 1 |2).

psu(1, 1 |2) is an interesting example of superalgebra containing not Poinca-
ré nor semisimple groups, but (direct products of) simple groups as maximal
bosonic subalgebra (m.b.s.). Indeed, in this case the m.b.s. is so(1, 2)⊕ su(2),
with related maximal spin bosonic subalgebra (m.s.b.s.) su(1, 1)⊕ su(2). This
perfectly matches the corresponding bosonic isometry group of the BR metric,
which is nothing but the direct product of a 2-d hyperboloid and a two-sphere

AdS2 × S2 =
SO(1, 2)
SO(1, 1)

× SO(3)
SO(2)

. (1.26)

Summarizing, it may be shown that the N= 2, d = 4 extreme RN BH is
a 1

2 -BPS SUSY-preserving soliton solution in N= 2, d = 4 MESGT. It inter-
polates between two maximally supersymmetric metric backgrounds, namely
Minkowski for r →∞ and BR for r → r+

H , related to two different 4-d N= 2
superalgebras, i.e., respectively to the rigid N= 2, d = 4 SUSY algebra given
by the superPoincaré algebra and to the psu(1, 1 |2) superalgebra.7 See Fig. 1.1
for a graphical synthesis.
7 N= 2, d = 4 superPoincarè and psu(1, 1 |2) are the only superalgebras compatible

with the constraint of asymptotically flat metric background in the considered
case.

The situation drastically changes when one removes such a constraint (i.e.,
when generic, asymptotically Riemann geometries are considered). For example,
asymptotical maximally symmetric metric configurations could be considered;
among the Riemann manifolds with nonzero constant Riemann–Christoffel in-
trinsic scalar curvature, one of the most studied in such a framework is the anti
de Sitter (AdS) space. When endowing the AdS background with some local
SUSY, one obtains a particular case of the so-called “gauged” SUGRAs
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Fig. 1.1. The d = 4 extreme RN BH as a 1
2
-BPS SUSY-preserving soliton solution in

N= 2, d = 4 MESGT. It interpolates between two maximally supersymmetric metric
backgrounds, namely Minkowski (related to the rigid N= 2, d = 4 superPoincaré
algebra) for r → ∞ and Bertotti–Robinson (related to the psu(1, 1 |2) superalgebra)
for r → r+

H . SQM stands for supersymmetric (but not superconformal) quantum
mechanics, related by ADS/CFT correspondence to the interpolating regime of the
considered RN extremal BH

There exists an interesting connection with the statistical mechanics of
dynamical systems, which will be amply treated in the following sections;
here we anticipate that the radius rH of the EH of the extreme RN BH may
be considered as an “attractor” for the evolution dynamics of the (scalar fields
of the) physical system being considered, corresponding to the restoration of
maximal SUSY.

Generalizations of the previous treatment to the case of p-d objects in d s-t
dimensions are also possible. Nevertheless, as we will discuss later, it may be
shown that for d � 6 it is not possible to have regular (generalized) Horizon
geometries, and the calculations of the entropy of the considered (possibly
extended) s-t singularities always give vanishing (or unphysical constant) re-
sults. The aforementioned case of the extreme RN BH is a particular example
of p = 0-d brane in d = 4 s-t dimensions, and, as shown by Gibbons and
Townsend in [14]

In general, a p-d extreme black brane in d s-t dimensions is an extended
p-d object saturating a suitable generalization of the BPS bound (1.9), for
which the (p+ 1)-d. generalization of EH may be introduced, together with
a dimensionally extended version of the CCP. Also notice that in this case
the real s-t singularity extends over a p-d. (hyper)volume in s-t. The near-
horizon asymptotical geometry of a p-d. black brane is given by the (p, d)-
generalization of BR metric, namely by the direct product

AdSp+2 × Sd−p−2 . (1.27)

In general, the request of asymptotically Minkowski d-d s-t geometry in
presence of a p-brane implies the consistence condition [15]
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p < d− 3 . (1.28)

Moreover, in d s-t dimensions an electric p-brane has a (d− p− 4)-brane as
magnetic dual. In the particular case in which the dimensions of an electric
brane and of its magnetic dual coincide, namely when the couple (p, d) satisfies
the condition

d

2
= p+ 2 , (1.29)

the considered p-brane can be dyonic; i.e., it may have both electric and mag-
netic charges, respectively denoted with e and m. Finally, when the p satisfying
the dyonic condition (1.29) is odd, the related p-brane may be self- (or anti-
self-)dual, i.e., with e = ±m, depending on the projective (or antiprojective)
nature of the Hodge ∗-operator

(∗)2 = ±I . (1.30)

Therefore, in d = 4 the only possible choice is p = 0, corresponding to
the extreme BHs. Moreover, the couple (p, d) = (0, 4) satisfies the dyonic
condition (1.29), but p is not odd. Consequently, in d = 4 the 0-brane may
be dyonic, but not self- (or anti-self-) dual. In other words, the extreme BH,
such as the extreme RN one, may have simultaneously electric and magnetic
charges, but they will not be related by the simple relation e = ±m.

For d = 5 the condition (1.28) yields p = 0, 1 as allowed values. The
relation (1.29) is never satisfied, and therefore 5-d dyons do not exist.

1. p = 0 corresponds to the Tangherlini extreme BH [21,22]; its near-horizon
geometry corresponds to AdS3 × S2, admitting two Killing spinors. More-
over, by AdS/CFT it corresponds to completely solvable superconformal
field theory (SCFT2) on the 2-d Minkowski manifold corresponding to the
boundary of AdS3.

2. p = 1 corresponds to a “black-string” in five dimensions, which is the
magnetic dual of the Tangherlini extreme BH. It has an AdS2 × S3 near-
horizon geometry and, by application of the AdS/CFT correspondence, it
yields a completely solvable superconformal quantum mechanics (SCFT1).

The most famous realization of Maldacena’s AdS/CFT correspondence
[193] (for a comprehensive review, see e.g. [194]) is given by the 10-d manifold
AdS5 × S5. By the previous reasonings, this may correspond to the near-
horizon geometry of a three-black brane in a 10-d s-t. It is worth noticing that,
by the previous analysis, in d = 10 the asymptotical flatness implies 0 � p � 6,
and the dyonic condition (1.29) holds true for the odd value p = 3. Therefore,
a three-black brane in d = 10 may be dyonic, with e = ±m, depending on the
projectivity (or antiprojectivity) of the 10-d Hodge ∗-operator.

Actually, AdS5 × S5 describes the ‘near-horizon geometry of a D3-brane
in N= 2, d = 10 Type IIB SUGRA.8 In such a context, the flat asymptotical
8 We do not consider Type IIA SUGRA simply because it does not admit D3-black

branes as solutions. In general, the p-d black-brane solutions have p even in IIA
and p odd in IIB theories
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(r → ∞) geometry is the 10-d Minkowski space with the associated maxi-
mally symmetric N= 2, d = 10 rigid superPoincaré algebra (32 supersymme-
tries, related to the existence of two Majorana–Weyl spinors, each with 16
real components). On the other side, also AdS5 × S5 is maximally supersym-
metric, being related to the psu(2, 2 |4) superalgebra9 (with 32 real fermionic
generators).

psu(2, 2 |4) is another example of superalgebra containing not Poincaré
nor semisimple groups, but (direct products of) simple groups as m.b.s.; in-
deed, in this case the m.b.s. and m.s.b.s. are respectively so(4, 2)⊕ so(6) and
su(2, 2)⊕su(4), and there is a perfect matching with the corresponding bosonic
isometry group of AdS5×S5, which is nothing but the direct product of a 5-d
hyperboloid and a five-sphere

AdS5 × S5 =
SO(4, 2)
SO(4, 1)

× SO(6)
SO(5)

. (1.31)

Notice that the isometry group SO(4, 2) of AdS5 is nothing but the con-
formal group in four dimensions, i.e., the symmetry group of the N= 4 super
Yang–Mills (SYM) gauge theory on the 4-d Minkowski space corresponding
to the boundary of the 5-d hyperboloid AdS5. Thus, the conformally invariant
4-d N= 4 SYM gauge theory stands to the embedding of a D3-black brane
in a 10-d (asymptotically flat) s-t, as the superconformal quantum mechanics
(SC (Q)M = CFT1) stands to an extreme BH, eventually of the extremal
RN type treated above, in 4-d (asymptotically flat) s-t.

Such cases are different realizations of the AdS/CFT enlightenment, con-
jecturing a close (holographic) duality between gravity theories (superstrings
and their low-energy limit given by SUGRA theories) in the bulk of AdS man-
ifolds and strongly coupled, conformally invariant gauge theories on the flat
Minkowskian boundaries of such spaces.

Thus, as shown in Fig. 1.2, the considered asymptotically flat D3-black
bran is a soliton solution of N= 2, d = 10 Type IIB SUGRA, which
interpolates between two maximally supersymmetric metric backgrounds,
namely Minkowski at r →∞ (by construction) and AdS5×S5 (which may be
seen as a higher dimensional generalization of BR metric) in the near-horizon
limit. It corresponds to a consistent 1

2 -BPS solution, therefore preserving 16
supersymmetries out of the 32 related to the maximally SUSY backgrounds.
9 The considered Lie superalgebras psu(1, 1 |2) and psu(2, 2 |4) belong to the so-

called unitary series of superalgebras psu (n1, n2|m), admitting su (n1, n2) ⊕
su (m) ⊕ (1 − δn1+n2,m) u(1) as m.s.b.s.

In general, Lie SUSY algebras admit a classification similar to their nonsuper-
symmetric counterparts (see, e.g., [16]– [20]). For instance, besides the excep-
tional cases, another infinite series of Lie superalgebras is the orthosymplectic
one, namely osp (n1, n2|m), admitting so(n1, n2) ⊕ sp(2m) as m.s.b.s.

In general, the fermionic generators are in the bifundamental representation of
the corresponding superalgebra, e.g., in (n1 + n2, m)-repr. for both psu (n1, n2|m)
and osp (n1, n2|m)
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Fig. 1.2. The asymptotically flat D3-black brane as a 1
2
-BPS SUSY-preserving

soliton solution in N= 2, d = 10 Type IIB SUGRA. It interpolates between two
maximally supersymmetric metric backgrounds, namely 10-d Minkowski (related to
the rigid N= 2, d = 10 superPoincaré algebra) for r → ∞ and AdS5 × S5 (related
to the psu(2, 2 |4) superalgebra) for r → r+

H

It is worth noticing that such a 1
2 -BPS solution can still be interpreted in

terms of a N= 4 SYM gauge theory, but the conformal invariance is lost (or
better, spontaneously broken) for a generic value of10 rH < r < ∞. This is
due to the fact that for rH < r < ∞ the N= 4 SYM gauge theory “living”
on the boundary may be approximately described in terms of a Born-Infeld
action, containing higher order derivative terms which (spontaneously) break
conformal invariance.11 The conformal invariance of the 4-d N= 4 SYM gauge
theory defined on the boundary manifold is restored only in the near-horizon
limit, i.e., when r → r+

H , and therefore when the bulk tends to a direct prod-
uct structure AdS5 × S5. The restoration of the maximal supersymmetry of
the metric background at the (generalized) EH (from 16 to 32 preserved su-
persymmetries) yields an enhancement of the symmetry features exhibited
by the (holographically) related “boundary” (strongly coupled) N= 4 SYM
gauge theory, which correspondingly becomes conformally invariant.

Concluding, in d-d N -extended SUGRAs there exist stable (i.e., BPS-
saturated), static, spherically symmetric, asymptotically flat p (< d− 3)-d
solitonic metric background solutions. They interpolate between two maximally
supersymmetric backgrounds, namely the d-d flat Minkowski space in the limit
r → ∞, and the d-d generalized BR geometry. This latter is obtained in the
near-horizon limit r → r+

H , and it may be expressed by the direct product

10 rH now stands for (the set of parameters specifying) the suitable generalization
of the EH in the case of spatially extended s-t singularities embedded in higher
dimensions

11 Such a mechanism may actually be understood also in terms of non-linear real-
izations (see [195,196] and references therein).
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of a constant, (strictly) negative-curvature space (the (p+ 2)-d hyperboloid,
or anti de Sitter space AdSp+2 = SO(p+1,2)

SO(p+1,1) ) and of a constant, (strictly)

positive-curvature space (the (d− p− 2)-d. sphere Sd−p−2 = SO(d−p−1)
SO(d−p−2) ).

Depending on the number of (real) supersymmetries preserved by the
maximal backgrounds (and therefore depending on d and N ), the interpo-
lating solitonic solutions may have different BPS SUSY-preserving features.
Despite being extremal (i.e., saturating-a suitable generalization of-the BPS-
like bound (1.8)), they may also be non-BPS; i.e., they may also not preserve
any of the supersymmetries of the two regimes considered above. For exam-
ple, in 4-d N = 8-extended SUGRA (having 32 real fermionic generators) we
may have 1

2 -BPS, 1
4 -BPS, 1

8 -BPS, and non-BPS stable (i.e., BPS-saturated)
singular solitonic metric backgrounds, with 16, 8, 4, and 0 supersymmetries
preserved out of 32, respectively.

As we will see in Sect. 6, it is possible to classify the BPS-preservation
features of such solutions in an invariant way, using the lowest order invariants
and the orbits of the U -duality symmetry groups of the starting SUGRA
theory.

In the cases which we will overview in Sect. 6, such groups are Lie non-
compact exceptional groups of various ranks. They correspond to the isometry
groups of the manifold of the nonlinear sigma model related to the relevant set
of scalar fields. Such a manifold is nothing but a (particular type of) moduli
space of the considered SUGRA theory. As it will hopefully be clearer later,
the process of restoration of maximal SUSY in the near-horizon dynamics of
the considered system is deeply related to the so-called attractor mechanism
in the moduli space.



2

Attractors and Entropy

There exists an impressive coincidence between the laws of thermodynamics
and the laws of BH mechanics. As it is well known, the first law of thermody-
namics reads

δE = TδS − pδV , (2.1)

and expresses the total variation of the energy E as equal to the temperature
T times the variation of the entropy S, plus other work terms, such as a term
proportional (through the pressure p) to the change of the volume V of the
considered system. The corresponding formula for BHs is [23]

δM =
κs

4π
δAH

4
+ φδq + ωδJ . (2.2)

It states that the variation of the mass M of the BH is related to the vari-
ation of the EH area AH , with two kinds of additional terms: a work term
proportional (through the rotational angular frequency ω) to the variation of
the total angular momentum J , and another term proportional (through the
electric/magnetic potential φ evaluated at the horizon) to the variation of the
charge q. Hawking [24–26] has shown that κs

4π can be interpreted precisely as
the temperature of the BH:

TBH =
κs

4π
. (2.3)

Therefore, by comparing (2.1) and (2.2), one obtains the famous Bekenstein–
Hawking entropy–area (BHEA) formula, relating the entropy S of a s-t singu-
larity with the area AH of its EH (that should be always there, if one forbids
the existence of “naked” singularities by advocating the CCP):

S =
AH

4
. (2.4)

In (2.2) and (2.4) the various quantities have been defined in Planck units,
namely they have been made dimensionless by multiplication with an appro-
priate power of Newton’s constant G0 (recall, we set � = c = G0 = 1). By

S. Bellucci et al.: Supersymmetric Mechanics – Vol. 2, Lect. Notes Phys. 701, 15–25 (2006)
DOI 10/1007/3-540-34157-9 2 c© Springer-Verlag Berlin Heidelberg 2006
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recalling that such a constant appears in the Einstein–Hilbert Lagrangian
density

LEH =
1

16πG0

√
|g|R , (2.5)

it is clear that the chosen normalization makes all quantities appearing in the
first law of BH mechanics independent of the scale of the metric.

In the case of extreme BHs in SUGRA theories, formula (2.4) may be
macroscopically determined by using the U -duality symmetries of string the-
ories encoded in the SUGRA low-energy actions.1 More specifically, the classi-
cal Einstein–Maxwell theory may be naturally embedded into N= 2 MESGT,
leading to extensions involving a number of Abelian gauge fields and a related
variety of massless scalar moduli fields. The BH mass M will, in general, de-
pend on the values taken by the moduli at the spatial infinity, and therefore
additional terms on the r.h.s. of (2.2) will appear.

For Schw. BHs the only relevant parameter is clearly the mass M , and,
beside (1.11), we get the relation2

AH = 16πM2 = 4πr2
H,Schw. , (2.6)

where rH,Schw. ≡ rg (M) ≡ 2M . By differentiation, (2.6) is consistent with
(2.2) constrained by (δ) q = 0 = (δ) J .

For the RN BH, the situation is more involved, due to the previously
performed classification based on the ratio between M and q. As previously
pointed out, for extreme RN BHs (i.e., with M = |q|), the surface gravity
vanishes; the other relevant relations read

AH = 4πM2 = 4πr2
H,extreme RN , φ =

√
4π
AH

q =
q

rH,extreme RN
, (2.7)

where rH,extreme RN ≡ M = rH,Schw.

2 . As it has to be, by differentiating, we
obtain consistence with (2.2) constrained in the subspace of static, extreme
RN BHs (i.e., with δJ = 0 and δM = δq). Since in this case κs = 0, and
therefore the extreme RN BHs, as all extreme BHs, have TBH = 0, by the
“BH counterpart” of the third law of thermodynamics one would expect that
the entropy vanishes. Clearly, this is not the case, because (2.7) yields that
the area of the horizon remains finite for zero surface gravity (and thus, by
(2.3), for TBH = 0), and the BHEA (2.4) still holds, yielding3

1 We recall here the work of Cvetic and coworkers [197–200], where the BH entropy
was computed making use of invariants. For an exhaustive review on BHs in string
theory, see e.g. [201].

Moreover, it should be here mentioned the noteworthy, extremely symmetric
case of the so-called stu BHs, whose triality symmetry has been investigated in a
number of works (see e.g. [202–205]).

2 In all spherically symmetric 4-d BHs AH = 4πr2
H , where rH is the radius of the

EH of the BH
3 See Subsect. 4.2 for further insights



2 Attractors and Entropy 17

SBH = πM2 = πr2
H,extreme RN . (2.8)

These lectures deal with a general dynamical principle, named “attractor
mechanism” (AM), which governs the dynamics inside the moduli space, and
therefore allows one to determine the BH entropy through the special role
that the moduli of the theory have in (generalized) BR geometries. In such a
framework, SUSY is related to dynamical systems with fixed points, describing
the equilibrium state and the stability features of the system.4 When the AM
holds, the particular property of the long-range behavior of the dynamical
flows in the considered (dissipative) systems is the following: in approaching
the fixed points, properly named “attractors,” the orbits of the dynamical
evolution lose all memory of their initial conditions, but however the overall
dynamics remains completely deterministic.

The first example of AM in supersymmetric systems was discovered in the
theory of extreme BHs in N= 2, d = 4 and 5 MESGTs coupled with matter
multiplets (namely, Abelian vector multiplets and hypermultiplets) [27, 28].
The corresponding dynamical system to be considered in this case is the one
related to the radial evolution of the configurations of the relevant set of scalar
fields of such theories (in this case, as it will be explained later, only the scalars
from the vector multiplets have to be taken into account for the dynamics in
the “near-horizon” limit).

Otherwise speaking, we have to consider the behavior of the moduli fields
of the theory as they approach the core of the s-t singularity. When reaching
the proximity of the EH, they dynamically run into fixed points, getting some
fixed values which are only function (of the ratios) of the electric and mag-
netic charges of the configuration of Abelian Maxwell vector potentials being
considered.

The inverse distance to the horizon is the fundamental evolution para-
meter in the dynamics toward the fixed points represented by the “attractor
configurations” of the moduli. Such “near-horizon” configurations of the mod-
uli, which “attracts” the dynamical evolutive flows in the moduli space, are
completely independent of the initial data of such an evolution, i.e., on the
asymptotical (r →∞) configurations of the moduli. Therefore, for what con-
cerns the dynamics of the moduli, the system completely loses memory of
its initial data, because the dynamical evolution will be “attracted” by some

4 We recall that a point xfix where the phase velocity v (xfix) vanishes is called a
fixed point, and it gives a representation of the considered dynamical system in
its equilibrium state,

v (xfix) = 0 .

The fixed point is said to be an attractor of some motion x (t) if

lim
t→∞

x(t) = xfix .
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fixed configuration points, exclusively depending on the electric and magnetic
charges of the Maxwell vector field content of the theory.

Thus, there is a substantial (and irreversible) loss of physical information
in the motion of moduli configurations toward the EH of the extreme BHs,
which therefore may be considered as dissipative dynamical systems from an
information theory perspective (for recent developments along this line, see,
e.g., [29]).

Now, it should be reminded that there exists an interesting phenomenon
in the physics of BHs, described by the so-called no-hair theorem: there is a
limited number of parameters describing (geo)metric structures and physical
fields far away from the s-t singularity represented by the BH, i.e., in the
r → ∞ limit. In other words, the spatial asymptotical configurations of BH
metric are finitely determined.

In the framework of SUGRA theories extreme BHs may be interpreted
as BPS-saturated interpolating metric singularities in the low-energy effective
limit of higher dimensional superstring or M theory. Their asymptotically rel-
evant parameters include the mass, the (conserved, quantized) electrical and
magnetic charges (defined by integrating the fluxes of related field strengths
over two-spheres at the infinity), and the asymptotical values of the (dynam-
ically relevant set of) scalar fields.

From what shortly mentioned above, we may generalize and strengthen
the no-hair theorem for extreme BHs in SUGRA theories, stating that such
BHs lose all their “scalar hair” near the EH.5 This means that the extreme BH
metric solutions, in the “near-horizon” limit in which they approach the BR
metric, are characterized only by those discrete (quantized) parameters which
correspond to the conserved charges associated with the gauge symmetries of
the theory, but not by the continuously varying asymptotical values of the
(dynamically relevant set of) scalar fields.

Thence, it appears evident that our ability to make (microscopic) sense of
the entropy of a BPS-saturated BH in SUGRA is deeply based on the AM.

Indeed, by such a general dynamical principle, starting from uncon-
strained, continuously varying scalar field configurations, in the “near-horizon”
limit r → r+

H we obtain some discrete, “attractor” field configurations, com-
pletely independent of the initial data of the evolution, but instead totally
determined by the conserved charges of the system.

The change of the nature (continuous→discrete, quantized) of the scalar
field configurations approaching the EH allows one to consistently define the
concept of entropy of an extreme s-t singularity, at least in a microscopic
approach. Indeed, being the moduli some continuous parameters which can
be freely specified in the asymptotical Minkowskian metric background of
the theory, in general one could think that the entropy might depend on
such values. Such a dependence on unconstrained values of the moduli would

5 As it will be shown in Subsect. 4.2, such a phenomenon holds, under certain
conditions, also in generic, non (necessarily)-supersymmetric frameworks



2 Attractors and Entropy 19

presumably lead to a possible violation of the second law of thermodynamics.
Indeed, due to the functional moduli-dependence exhibited by the entropy, it
might be possible to quasi-statically decrease it by performing infinitesimal
transformations in the moduli space. Thanks to the AM, the entropy actually
depends only on the values of the moduli at the EH of the BH, and such
“attractor configurations” of the moduli turn out to be insensitive to the as-
ymptotical continuous moduli configurations. Therefore, the BH entropy ends
being a function purely of the (quantized) conserved charges of the system.

At this point, one could (and should) ask the following question: how the
initial-data-independent “attractor” moduli configurations are fixed?

A priori, one would expect that the answer would be completely model-
dependent, i.e., that such fixed, quantized values of the “near-horizon” moduli
configurations would (strictly) depend on the features of the dynamical dis-
sipative system given by the evolution of the (dynamically relevant set of)
scalar fields in the moduli space. In other words, one would expect that such
an answer would (heavily) rely on the (geo)metrical structure of the moduli
space of the considered SUGRA theory.

But actually this is not the story. Indeed, at least in supersymmetric
frameworks, the AM characterizes the “attractors” as stable fixed points cor-
responding to the critical points of the absolute value of the “central charge
function” Z in the moduli space. This is a universal, model-independent fea-
ture of the “attractors.”6 The area AH of the EH is proportional to the square
of such an absolute value, computed at the point where it is extremized in the
moduli space [30].

Let us denote with {ϕ} a configuration of the relevant set of scalar fields of
the considered SUGRA theory. {ϕ} will correspond to a point in the moduli
space M and, in general, it will depend on the continuously varying, uncon-
strained initial configuration {ϕ∞}, i.e., on the initial point of the dynamical
flow in M corresponding to the radial evolution of the moduli (which is the
only relevant in the considered class of static, spherically symmetric SUGRA
solutions):

{ϕ} = {ϕ (ϕ∞)} . (2.9)

The AM states that the “near-horizon” asymptotical moduli configurations
{ϕH} ≡ limr→r+

H
{ϕ} will be independent of {ϕ}. Moreover, at least at

the quantum level, it will be discrete, since it exclusively depends on the

6 Strictly speaking, this holds only for supersymmetric extreme BH attractors, i.e.,
for attractor configurations which preserve 1

2
of the original supersymmetries of

the N = 2, d = 4 MESGT being considered.
But nonsupersymmetric extreme BH attractors may exist, too. Such a class of

attractor configurations, which has been recently pointed out to be “discretely
disjoint” from the class of supersymmetric attractors (at least in the one-modulus
case, see [72]), is defined as the class of critical points of a suitably defined “BH
effective potential” function VBH , which are not also critical points of |Z|. For a
detailed teatment, see Sect. 4, and in particular the Subsubsects. 4.4.1 and 4.4.2
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(quantized) asymptotical values of the electric charges {q} and magnetic
charges {p} of the system

AM :



{ϕH} 	= {ϕH (ϕ∞)} ,

{ϕH} = {ϕH (p, q)} .
(2.10)

Such a functional dependence on the charges may be determined by solving
the general, model-independent “attractor” or “extremal” equations (AEs)

∂ |Z (ϕ; p, q)|
∂ϕ

∣∣∣∣
ϕ=ϕH(q,p)

= 0 , (2.11)

where Z is the “central charge” function of the SUSY algebra in N = 2
SUGRAs, or the highest absolute-valued eigenvalue of the complex antisym-
metric central charge matrix in N > two-extended SUGRAs (see Sect. 6 for
explanations).

Equation (2.11) has the following meaning. The (charge-dependences of
the) “near-horizon” moduli configurations {ϕH} are such that, when sub-
stituted in the function Z (q, p, ϕ), they give an extremum value of Z with
respect to (w.r.t.) its functional dependence on {ϕ}. Otherwise speaking, the
“near-horizon” value (independent of {ϕ∞})

ZH (q, p) ≡ Z (q, p, ϕ∞ = ϕH (q, p)) (2.12)

is an extremum value in the functional dependence of Z on {ϕ} at given BH
charges (p, q).

Remark: It is worth noticing that usually such an extremum is assumed to be
a (local, not necessarily global) minimum, as it can be explicitly verified in some
models.

However, for the time being it is not possible to exclude situations with different
extrema (such as local or global maxima, flex or cusp points), or also cases in which
(2.11) does not admit solutions.

By the way, due to positive definiteness of the potential in SUSY theories, for sure
a minimum will exist, but a priori nothing forbids the existence of an entire, discrete
or continuous family of minima. If this happens, the horizon geometry of a p-d “black
brane” in a d-d s-t will still be given by the (p, d)-generalization of BR metric,
namely by the direct product AdSp+2 ×Sd−p−2, but such a limit geometry will now
be realized by each one of the “near-horizon” moduli configurations belonging to
the considered family.

Also, given the set of moduli
{
ϕi

}
i∈I

, it could happen that a subset J of the
discrete index range I exists, such that

� lim
r→r+

H

ϕj , ∀j ∈ J ⊆ I, (∗)

namely, that a certain subset of the moduli does not admit a “near-horizon” limit.
Consequently, in order to preserve the core of the AM in such a particular case,

a priori a number of possible assumptions may be made:
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1. actually Z = Z(q, p, {ϕk}k∈K), where K is the complementary set of J with
respect to I; or

2. AEs should be slightly generalized as

∂ |Z (ϕ; p, q)|
∂ϕk

∣∣∣∣
ϕk=ϕk

H
(p,q)

= 0, ∀k ∈ K ,

meaning that the “near-horizon” extremization of the central charge function
happens only w.r.t. the moduli well defined at the EH. Thus, in the limit
r → r+

H the central charge function, extremized w.r.t. its functional dependence
on

{
ϕk

}
k∈K

, might still possibly depend on the subset of unconstrained, contin-

uously varying asymptotical configurations of moduli
{
ϕj

∞
}

j∈J
:

ZH

({
ϕj

∞

}
j∈J

; p, q

)
≡ Z

({
ϕk

}
k∈K

=
{

ϕk
H (p, q)

}
k∈K

,
{

ϕj
∞

}
j∈J

; p, q

)
.

Such a possibility, however, should be disregarded, because, in general, it should
lead to a violation of the second principle of thermodynamics in the BH physics;
or

3. in general, (∗) corresponds to a vanishing horizon value of the central charge
function

ZH (p, q) ≡ Z (ϕ∞ = ϕH (p, q) ; p, q) = 0 ,

and therefore the BHEA (and Arnowitt–Deser–Misner [ADM] mass – see a bit
further below in the main text) formulae become inconsistent and inapplicable,
leading to a nonregular horizon geometry. As we will see later, this happens for
all nonminimal BPS SUSY-preserving extremal solutions in N > 2-extended,
d = 4, 5-d SUGRAs, and also in N � 2-extended, d � 6-d SUGRAs (where the
BHEA formula may also give unphysical, constant nonzero results).

In the present pedagogical treatment we will implicitly assume, for simplicity’s
sake, that the AEs admit, at least in relation to the minimal BPS SUSY-preserving
extremal backgrounds, (at least) one regular solution, corresponding to a purely
charge-dependent “near-horizon” moduli configuration.

Finally, it should be mentioned that for an arbitrary geometry of the moduli
space the form of the relevant central charge function Z (ϕ; p, q) may also be very
complicated. For instance, this is what happens for the N = 2, d = 4 SUGRA
obtained by the compactification of N = 2, d = 10 type IIB SUGRA on Calabi–
Yau threefolds.

Nevertheless, despite this fact, the extremization procedure expressed by the
AEs allows one to consistently compute the entropy of the corresponding extremal
singular metric backgrounds following a model-independent, universal procedure.

As far as we know, no existence and/or uniqueness theorems have been proved

for (2.11), even though substantial progress has been made in the study of the

topological properties of the moduli spaces as “attractor varieties” (see, e.g., [31],

[32], and [33]).

A simple example illustrating the AM at work may be given by the N = 2,
d = 4 dilatonic BH of the heterotic string theory. In this case the BPS-
saturation condition fixes the so-called ADM mass of the BH to be equal
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to the absolute value of the central charge function, which in turn will be a
function of the electric charge q and magnetic charge p of the BH, and of the
asymptotical value φ∞ of the dilaton

MADM (q, p, φ∞) = |Z (q, p, φ∞)| = 1
2

(
e−φ∞ |p|+ eφ∞ |q|

)
,

φ∞ ∈ R, (q, p) ∈ Z
2 (in suitable units).

(2.13)

The general theory based on the AM, when applied to the present case, gives
the following “four-step recipe” to obtain the entropy of the dilatonic BH:

1. Write down the extremization condition for the absolute value of the central
charge function depending on the dilatonic function g (φ) ≡ eφ, at fixed
values of the charges (p, q)

∂ |Z (φ (g) ; p, q)|
∂g

=
1
2
∂

∂g

(
1
g
|p|+ g |q|

)
= − 1

g2
|p|+ |q| = 0 . (2.14)

2. Solve such a condition, obtaining the fixed value of the dilatonic function

∂ |Z (φ (g) ; p, q)|
∂g

= 0 ⇔ g = gH (p, q) =
∣∣∣∣pq

∣∣∣∣
1
2

, (2.15)

and therefore of the dilatonic moduli at the EH,

φH (g) ≡ φ (gH (p, q)) = ln [gH (p, q)] =
1
2
ln

∣∣∣∣pq
∣∣∣∣ . (2.16)

An example of the evolution of the moduli-dependent dilatonic function
g−2 (φ) ≡ e−2φ toward a purely charge-dependent value at the EH of the
N = 2, d = 4 dilatonic BH is shown in Fig. 2.1.

3. Insert such a fixed value into the expression of the central charge func-
tion, by putting φ (g) = φH (g). In such a way, one gets the fixed value
|ZH (p, q)| of the absolute value of the central charge function at the EH
of the dilatonic BH; clearly, due to the saturation of the BPS bound, it
equals the value of the ADM mass of the EH, too (see (2.13))

MADM,H (p, q) = MADM

(
φ (g) = φH (g) =

1
2
ln

∣∣∣∣pq
∣∣∣∣ ; p, q

)

= |ZH (p, q)| =
∣∣∣∣Z

(
φ (g) = φH (g) =

1
2
ln

∣∣∣∣pq
∣∣∣∣ ; p, q

)∣∣∣∣
= |pq|

1
2 . (2.17)

4. Use the BHEA formula to get the (semiclassical, leading-order) entropy of
the N = 2, d = 4 dilatonic BH:
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Fig. 2.1. Realization of the attractor mechanism in the N = 2, d = 4 extremal 1
2
-

BPS dilatonic BH. Independently of the set of initial (asymptotical r → ∞) moduli
configurations (corresponding to the initial data of the dynamical flow inside the
moduli space), the “near-horizon” (r → 0+, with r denoting the radial distance
from the EH) evolution of the moduli-dependent dilatonic function g−2 (φ) ≡ e−2φ

converges toward a fixed “attractor” value, which is purely dependent on the (ratio
of the) quantized conserved charges of the BH. Such a purely charge-dependent
phenomenon of “attraction” of the moduli field configurations encodes the intrinsic
loss of information in the (equilibrium) thermodynamics of the extremal dilatonic
BH

SBH =
AHorizon

4
= πM2

ADM,H (p, q) = π |ZH (p, q)|2 = π |pq| , (2.18)

where we used the definition of the ADM mass at the EH of the BH:

M2
ADM,H ≡ AHorizon

4π
. (2.19)

Notice that the BH entropy given by (2.18) is purely charge-dependent,
and it may be checked that it coincides with the result obtained by com-
pletely different (model-dependent, microscopic) methods.

In the d = 4 (5)-dN = 2 SUGRAs coupled to nV Abelian vector multiplets
(named N = 2 nV -fold MESGTs), the extremization of the central charge
function Z through (2.11) may be made “coordinate-free” in the moduli space
MnV

, by using the fact that such a nV -d complex manifold has actually a
(real) special Kähler metric structure. The geometric properties of the moduli
space and the overall symplectic structure of such N = 2 SUGRAs will be
considered in the next section.

The final result of the AM in such theories is the macroscopic, model-
independent derivation of BHEA formula, yielding

SBH =
A

4
= π |ZH (p, q)|2 (2.20)

and
SBH =

A

4
∼ |ZH (p, q)|

3
2 , (2.21)

in d = 4 and d = 5, respectively.
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Recently, many applications of the above ideas have been worked out, es-
pecially in the case of string theory compactified on 3-d Calabi–Yau manifolds.
Also, by using some properly formulated D-brane techniques, the topological
entropy formula of BH has been obtained, by counting the related microstates
in string theory. The results of such a procedure, whenever obtainable, are in
agreement with the model-independent determination of the entropy which
uses the attractor mechanism. The four-step algorithm given by (2.14)–(2.18)
is just one of the possible realizations of such a model-independent approach
to the equilibrium thermodynamics of BHs.

It should be also mentioned that several properties of the fixed “attractor”
moduli configurations have been investigated. In particular, it has been shown
that the attractor mechanism is also relevant in the discussion of the BH
thermodynamics out of the extremality (i.e., when the BPS-like bound (1.8)
is not saturated).

In the remaining part of these introductory lectures we will see how the
AM works in two relevant contexts, namely in the so-called N = 2, d = 4,
nV -fold MESGTs, and then in the N = 8, d = 4, and 5 maximal SUGRAs
endowed with the exceptional Lie groups E7(7) and E6(6) as noncompact U -
symmetries, respectively.



3

Attractor Mechanism in N = 2, d = 4
Maxwell–Einstein Supergravity

The multiplet content of a completely general N = 2, d = 4 supergravity
(SUGRA) theory is the following (see, e.g., [34] and [35]):

1. the gravitational multiplet
(
V a

µ , ψ
A, ψA, A

0
)
, (3.1)

described by the Vielbein one-form V a (a = 0, 1, 2, 3) (together with the
spin-connection one-form ωab), the SU(2) doublet of gravitino one-forms
ψA, ψA (A = 1, 2, with the upper and lower indices respectively denoting
right and left chirality, i.e., γ5ψA = −γ5ψ

A = 1), and the graviphoton
one-form A0;

2. nV vector supermultiplets
(
AI , λiA, λ

i

A, z
i

)
, (3.2)

each containing a gauge boson one-form AI (I = 1, . . . , nV ), a doublet

of gauginos (zero-form spinors) λiA, λ
i

A, and a complex scalar field (zero-
form) zi (i = 1, . . . , nV ). The scalar fields zi can be regarded as arbitrary
coordinates on a complex manifold MnV

(dimCMnV
= nV ), which is ac-

tually a special Kähler manifold;
3. nH hypermultiplets

(ζα, ζ
α, qu) , (3.3)

each formed by a doublet of zero-form spinors, that is the hyperinos ζα, ζ
α

(α = 1, . . . , 2nH), and four real scalar fields qu (u = 1, . . . , 4nH), which
can be considered as arbitrary coordinates of a quaternionic manifold QnH

(dimRQnH
= 4nH).

In this section we will sketchy report the formulation of the N = 2, d = 4
SUGRA coupled to nV Abelian vector multiplets in the presence of electric
and magnetic charges, i.e., of the so-called N = 2, d = 4 nV -fold MESGT.

S. Bellucci et al.: Supersymmetric Mechanics – Vol. 2, Lect. Notes Phys. 701, 25–76 (2006)
DOI 10/1007/3-540-34157-9 3 c© Springer-Verlag Berlin Heidelberg 2006
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We will then show how the attraction mechanism explicitly works, in relation
to the special Kähler geometry of the manifold MnV

of the scalars zi’s from
the Abelian vector supermultiplets, finally specializing the AE (2.11) for such
a framework.1

3.1 Special Kähler–Hodge Geometry
and Symplectic Structure of Moduli Space

Let us start by considering the moduli space MnV
of the N = 2, d = 4 nV -

fold MESGT; it is a complex nV -d manifold having the nV scalar complex
1 Here we will not deal with the nH hypermultiplets. Indeed, in the N = 2, d = 4

nV -fold MESGT the symplectic special Kähler geometry is completely determined
by the nV complex scalar fields coming from the considered nV Abelian vector
supermultiplets.

Such a fact may be understood by looking at the transformation properties
of the Fermi fields: the hyperinos ζα, ζα’s transform independently of the vector
fields, whereas the gauginos’ SUSY transformations depend on the Maxwell vector
fields.

Consequently, the contribution of the hypermultiplets may be dynamically
decoupled from the rest of the physical system. Thus, it is also completely inde-
pendent from the evolution dynamics of the complex scalars zi’s coming from the
vector multiplets (i.e., from the evolution flow in the moduli space MnV ).

Disregarding for simplicity’s sake the fermionic and gauging terms, the SUSY
transformations of hyperinos (see (3.2.1) further below) read

δζα = iUBβ
u ∂µquγµεAεABCαβ . (∗∗)

(∗∗) does not constrain the asymptotical configurations of the quaternionic scalars
of the hypermultiplets, which therefore may continuously vary in the manifold
QnH of the related quaternionic nonlinear sigma model.

In the gauged N -extended SUGRA (generally corresponding to asymptotically
nonflat backgrounds), and consequently also in the N = 2, d = 4, (nV , nH)-fold-
gauged MESGT, the situation is much more complicated.

Of course, the geometry of the scalar sigma models remains the same, since
it is completely fixed by the internal metric structure of the kinetic terms of the
scalars. For a generic value of (nV , nH) ∈ N

2, it is given by the direct product

MnV ×QnH

of the special Kähler–Hodge manifold of the complex scalars from the Maxwell
vector supermultiplets and of the quaternionic manifold of the scalar fields from
the hypermultiplets.

But, differently from the “ungauged,” asymptotically flat case, which will be
treated in the following pages, some interaction terms between the above two
different sets of scalars will arise in the bosonic part of the gauged SUGRA
Lagrangian. Such terms are generated by the Killing vectors coming from the
introduction of covariant derivatives w.r.t. the gauging of (some of) the isometries
of QnH , and they do not allow one to dynamically decouple the hypermultiplets
any more.
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fields zi (i = 1, . . . , nV ) as local coordinates; such fields come from the vector
multiplets coupling to N = 2, d = 4 SUGRA.

The key feature is that MnV
is a Kähler–Hodge manifold with special

Kähler structure, namely a nV -d special Kähler–Hodge manifold with sym-
plectic structure.2

First, MnV
is a Kähler manifold, i.e., a complex Hermitian manifold with

the metric
Gij (z, z) ≡ ∂j∂iK (z, z) , (3.1.1)

where K (z, z) is the so-called (real) “Kähler potential” scalar function. The
Hermiticity of the metric directly follows from the reality of K (and from
the fact that such a function is assumed to satisfy the Schwarz lemma about
partial derivatives on MnV

)

Gij = ∂j∂iK = ∂j∂iK = ∂i∂jK = Gji . (3.1.2)

Second, since MnV
is a special Kähler manifold, its Riemann–Christoffel

curvature tensor satisfies the so-called special Kähler geometry (SKG) con-
straints

Rijkl = GijGkl +GilGkj − CikpCjlpG
pp , (3.1.3)

where Cijk is the rank-3, completely symmetric, Kähler-covariantly holomor-
phic tensor of SKG 


Cijk = C(ijk) ;

DlCijk = 0 .
(3.1.4)

It is also immediate to show that [56]

D[lCi]jk = 0 , (3.1.5)

where square brackets denote antisymmetrization w.r.t. the enclosed indices.
Indeed, the (differential) Bianchi identities for the Riemann–Christoffel tensor
read

D[lRi]kjp = 0 ; (3.1.6)

by using the SKG constraints (3.1.3) and recalling the Kähler-covariant holo-
morphicity of Cijk (DlCijk = 0) and the validity of the metric postulate in
MnV

(DkGij = 0), one immediately gets

(
D[lCi]jn

)
CkpnG

nn = 0 , (3.1.7)

and (3.1.5) follows from the observation that (3.1.7) holds for any (nonvan-
ishing) C

n

kp = CkpnG
nn.

2 For recent advances in local and rigid special Kähler geometry, the reader is
addressed e.g. to [206–208].
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Since in a (commutative) Kähler manifold the completely covariant
Riemann–Christoffel tensor Rijlm may be rewritten as3

Rijkl = −Gmn
(
∂l∂j∂mK

)
∂i∂n∂kK + ∂l∂i∂j∂kK , (3.1.8)

the SKG constraints (3.1.3) may be reformulated as follows:

−Gmn
(
∂l∂j∂mK

)
∂i∂n∂kK + ∂l∂i∂j∂kK

=
(
∂j∂iK

)
∂l∂kK +

(
∂l∂iK

)
∂j∂kK − CikpCjlpG

pp;
(3.1.9)

�

Gmn
[(
∂l∂j∂mK

) (
∂i∂n∂kK

)
− CikmCjln

]

= ∂l∂i∂j∂kK −
(
∂j∂iK

)
∂l∂kK −

(
∂l∂iK

)
∂j∂kK;

(3.1.10)

�
Cn

kmCnjl

=
(
∂j∂iK

)
∂l∂kK +

(
∂l∂iK

)
∂j∂kK

−∂l∂i∂j∂kK +Gmn
(
∂l∂j∂mK

) (
∂i∂n∂kK

)
,

(3.1.11)

where, as usual, the contravariant and covariant metric tensors are related by
the orthonormality condition

GijGlj = Gij∂j∂lK = δi
l . (3.1.12)

Third, since MnV
is a Kähler–Hodge manifold, it admits a U(1) line

(Hodge) bundle �, whose first Chern class coincides with the Kähler class
of MnV

c1 [�] = K [MnV
] . (3.1.13)

Such a property allows one to locally write the U(1) connection Q as

3 It should also be recalled that in a Kählerian manifold the (completely covari-
ant) Riemann-Christoffel tensor, as well as its contractions Rij and R and the
(completely covariant) Weyl conformal curvature tensor Cijkl, are all real [37]

Rijkl = Rijkl; Rij = Rij ;

R = R; Cijkl = Cijkl.
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Q = − i

2

[
(∂iK) dzi −

(
∂iK

)
dzi

]
. (3.1.14)

Let us now consider a Kähler transformation

K (z, z) → K (z, z) + f(z) + f(z) , (3.1.15)

where f is an arbitrary holomorphic function. Clearly, due to definition (3.1.1),
such a transformation does not affect the Kähler metric structure, and thus it
actually expresses an intrinsic gauge metric degree of freedom of the consid-
ered manifold. Otherwise speaking, the metric properties of the manifold will
not change if one chooses K (z, z) or a Kähler potential transformed according
to Eq. (3.1.15).

Consequently, beside the usual Hermitian covariance, one will have to take
it into account when writing down the Kähler-covariant derivatives of any
tensor quantity. In a general (commutative) Kähler geometry, a generic vector
Vi which under (3.1.15) transforms as

Vi (z, z) → exp
{
−1

2
[
pf(z) + pf(z)

]}
Vi (z, z) , (p, p) ∈ R

2 , (3.1.16)

is said to have Kähler weights4 (p, p). Its Kähler-covariant derivatives are
defined as follows:


DjVi (z, z) = ∂jVi (z, z) + Γ i

jk (z, z)Vk (z, z) + p
2 (∂jK (z, z))Vi (z, z) ;

DjVi (z, z) = ∂jVi (z, z) + p
2

(
∂jK (z, z)

)
Vi (z, z) ,

(3.1.17)

where Γ i
jk (z, z) denotes the symmetric connection given by the Christoffel

symbols of the second kind of the Kähler metric

Γ i
jk (z, z) ≡

{
i

jk

}
(z, z) = Gil (z, z) ∂jGkl (z, z)

= Gil (z, z) ∂j∂l∂kK (z, z) = Γ i
(jk) (z, z) . (3.1.18)

The Kähler transformation property (3.1.16) may be rewritten as follows:

Vi (z, z) → exp
{
−1

2
(p+ p)Re (f(z))

}
exp

{
− i

2
(p− p) Im (f(z))

}
Vi (z, z) ;

(3.1.19)
it is then immediate to realize that a generic Kähler transformation may
always be decomposed in a U(1) phase transformation (singled out by p = −p)

4 The Kähler weights are real. Notice that p is not the complex conjugate of the
holomorphic Kähler weight p, but it rather simply stands for the antiholomorphic
Kähler weight.
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and in a proper Kähler transformation (singled out by p = p). Due to the
reality of the Kähler weights, the complex conjugation of (3.1.16) yields

Vi
(z, z) → exp

{
−1

2
[
pf(z) + pf(z)

]}
Vi

(z, z) , (3.1.20)

and thus one gets that the complex conjugation simply exchanges the Kähler

weights: if Vi has Kähler weights (p, p), then Vi
has Kähler weights (p, p).

Since we are considering a U(1) line bundle � over the moduli space MnV
,

only the quantities with Kähler weights constrained by p = −p will properly
belong to the related U(1) ring. Clearly, real or (anti)holomorphic quantities
will not belong to such a U(1) ring, unless they are Kähler gauge-invariant,
i.e., they have (p, p) = (0, 0). An example of tensor belonging to the U(1) ring
is the completely symmetric, Kähler-covariantly holomorphic rank-3 tensor
Cijk (z, z), having Kähler weights (2,−2); as a consequence of the general
formulae (3.1.17), its Kähler-covariant derivatives read




DlCijk (z, z)

= ∂lCijk (z, z)− Γ m
li (z, z)Cmjk (z, z)− Γ m

lj (z, z)Cimk (z, z)

−Γ m
lk (z, z)Cijm (z, z) + (∂lK (z, z))Cijk (z, z) ;

DlCijk (z, z) = ∂lCijk (z, z)−
(
∂lK (z, z)

)
Cijk (z, z) = 0.

(3.1.21)

Therefore, the integrability condition (3.1.5) may be rewritten as follows:

∂[lCi]jk − Γ m
[li] Cmjk − Γ m

[l|j C|i]mk − Γ m
[l|k C|i]jm +

(
∂[lK

)
Ci]jk = 0 .

(3.1.22)

A more intrinsic characterization of MnV
, which makes its Sp (2nV + 2)-

covariance manifest, is the following one.
Let us start by defining the (Kähler-covariantly holomorphic with Kähler

weights (1,−1)) symplectic sections of the Hodge bundle � on MnV
(Λ =

0, 1, . . . , nV )

V (z, z) ≡


 LΛ (z, z)

MΛ (z, z)


 , with DiV =

(
∂i −

1
2
∂iK

)
V = 0 . (3.1.23)

Notice that such sections may be arranged in a Sp (2nV + 2)-covariant vector
V . By defining a scalar product in the related representation space using the
(2nV + 2)-d symplectic metric
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ε ≡
(

0 −I

I 0

)
(3.1.24)

(I stands for the (nV + 1)-d identity), the symplectic sections may be normal-
ized as follows:

〈
V, V

〉
≡ V T εV = L

Λ
MΛ −MΛL

Λ ≡ −i . (3.1.25)

Therefore, it is natural to introduce the (2nV + 2)-d vector of the holo-
morphic Kähler-covariant derivatives of the sections5 of �:

Ui ≡ DiV =
(
∂i +

1
2
∂iK

)(
LΛ

MΛ

)
≡

(
fΛ

i

hiΛ

)
; (3.1.26)

consequently, the Kähler-covariant holomorphicity of V implies Ui ≡ DiV =
0 = U i ≡ DiV . It may be then shown that in SKG

DiUj = iCijkG
kkUk , (3.1.27)

DiU j = GijV ; (3.1.28)

here Cijk may be defined to be the (2,−2)-Kähler-weighted section of (T ∗)3⊗
�2, totally symmetric in its indices and Kähler-covariantly holomorphic.6 In
[36] it was shown that (3.1.23)–(3.1.28) (with the properties (3.1.4) and the
constraints (3.1.3), or equivalently the integrability condition (3.1.5) for Cijk

derivatives always coincide with the ordinary, flat derivatives.
It is worth mentioning that, while (3.1.27) is typical of SKG, (3.1.28)

holds in contexts more general than SKG. To clarify such a point, let us
derive it, by considering, without any loss of generality, the section LΛ. As
stated above, this is a Kähler-covariantly holomorphic symplectic section with
Kähler weights (1,−1); thus, it holds that

5 In general, fΛ
i and hiΛ are functions defined in MnV , with a local index i and

a global index Λ. As the n-bein allows one to transform local Poincaré-covariant
indices in global diffeomorphism-covariant indices (and viceversa), similarly such
quantities allow one to switch between global Sp (2nV + 2)-covariant indices and
local indices in the Kähler–Hodge manifold MnV associated with the nonlinear
σ-model of the complex scalars coming from the nV considered vector multiplets.

It is also worth noticing that, in the particular cases in which such a manifold is
a symmetric space of the kind G/H (as it happens for all N � 3, d = 4 SUGRAs,
and in particular for the maximal N = 8, d = 4 SUGRA with noncompact
E7(7) symmetry: see Subsect. 6.2), the functions fΛ

i and hiΛ are nothing but the
representative cosets of such a space.

6 In an alternative defining approach, (3.1.23), (3.1.26), (3.1.27), and (3.1.28) may
be also considered as the fundamental differential constraints defining the local
special Kähler geometry of MnV . Indeed, it may be shown that they yield the
SKG constraints (3.1.3) (see, e.g., [38]). For a thorough analysis of the various
approaches to the definitions of (global and local) SKG, see, e.g., [40] and [41].
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DiDjL
Λ

=
(
∂i −

1
2

(∂iK)
)(

∂j +
1
2

(
∂jK

))
L

Λ

= ∂i∂jL
Λ

+
1
2

(
∂i∂jK

)
L

Λ
+

1
2

(
∂jK

)
∂iL

Λ

−1
2

(∂iK) ∂jL
Λ − 1

4
(∂iK)

(
∂jK

)
L

Λ
; (3.1.29)

now, by recalling (3.1.1) and using the fact that the Kähler-covariant holo-
morphicity of LΛ implies

∂iL
Λ

=
1
2

(∂iK)L
Λ
, (3.1.30)

one gets

DiDjL
Λ

= ∂i∂jL
Λ

+
1
2
GijL

Λ − 1
2

(∂iK) ∂jL
Λ

; (3.1.31)

since L
Λ

satisfies the Schwarz lemma on (flat) partial derivatives in MnV
, by

reusing (3.1.30), this implies

DiDjL
Λ

= GijL
Λ
. (3.1.32)

By repeating the same procedure for MΛ, one obtains the result (3.1.28),
which therefore relies only on the Kähler-covariant holomorphicity of the vec-
tor V with Kähler weights (1,−1) (and, rigorously, on the commutation of
flat partial derivatives acting on K and V ).

The SG constraints (3.1.3) (or (3.1.9)–(3.1.10)) may be solved by formu-
lating the following fundamental Ansätze:

MΛ (z, z) = NΛΣ (z, z)LΣ (z, z) , (3.1.33)
hiΛ (z, z) = NΛΣ (z, z) fΣ

i (z, z) , (3.1.34)

where NΛΣ is a complex symmetric matrix. Such Ansätze are the fundamental
relations on which the symplectic special Kähler geometry of the N = 2, d = 4
nV -fold MESGT is founded. They express the Sp(2nV + 2) symmetry acting
on the special Kähler geometry of the moduli space MnV

.
By conjugating (3.1.33), the symmetry of NΛΣ and the conditions of nor-

malization of sections given by (3.1.25) imply

−i ≡
〈
V, V

〉
= L

Λ
MΛ −MΛL

Λ

= L
ΛNΛΣL

Σ −NΛΣL
Σ
LΛ

=
(
NΛΣ −NΛΣ

)
LΛL

Σ
= 2iIm (NΛΣ)LΛL

Σ
;

�

Im (NΛΣ)LΛL
Σ

= −1
2
. (3.1.35)
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Thence, by using (3.1.25), (3.1.27), (3.1.28), (3.1.33) and (3.1.34), it may be
explicitly calculated that



I. 〈V,Ui〉 = 0 ⇔
〈
V ,U i

〉
= 0;

II. Gij = −i
〈
Ui, U j

〉
;

III. Cijk = 〈DiUj , Uk〉 .

(3.1.36)

Notice that the first result, namely 〈V,Ui〉 = 0, is trivial because Ui ≡ DiV =
0 by construction.

Moreover, it can also be proved that

〈V,Ui〉 = 0 ⇐⇒
〈
V ,U i

〉
= 0 . (3.1.37)

Indeed, by exploiting the distributivity of the Kähler-covariant derivative
w.r.t. the symplectic scalar product 〈·, ·〉 and the Kähler-covariant holomor-
phicity of V , and using (3.1.27), one gets

Di

〈
V ,Uj

〉
=

〈
DiV ,Uj

〉
+

〈
V ,DiUj

〉
= iCijkG

kk
〈
V ,Uk

〉
. (3.1.38)

Now, by also recalling the normalization (3.1.25), it holds that

0 = Di

〈
V, V

〉
=

〈
DiV, V

〉
+

〈
V,DiV

〉
=

〈
Ui, V

〉
= −

〈
V ,Ui

〉
. (3.1.39)

By substituting such a result back into (3.1.38), one gets

Cijk (z, z)Gkk (z, z)
〈
V (z, z) , Uk (z, z)

〉
= 0, ∀ (z, z) ∈MnV

�〈
V ,U i

〉
= 0 ⇐⇒ 〈V,Ui〉 = 0 , (3.1.40)

q.e.d.
Moreover, it is straightforward to calculate

〈
V,U i

〉
≡ V T εU i = −LΛhiΛ +MΛf

Λ

i

= −LΛNΛΣf
Σ
i +NΛΣL

ΣfΛ
i = 0 , (3.1.41)

where in the second line we used the Ansätze (3.1.33) and (3.1.34) and the
symmetry of NΛΣ . Summarizing, in the SKG framework the vector V is sym-
plectically orthogonal to all its Kähler-covariant derivatives



〈V,Ui〉 = 0 ;

〈V,Ui〉 = 0 ;

〈
V,U i

〉
= 0 ;

〈
V,U i

〉
= 0 .

(3.1.42)
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Notice that (3.1.27) and the last relation of (3.1.42) yield

〈V,DiUj〉 = 〈V,DiDjV 〉 = iCijkG
kk

〈
V,DkV

〉
= 0 . (3.1.43)

By applying the Kähler-covariant holomorphic derivative to
〈
V,U i

〉
=

0 and using (3.1.25) and (3.1.28), it is immediate to prove the result II of
(3.1.36); indeed

0 = Dj

〈
V,U i

〉
= Dj

〈
V,DiV

〉
=

〈
DjV,DiV

〉
+

〈
V,DjDiV

〉
=

〈
DjV,DiV

〉
+Gji

〈
V, V

〉
⇐⇒

〈
DjV,DiV

〉
= iGji. (3.1.44)

Now, by complex conjugating the Ansatz (3.1.33) and considering the
Ansatz (3.1.34), one gets



MΛ = NΛΣL

Σ
,

hiΛ = NΛΣf
Σ
i .

(3.1.45)

It then appears natural to define some square matrices with (nV + 1)2 complex
entries, corresponding to completing the (nV + 1)× nV complex matrices fΛ

i

and hiΛ to a square form as follows:

fΛ
I ≡

(
fΛ

i , L
Λ
)
, hIΛ ≡

(
hiΛ,MΛ

)
; (3.1.46)

consequently, NΛΣ may be written as

NΛΣ = hIΛ

(
f−1

)I

Σ
. (3.1.47)

It is clear that (3.1.47), through the definitions given by (3.1.46), is completely
equivalent to the set of Ansätze (3.1.33) and (3.1.34):

NΛΣ (z, z)=hIΛ (z, z)
(
f−1

)I

Σ
(z, z)

(3.1.46)⇐⇒



MΛ (z, z)=NΛΣ (z, z)LΣ (z, z) ,

hiΛ (z, z)=NΛΣ (z, z) fΣ
i (z, z) .

(3.1.48)

Moreover, by Kähler-covariantly differentiating (3.1.33) and using (3.1.34)
and (3.1.23), we may obtain the following results:

(
NΛΣ −NΛΣ

)
fΣ

i = − (DiNΛΣ)LΣ . (3.1.49)
(
DiNΛΣ

)
LΣ = 0 . (3.1.50)

Clearly, the very definition of NΛΣ by (3.1.33) implies that such a matrix has
vanishing Kähler weights, because MΛ and LΛ are components of the same
(2nV + 2)-tet in the vector representation of the symplectic group Sp(2nV +2).
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If NΛΣ were not Kähler gauge-invariant, it would violate the symplectic inner
structure of the special Kähler–Hodge geometry of MnV

(such a feature of
NΛΣ is clear also by looking at (3.1.35), by simply noticing that a quantity
and its complex conjugate have always opposite Kähler weights: see (3.1.16)
and (3.1.20)).

Therefore, (3.1.49) and (3.1.50) may actually be rewritten as follows:
(
NΛΣ −NΛΣ

)
fΣ

i = − (∂iNΛΣ)LΣ

�
2i (Im (N ))ΛΣ fΣ

i = − (∂iNΛΣ)LΣ ; (3.1.51)

(
∂iNΛΣ

)
LΣ = 0 . (3.1.52)

It is worth mentioning that (3.1.52) does not imply the holomorphicity of
NΛΣ , as it will be clear further below.

Now, due to the Kähler-covariant holomorphicity of the sections LΛ’s and
MΛ’s of the Hodge bundle � over MnV

, we may define some symplectic-
indexed holomorphic functions XΛ (z) and FΛ (z) in the moduli space MnV

by using the related Kähler potential

LΛ (z, z) ≡ exp
(

1
2K (z, z)

)
XΛ (z) ;

MΛ (z, z) ≡ exp
(

1
2K (z, z)

)
FΛ (z) ;

(3.1.53)

we may then arrange them in the holomorphic (2nV + 2)-d symplectic vector

Φ (z) ≡


XΛ (z)

FΛ (z)


 = exp

(
−1

2
K (z, z)

)
V (z, z) . (3.1.54)

It is also easy to realize that (3.1.53) define nothing but sections of an
holomorphic line bundle over MnV

, and all previous formulae may be rewritten
in terms of such sections. First of all, we may obtain a simple symplectic-
invariant expression of the Kähler potential in the moduli space by recalling
the normalization of the sections given by (3.1.25)

−i =
〈
V, V

〉
= exp (K (z, z))

〈
Φ (z) , Φ (z)

〉
(3.1.55)

�
K (z, z) = −ln

[
i
〈
Φ (z) , Φ (z)

〉]
≡ −ln

[
iΦT (z) εΦ (z)

]
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= −ln


i (XΛ (z) , FΛ (z)

)( 0 −I

I 0

)
X

Λ
(z)

FΛ (z)






= −ln


i (XΛ (z) , FΛ (z)

)

−FΛ (z)

X
Λ

(z)






= −ln
{
i
[
X

Λ
(z)FΛ (z)−XΛ (z)FΛ (z)

]}

(3.1.56)

�

exp [−K (z, z)] = i
[
X

Λ
(z)FΛ (z)−XΛ (z)FΛ (z)

]
. (3.1.57)

(3.1.54) trivially yields

|V (z, z)〉 = exp
(

1
2K (z, z)

)

XΛ (z)

FΛ (z)




⇓

|Ui (z, z)〉 = exp
(

1
2K (z, z)

)

 (∂iK)XΛ (z) + ∂iX

Λ (z)

(∂iK)FΛ (z) + ∂iFΛ (z)


 ,

(3.1.58)

and therefore, using (3.1.40), we get that

〈V,Ui〉 = 0 ⇔ XΛ (z) ∂iFΛ (z)−
(
∂iX

Λ (z)
)
FΛ (z) = 0, ∀i = 1, . . . , nV .

(3.1.59)
Notice that the symplectic holomorphic vector Φ has Kähler weights (2, 0),

i.e., under a Kähler gauge transformation (3.1.15) it transforms as Φ (z) →
Φ (z) e−f(z). This is clearly due to the fact that the symplectic holomorphic
sections XΛ (z) and FΛ (z) have Kähler weights (2, 0), and therefore under a
Kähler gauge transformation (3.1.15) they respectively transform as



XΛ (z) −→ e−f(z)XΛ (z) ;

FΛ (z) −→ e−f(z)FΛ (z) .
(3.1.60)

Thus, XΛ (z) and FΛ (z) may be considered as symplectic sections of the holo-
morphic line bundle over MnV

. Due to its Kähler transformation properties
(3.1.60), the set

{
XΛ

}
Λ=0,1,...,nV

may be regarded, at least locally, as a set of
homogeneous coordinates in the Kähler–Hodge manifold MnV

, provided that
the nV ×nV holomorphic matrix of change between the Kähler gauge-invariant
sets of coordinates

{
zi
}

i=1,...,nV
and
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{ta(z)}a=1,...,nV
≡

{
Xa (z)
X0 (z)

}
a=1,...,nV

, (3.1.61)

namely

ea
i (z) ≡ ∂i

(
Xa (z)
X0 (z)

)
, (3.1.62)

is invertible.
If, as we suppose, this is the case, then

FΛ (z) = FΛ (z (X)) = FΛ (X) . (3.1.63)

By using relation (3.1.59) and the homogeneity of degree 1 of FΛ (X)

XΣ∂ΣFΛ = FΛ (3.1.64)

(where ∂Σ ≡ ∂/∂XΣ); it is thus possible to state that a symplectic coordinate
frame

{
XΛ

}
always exists such that FΛ (X) may be written in terms of a scalar

potential F , holomorphic and homogeneous of degree 2 in the XΛ’s:

FΛ (X) = ∂ΛF (X) ,

XΣ∂ΣF = 2F .
(3.1.65)

The function F (X) = F (X (z)) is the (holomorphic) prepotential of vector
multiplet couplings [39,42–44] in the considered N = 2 (d = 4) MESGT. Due
to the additivity of the Kähler weights, by definition the prepotential F has
Kähler weights (4, 0).

From definition (3.1.61) it follows that the ta’s are Kähler gauge-invariant
coordinates, i.e., they have Kähler weights (0, 0). It is also possible to choose
a particular set of homogeneous coordinates in MnV

, named “special coordi-
nates” [36,45–48], corresponding to the position

ea
i (z) ≡ ∂i

(
Xa (z)
X0 (z)

)
= δa

i , (3.1.66)

i.e., to

X0 = 1;

Xi = ti = zi.
=⇒ fΛ

i ≡ DiL
Λ = e

1
2 KDiX

Λ = e
1
2 K

(
δΛ
i + (∂iK)XΛ

)
.

(3.1.67)

By such considerations, it is then clear that the coordinates zi’s and zi’s and
the related partial differential operators ∂i’s and ∂i’s have vanishing Kähler
weights.

By using definitions (3.1.53), the lower boundedness of the Kähler potential
allows one to rewrite (3.1.52) as follows:
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(
∂iNΛΣ

)
XΣ = 0 . (3.1.68)

By considering the set of local homogeneous coordinates {ta(z)}a=1,...,nV
pre-

viously defined, the above result may be recast in the following form:
[

∂

∂zi
NΛΣ (z, z)

]
XΣ (z) = 0

�
∂i

[(
Xa

X0

)
(z)

] [
∂

∂(Xa

X0 )
NΛΣ

(
X,X

)]
XΣ = 0

�
ea

i
(z)

[
∂

∂(Xa

X0 )
NΛΣ

(
X,X

)]
XΣ = 0 ,

(3.1.69)

where in the last line we introduced ea
i
(z) ≡ ea

i (z). By specializing (3.1.69)
to “special coordinates,” we may rewrite it as

∂

∂X
i
NΛ0

(
X,X

)
+

[
∂

∂X
i
NΛj

(
X,X

)]
Xj = 0 . (3.1.70)

Thus, provided that the matrix ea
i exists (and it is invertible), due to the

generally nontrivial dependence of NΛΣ on the (eventually “special”) homo-
geneous coordinates of MnV

, it is clear that
(
∂iNΛΣ

)
LΣ = 0 � ∂iNΛΣ = 0 , (3.1.71)

as previously announced.
At this point, in order to investigate more in depth the differential prop-

erties of the complex symmetric matrix NΛΣ , let us consider the nontrivial
orthogonal relation given by (3.1.40), and let us use the Ansätze (3.1.33) and
(3.1.34)

0 = 〈V,Ui〉 ≡ V T εUi;
�

MΛf
Λ
i − LΛhiΛ = 2i (Im (N ))ΛΣ LΛfΣ

i = 0. (3.1.72)

Thence, (3.1.51) and (3.1.72) imply (for lower bounded Kähler potential)

(∂iNΛΣ)LΛLΣ = 0 ⇔ (∂iNΛΣ)XΛXΣ = 0 . (3.1.73)

It is interesting to notice that, despite the symmetry of ∂iNΛΣ and XΛXΣ in
the symplectic indices, the dependence of NΛΣ on the X’s is such as to make
the product (∂iNΛΣ)XΛXΣ vanish. Thus, the differential properties of NΛΣ

may be summarized as follows:
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(
∂iNΛΣ

)
XΣ = 0 ;

(∂iNΛΣ)XΛXΣ = 0 .
(3.1.74)

It should also be noticed that under coordinate transformations the holo-
morphic symplectic vector of sections Φ (z) transforms as

Φ̃ (z) = e−fS(z)S(z)Φ (z) , (3.1.75)

where the holomorphic (2nV + 2) × (2nV + 2) matrix S(z) has a symplectic
real structure, i.e., it is an element of Sp(2nV +2,R), preserving the (2nV + 2)-
d symplectic metric defined in (3.1.24); the S-dependent factor e−fS(z) corre-
sponds to a (an holomorphic) Kähler transformation. We may naturally divide
S(z) in (nV + 1)-d subblocks

S(z) =


A(z) B(z)

C(z) D(z)


 . (3.1.76)

The symplecticity condition ST (z)εS(z) = ε then implies the following rela-
tions among the subblocks:



ATD − CTB = I,

ATC − CTA = BTD −DTB = 0.
(3.1.77)

Now, by differentiating both sides of the degree 2 homogeneity property
of F (X) (with Kähler weights (4, 0))

F (X) =
1
2
XΛFΛ , (3.1.78)

we trivially reobtain that FΛ (having Kähler weights (2, 0)) is homogeneous
of degree 1 in the XΛ’s (see (3.1.64))

FΣ = XΛFΛΣ , (3.1.79)

where we defined the Kähler gauge-invariant rank-2 symmetric tensor FΛΣ ≡
∂2F

∂XΛ∂XΣ , denoted with F (z) in symplectic matrix notation.7 By iterating the
differentiation, we get

XΛFΛΣΞ = 0 , (3.1.80)

7 Attention should be paid to carefully distinguish between:

1) the quantities F , FΛ, FΛΣ ≡ ∂2F
∂XΛ∂XΣ ≡ F

and
2) the quantities F−Λ, F+Λ, FΛ and ∗FΛ, which are related to the Abelian

vector field strengths in the N = 2, d = 4 nV -fold MESGT; they will be intro-
duced in Subsect. 3.2.
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simply meaning that FΛΣ is homogeneous of degree 0 in the coordinates
XΛ’s.

By recalling definitions (3.1.26) and (3.1.53), the Kähler covariant deriva-
tives of FΛΣ read

DiFΛΣ = ∂iFΛΣ =
∂FΛΣ (z)

∂zi
= DiX

Ξ (z)
∂FΛΣ (z)
∂XΞ

= e−
1
2 K(z,z)DiL

Ξ (z, z)
∂FΛΣ (z)
∂XΞ

= e−
1
2 K(z,z)fΞ

i (z, z)FΛΣΞ (z) .

(3.1.81)

Consequently, by using such a result we may write

hiΛ ≡ DiMΛ = e
1
2 KDiFΛ = e

1
2 KDi

(
XΣFΛΣ

)
= e

1
2 K

(
DiX

Σ
)
FΛΣ + e

1
2 KXΣDiFΛΣ =

(
DiL

Σ
)
FΛΣ + fΞ

i XΣFΛΣΞ

= FΛΣf
Σ
i .

(3.1.82)

By recalling the Ansatz (3.1.34), we thus obtain that the two following for-
mulae are equivalent:

hiΛ = NΛΣf
Σ
i ; (3.1.83)

hiΛ = FΛΣf
Σ
i . (3.1.84)

Nevertheless, it is worth pointing out that, whereas (3.1.83) always holds,
(3.1.84) is meaningful only in the cases in which the prepotential F may be
defined.8

Now, by using definition (3.1.26) and (3.1.81) and (3.1.82), from the third
of (3.1.36) we get

Cijk = 〈DiUj , Uk〉 ≡ (DiUj)
T
εUk

=
(
DiDjL

Λ, DiDjMΛ

)( 0 −I

I 0

)(
DkL

Λ

DkMΛ

)

=
(
DiDjL

Λ, DiDjMΛ

)(−DkMΛ

DkL
Λ

)

= −
(
DiDjL

Λ
)
DkMΛ + (DiDjMΛ)DkL

Λ

= −hkΛDif
Λ
j + fΛ

k DihjΛ = −NΛΣf
Σ
k Dif

Λ
j + fΛ

k Di

(
NΛΣf

Σ
j

)
= −NΛΣf

Σ
k Dif

Λ
j + fΛ

k

(
DiNΛΣ

)
fΣ

j + fΛ
k NΛΣDif

Σ
j

= fΛ
k

(
∂iNΛΣ

)
fΣ

j = fΛ
k (∂iFΛΣ) fΣ

j

= e−
1
2 KfΛ

k f
Ξ
i fΣ

j FΛΣΞ = e−
1
2 KfΛ

i f
Σ
j fΞ

k FΛΣΞ , (3.1.85)

8 For a discussion of some relevant cases in which F does not exist (such as the low
energy effective action of N = 2 heterotic string theory), see, e.g., [38].
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where we also used the Kähler gauge-invariance of the complex matrix NΛΣ

and the symmetry of the tensor Cijk. The symplectic-invariant and Kähler-
covariant expression (3.1.85) for Cijk may be further elaborated (at the price
of losing the manifest Kähler covariance) by expliciting the Kähler-covariant
derivative encoded in fΛ

i and using (3.1.80):

Cijk = e−
1
2 KfΛ

i f
Σ
j fΞ

k FΛΣΞ = e−
1
2 K

(
DiL

Λ
) (
DjL

Σ
) (
DkL

Ξ
)
FΛΣΞ

= eK
(
DiX

Λ
) (
DjX

Σ
) (
DkX

Ξ
)
FΛΣΞ

= eK
[
∂iX

Λ+(∂iK)XΛ
][
∂jX

Σ +(∂jK)XΣ
][
∂kX

Ξ +(∂kK)XΞ
]
FΛΣΞ

= eK
(
∂iX

Λ
) (
∂jX

Σ
) (
∂kX

Ξ
)
FΛΣΞ . (3.1.86)

By further specializing such a result in the symplectic frame (3.1.67) of “spe-
cial coordinates,” for which fΛ

i = e
1
2 KδΛ

i , one finally gets (see also (3.1.61))

Cijk = eKδΛ
i δ

Σ
j δ

Ξ
k FΛΣΞ (t) = eKFijk (t) = eK∂i∂j∂kF (t) ,

(3.1.87)

which is symplectic-invariant, but manifestly Kähler-noncovariant.
It is easy to see that, in the case in which the prepotential F exists, the

symplectic-orthogonality relation (3.1.40) between the Sp (2nV + 2)-covariant
vectors V and Ui reduces to nothing but an integrability condition in the
“special coordinates” (3.1.67) of MnV

. In order to show this, let us firstly
explicit relation (3.1.40), by writing

0 = 〈V,Ui〉 ≡ V T εUi =
(
LΛ, MΛ

)( 0 −I

I 0

)
 DiL

Λ

DiMΛ




=
(
LΛ, MΛ

)

−DiMΛ

DiL
Λ


 = MΛDiL

Λ − LΛDiMΛ

= −eK
(
XΛDiFΛ − FΛDiX

Λ
)

= −eK
{
XΛ [∂iFΛ + (∂iK)FΛ]− FΛ

[
∂iX

Λ + (∂iK)XΛ
]}

= −eK
(
XΛ∂iFΛ − FΛ∂iX

Λ
)

= eK
[
∂i

(
XΛFΛ

)
− 2FΛ∂iX

Λ
]

= eK
[
∂i

(
XΛFΛ

)
− 2∂iF

]
= eK∂i

(
XΛFΛ − 2F

)
. (3.1.88)

If we now specify the result (3.1.88) to the “special coordinates” (3.1.67) and
recall the property (3.1.80) of homogeneity of degree 0 of the function FΛΣ ,
we get

〈V,Ui〉 = 0 ⇐⇒ ∂iF −Xj∂i∂jF = 0;
⇓

∂k∂iF − ∂i∂kF −Xj∂k∂i∂jF = 0;
�

∂k∂iF (t) = ∂i∂kF (t) , ∀ (i, k) ∈ {1, . . . , nV }2 , (3.1.89)
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which is satisfied iff the function F (t) satisfies the Schwarz lemma on partial
derivatives, i.e., if it is integrable in the “special coordinates” of MnV

. Thus, we
may say that, whenever the prepotential F exists, its generalized, symplectic-
invariant integrability condition in the moduli space MnV

is given by the
orthogonality relation 〈V,Ui〉 = 0.

Now, by recalling (3.1.75)–(3.1.77) and using the relation (3.1.78), we may
rewrite the transformation law of XΛ and F (X) under symplectic transforma-
tions (disregarding the Kähler transformation factors) respectively as follows:

X̃ (z) = [A (z) +B (z)F (z)]X (z) ; (3.1.90)

F̃
(
X̃
)

= F̃ ((A+BF)X) = 1
2X̃

ΛF̃Λ

=
[
F (X) +XΛ

(
CTB

)Σ

Λ
FΣ + 1

2X
Λ
(
CTA

)
ΛΣ

XΣ + 1
2FΛ

(
DTB

)ΛΣ
FΣ

]
.

(3.1.91)

Analogously, by using the Ansatz (3.1.33), the transformation property (3.1.75)
yields the following transformation law for the matrix N :

ÑΛΣ

(
X̃, F̃

)
= (C +DN (X,F )) (A+BN (X,F ))−1

. (3.1.92)

Equation (3.1.90) shows that the transformation X → X̃ can eventually be
singular, thus implying the nonexistence of the prepotential F (X), depending
on the choice of the symplectic gauge [38,49]. On the other hand, some phys-
ically interesting cases, such as the N = 2 −→ N = 0 SUSY breaking [50],
correspond to situations in which F (X) does not exist. Therefore, the tensor
calculus constructions of the N = 2 theories actually turn out to be not com-
pletely general, because they use special coordinates from the very beginning,
and they are essentially founded on the existence of the prepotential F (X).

By considering the low-energy N = 2, d = 4 MESGT Lagrangian density,
we may observe that Im (NΛΣ) and Re (NΛΣ) are respectively related to
the kinetic and topological terms F2 and FF̃ of the (field strenghts of the)
Maxwell vector fields; for this reason, usually the matrix NΛΣ is referred to
as the “kinetic matrix” of the N = 2, d = 4 MESGT.

Furthermore, from the Ansatz (3.1.34) and the second result of (3.1.36)
we obtain an interesting relation, relating the metric Gij of the Kähler–
Hodge manifold MnV

to the symplectic vector functions fΛ
i and hiΛ through

Im (NΛΣ)

Gij = −i
〈
Ui, U j

〉
≡ −iUT

i εU j

= −i
[
−
(
DiL

Λ
)
DjMΛ + (DiMΛ)DjL

Λ
]

= −i
[
−
(
DiL

Λ
)
NΛΣDjL

Σ
+NΛΣ

(
DiL

Σ
)
DjL

Λ
]

= −2Im (NΛΣ)
(
DiL

Λ
)
DjL

Σ
= −2Im (NΛΣ) fΛ

i f
Σ

j . (3.1.93)
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Whenever the prepotential F may be defined, by using (3.1.84) it may be
analogously obtained that

Gij = 2Im (FΛΣ) fΛ
i f

Σ

j . (3.1.94)

As previously noticed, the function fΛ
i , endowed with a local index in the SKG

of MnV
and with a global index in Sp(2nV +2) (symplectic symmetry), plays

a key role in intertwining such two different levels of symmetry, revealing the
inner special Kähler–Hodge symplectic structure of theN = 2, d = 4 MESGT.

In regular SKG, the Kähler metric Gij is (strictly) positive definite in all
MnV

. By using (3.1.93), this implies the (strictly) negative definiteness of the
real (nV + 1) × (nV + 1) matrix Im (NΛΣ); a shorthand notation for such a
condition, encoding the regularity of the SKG of MnV

, reads

Im (NΛΣ) < 0 , (3.1.95)

which also follows from the position of such term in the low-energy N = 2
(d = 4) MESGT Lagrangian density.

At this point, whenever the Jacobian matrix ea
i (z) exists and it is invert-

ible, a number of useful formulae may be obtained, relating the two main
symplectic matrices introduced so far, namely the “kinetic” one (NΛΣ) and
the one given by the double symplectic derivatives of the prepotential (FΛΣ ,
also denoted with F). The main result is9

NΛΣ = FΛΣ − 2iTΛTΣ (LIm (F)L) , (3.1.96)

where the symplectic vector TΛ is defined as follows:

TΛ ≡ −i
(
Im (F)L

)
Λ

LIm (F)L
= 2i (Im (N )L)Λ , (3.1.97)

9 Provided that the holomorphic prepotential F (X) satisfies the Schwarz lemma in
the moduli space, the symmetry of the (nV + 1)× (nV + 1) complex matrix NΛΣ

is evident from (3.1.96), which anyway holds true only whenever the holomorphic
Jacobian matrix ea

i (z), defined by (3.1.62), exists and it is invertible.
In general, the fundamental Ansätze, expressed by (3.1.33) and (3.1.34) and

formulated in order to solve the so-called special geometry constraints given by
(3.1.3), does not imply the symmetry of NΛΣ . Therefore, assuming such a prop-
erty, which is then largely used, would seem to imply some loss of generality.

Actually, also in the particular cases in which it is not possible to define a local
system of homogeneous coordinates in the moduli space (i.e., when the matrix
ea

i (z) does not exist or it is not invertible), it may be shown that (3.1.33) and
(3.1.34) are always solved by a symmetric matrix NΛΣ .

Thus,
NΛΣ = NΣΛ

does not yield any loss of generality in the study of the symplectic special Kähler
structure (of the moduli space) of the N = 2 (d = 4) nV -fold MESGT.
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and the following relations hold:



LIm (F)L = − 1
2 ;

TΛL
Λ

= −i;

4LIm (F)L = (LIm (N )L)−1
.

(3.1.98)

Now, instead of saturating the symplectic indices of the product fΛ
i f

Σ

j , as
made in (3.1.93) and (3.1.94), we may instead saturate the Kähler ones, and
the obvious choice is to use Gij ; by doing this, we introduce the symplectic
tensor

UΛΣ ≡ GijfΛ
i f

Σ

j = −1
2

(
(Im (N ))−1

)ΛΣ

− L
Λ
LΣ , (3.1.99)

where in the last passage we used (3.1.36) and (3.1.93). Notice that in our
notation NΛΣ is nothing but the inverse of NΛΣ

NΛΣNΣ∆ ≡ δΛ
∆ , (3.1.100)

and moreover it holds that

NΛΣ = NΣΛ =⇒
(
(ImN )−1

)ΛΣ

=
(
(ImN )−1

)ΣΛ

. (3.1.101)

By considering (3.1.93), (3.1.94), and (3.1.99), we finally get

UΛΣ =
1
2

(
(Im (F))−1

)ΛΣ

+ LΛL
Σ

≡ T Λ
I GIJT Σ

J . (3.1.102)

In the second line we defined the (nV + 1)-d square matrix

T Λ
I ≡

(
T Λ

i , T Λ
0 ≡ LΛ

)
(3.1.103)

and, similarly to what previously done for the f ’s and h’s, we extended the
Kähler metric to a (nV + 1)-d block form

GIJ =


Gij 0

0 −1


 . (3.1.104)

Because of (3.1.93), (3.1.94,) and (3.1.95), we obtain that Im (F) is an
(nV + 1)-d square symplectic matrix, with nV positive and one negative eigen-
values. UΛΣ is an (nV + 1)-d square symplectic matrix, too, but instead it has
rank nV because, as it may be explicitly shown, it annihilates the vector10 TΛ

and its conjugate TΛ

10 In the next subsection we will see that TΛ is nothing but the graviphoton projector
in the N = 2, d = 4 MESGT.
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TΛU
ΛΣ = UΛΣTΣ = 0 . (3.1.105)

From (3.1.102) we can further compute

[det (2Im (F))]−1 = det
(
UΛΣ − LΛL

Σ
)
, (3.1.106)

and using the (nV + 1)-d square matrices T Λ
I and GIJ , we obtain

det (2Im (F)) = −det
(
Gij

)
|det (T )|−2

. (3.1.107)

By means of simple properties of the determinants, such relations yield the
following result:

det (T ) = exp
[
(nV + 1)

1
2
K

]
(det (e))

(
X0

)nV +1
(3.1.108)

⇓

|det (T )|2 = exp [(nV + 1)K] |det (e)|2
(
X0X

0
)nV +1

, (3.1.109)

where det (e) is the determinant of the (nV + 1)-d square matrix defined in
(3.1.62), i.e., it is nothing but the Jacobian of the change of basis of coordinates

{
zi
}

i=1,...,nV
←→ {ta (z)}a=1,...,nV

≡
{
Xa (z)
X0 (z)

}
a=1,...,nV

(3.1.110)

in the Kähler–Hodge moduli space MnV
of the considered theory.

It then follows that [40,41,43,44]

∂i∂j ln (det (Im (F))) = ∂i∂j ln
(
det

(
Gkl

))
− (nV + 1)Gij . (3.1.111)

At this point, by using the SG constraints (3.1.3) satisfied by the RC tensor in
the moduli space, we may compute the corresponding Ricci tensor as follows:

Rij ≡ RijllG
ll = (nV + 1)Gij − CilpCjlpG

llGpp . (3.1.112)

By using (3.1.111), and recalling that on a Kähler manifold the Ricci tensor
can always be written as [37]

Rij = ∂i∂j ln
(
det

(
Gkl

))
, (3.1.113)

we finally get
∂i∂j ln (det (ImF)) = −CilpCjlpG

llGpp . (3.1.114)

Notice that such a result generally characterizes every special Kähler–Hodge
symplectic manifold which admits local coordinates defined by means of the
(ratios of the) sections of the related holomorphic line bundle, i.e., for which
the (nV + 1)-d square matrix defined in (3.1.62) exists and it is invertible.
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3.2 Electric–Magnetic Duality, Central Charge,
and Attractor Mechanism

In this subsection we will briefly report how, in N = 2, d = 4 SUGRA coupled
with nV Abelian vector multiplets (and nH hypermultiplets), the phenomenon
of the doubling of preserved supersymmetries (and therefore of the restoration
of maximal SUSY) occurs near the EH of the 1

2 -BPS stable soliton metric
solution, whose simplest example is represented by the previously considered
extremal RN BH. Furthermore, we will see the AM at work in the dynamical
evolution of the relevant set of scalars, namely in the on-shell dynamics of the
manifold MnV

.
For simplicity’s sake, let us set the fermionic bilinears and the N = 2

generalization of the Fayet–Iliopoulos term to zero (i.e., let us disregard the
fermionic contributions and the presence of supersymmetric gaugings). We
may then write the local SUSY transformations for the gravitino, for the
gaugino, and for the hyperino in a manifestly symplectic covariant way as
follows (see [34] and [35], where the complete, general SUGRA transformations
may be found, too):




δψAµ = DµεA + εABε
BT−

µνγ
ν ;

δλiA = iεAγµ∂µz
i + εABεBF i−

µν γ
µν ;

δζα = iεABε
AUBβ

u γµ
Cαβ∂µq

u,

(3.2.1)

where we recall once again that λiA, ψAµ, and ζα respectively are the chiral
gaugino, gravitino, and hyperino fields. Moreover, εA and εA respectively de-
note the chiral and antichiral local SUSY parameters, and εAB is the SO(2)
Ricci tensor

εAB = −εBA, ε2 = −I , (3.2.2)

namely the 2-d contravariant counterpart of the symplectic metric defined
by (3.1.24). The moduli-dependent, symplectic-invariant quantities T−

µν and
F i−

µν respectively are the (imaginary self-dual) graviphoton and vector field
strenghts. For what concerns the gravitino field ψAµ, apart from being a
spinor-valued one-form on s-t, it behaves as a section of the bundle � ⊗ SU ,
where SU is an SU(2) principal bundle on the quaternionic scalar manifold
MnH

(dimRMnH
= 4nH) related to the considered nH hypermultiplets. Con-

sequently, the derivative Dµ appearing in the first line of the transformations
(3.2.1) is the covariant derivative w.r.t. the (ungauged) U(1)-bundle � on
MnV

(with connection Q given by (3.1.14)) and the (ungauged) SU(2) prin-
cipal bundle SU on MnH

(with connection ωx, where x is an SU(2) index).
In the formalism of forms, we thus have

DεA = dεA −
1
4
γabω

ab ∧ εA +
i

2
Q ∧ εA +

i

2
ωx (σx)B

A ∧ εB , (3.2.3)
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where d is the flat s-t differential, ωab is the spin-connection, and σx denotes
the vector of Pauli matrices. Finally, UBβ

u and Cαβ respectively stand for the
quaternionic Vielbein one-form and the Sp(2nH)-invariant flat metric

Cαβ = −Cβα,C
2 = −I . (3.2.4)

In order to describe the restoration of the maximal SUSY of the metric
background of the N = 2, d = 4, nV -fold MESGT, i.e., the doubling of the
number of preserved supersymmetries with respect to the four ones preserved
by the 1

2 -BPS stable solitonic solution represented by the extremal (eventually
RN) BH, we have to find solutions with unbroken N = 2, d = 4 local SUSY.

In the present case, the relevant spinor Killing conditions to be solved are
those given by (3.2.1), with the r.h.s.’s set to zero, i.e.,

δψAµ = δλiA = δζα = 0 . (3.2.5)

I. The first solution to (3.2.5) is the one corresponding to the standard
flat vacuum, which is the asymptotical limit (r → ∞) of the spherically
symmetric, static extremal RN BH metric background. The corresponding
unbroken, maximal N = 2, d = 4 SUSY algebra is the N = 2, d = 4
superPoincaré one (asymptotical rigid N = 2 SUSY ).
Concerning the field content of the theory in such a case, the 4-d metric is
the flat, Minkowski ηµν , there are no vector fields, and all complex scalar
fields in the considered nV Abelian vector supermultiplets, as well as the
quaternionic scalars in the nH hypermultiplets, take arbitrary constant
values 



gµν = ηµν ,

T−
µν = 0 = F i−

µν ,

∂µz
i = 0 ⇔ zi = zi

∞ ∈ C,

∂µq
u = 0 ⇔ qu = qu

∞ ∈ H.

(3.2.6)

zi
∞ is an unconstrained scalar field configuration in the nV -d Kähler–

Hodge complex moduli space MnV
of the N = 2, d = 4, nV -fold MESGT.

The positions (3.2.6) do provide solutions for the unbroken N = 2, d = 4
SUGRA Killing spinor equations with constant, unconstrained values of
the SUSY parameter εA, which therefore makes the local SUSY structure
“rigid,” i.e., global.
Thus, the unbroken SUSY manifests itself in the fact that each nonvan-
ishing scalar field is the first component of a covariantly constant N = 2
superfield for the vector and/or the hypermultiplet, but the supergravity
superfield vanishes.

II. The second solution to (3.2.5) is much more sophisticated; as we will see
by solving the related consistency conditions, it corresponds to the 4-d
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BR metric, which is the “near-horizon” limit (r → r+
H) of the spherically

symmetric, static extremal RN BH metric background.
First, it is possible to solve the Killing conditions for the gaugino and
the hyperino just by using a suitable part of the previous Ansätze (3.2.6),
namely 



F i−
µν = 0,

∂µz
i = 0 ⇔ zi = zi

∞ ∈ C,

∂µq
u = 0 ⇔ qu = qu

∞ ∈ H.

(3.2.7)

Second, we observe that the Killing equation for the gravitino

δψAµ = DµεA + εABT
−
µνγ

νεB = 0 (3.2.8)

is not gauge-invariant. Consequently, without loss of generality we may
consider variation of the gravitino field strength in a particular, suitable
way, as shown in [11] and [12].

For what concerns the s-t metric, we may consider the geometry of the
background with vanishing Riemann–Christoffel intrinsic scalar curvature
R, vanishing Weyl tensor Cµνλδ and covariantly constant graviphoton field
strength T−

µν 


R = 0,

Cµνλδ = 0,

Dλ

(
T−

µν

)
= 0.

(3.2.9)

While the first solution had a vanishing supergravity superfield, it may be
shown that such a configuration corresponds to a covariantly constant super-
field of N = 2, d = 4, nV -fold MESGT Wαβ (x, θ), whose first component is
given by a two-component graviphoton field strength Tαβ .

The phenomenon of the doubling of preserved supersymmetries near the
EH of the extremal RN BH may be qualitatively explained as follows.

It may be shown that the algebraic condition for the choice of broken ver-
sus unbroken N = 2, d = 4 local SUSY is given in terms of a combination
of the Weyl tensor and of the Riemann-covariant derivative of the gravipho-
ton field strength. However, by the set (3.2.9) of Ansätze on the structure of
the “near-horizon” metric background, both the Weyl tensor Cµνλδ and the
Riemann-covariant derivative of the graviphoton field strength Dλ

(
T−

µν

)
sep-

arately vanish in proximity of the EH. Thus, all supersymmetries are restored
in this limit, and one gets a covariantly constant superfield of N = 2, d = 4,
nV -fold MESGT Wαβ (x, θ).

Considering a generic configuration of such a theory, in which the super-
gravity multiplet interacts with nV Abelian vector supermultiplets and nH

hypermultiplets, we obtain that, beside the N = 2 supergravity superfield
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Wαβ (x, θ), we also have covariantly constant N = 2 superfields, whose first
component is given, similarly to what happened for the first solution, by the
scalars of the corresponding multiplets.

However, whereas the flat vacuum given by the first solution admitted any
value of the scalars, in the present case the nontrivial geometry of the metric
background (which will then reveal to be the 4-d BR metric11), defined by the
positions (3.2.9), imposes two consistency conditions for this second solution,
namely

1. The Riemann–Christoffel tensor must match the product of two graviphoton
field strengths

Rαβα′β′ = TαβTα′β′ . (3.2.10)

2. The vector field strength must vanish (as given by the first position of
Ansätze (3.2.7), too)

F i−
µν = 0 . (3.2.11)

Later on, we will analyze the consistency conditions (3.2.10) and (3.2.11)
more in depth. Now we move to deal with some noteworthy symplectic features
of the special geometry of the nV -d Kähler–Hodge complex moduli space MnV

of such a theory. The additional symplectic structure allows one to introduce
a central extension operator (and the related Kähler-covariant derivative) by
purely geometric reasonings and in a completely symplectic-invariant way.

Considering the low-energy effective action of the N = 2, d = 4 MESGT,
the Kähler metric of MnV

appears in the kinetic term of the complex scalars
coming from the considered nV Maxwell vector multiplets; it reads

Gij∂µz
i∂νz

jgµν√−g . (3.2.12)

As previously mentioned, the symmetric matrix NΛΣ appears in the vector
part of the action, which reads (setting the fermionic contributions to zero)

− 2Im
(
F−Λ

µν NΛΣF−Σµν
)

= −2Im
(
F−Λ

µν G−µν
Λ

)
, (3.2.13)

where F−Λ
µν is the complex, imaginary self-dual Maxwell field strength (see

below). Instead, in general G−
Λ is the Legendre transform of F−Λ

G−µν
Λ ≡ δL

δF−Λ
µν

. (3.2.14)

As yielded by (3.2.13), in the symplectic structure of the N = 2, d = 4 nV -fold
MESGT, the above functional derivative may be equivalently reexpressed as
the following linear combination:

11 Notice indeed that the conditions of vanishing Weyl tensor and zero (overall)
scalar curvature, respectively, expressed by the second and first position of the
Ansätze (3.2.9), are compatible with the properties of the BR metric (see Sect. 1).
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G−
Λ ≡ NΛΣF−Σ . (3.2.15)

F−Λ is clearly moduli-independent

∂iF−Λ = 0 = ∂iF−Λ . (3.2.16)

Through the functional derivative of L given by (3.2.14), instead G−
Λ depends

on the moduli purely through the matrix NΛΣ which however, as previously
pointed out, has vanishing Kähler weights, because otherwise the Kähler struc-
ture of MnV

would clash with the Sp(2nV +2)-covariance of electric–magnetic
duality of the theory. In general, the differential properties of G−

Λ are the fol-
lowing:




DiG−
Λ = ∂iG−

Λ =
(
∂iNΛΣ

)
F−Σ =

(
DiNΛΣ

)
F−Σ 	= 0,

DiG−
Λ = ∂iG−

Λ =
(
∂iNΛΣ

)
F−Σ =

(
DiNΛΣ

)
F−Σ 	= 0 .

(3.2.17)

The superscript “−” in F−Λ and G−
Λ denotes the (imaginary) self-duality

of such complex symplectic vectors. In order to clarify such a point, let us
now briefly address the issue of the general structure of an Abelian theory of
vectors endowed with Hodge duality (for more details, see, e.g., [1,2], and [34]).

In general, in the considered context we may introduce a formal operator
H that maps an Abelian field strength into its Hodge dual

(
HFΛ

)
µν
≡

(∗FΛ
)
µν
≡ 1

2
εµνρσFΛρσ =

1
2
gρλgστ εµνρσFΛ

λτ , (3.2.18)

where εµνρσ is the 4-d completely antisymmetric Ricci-Levi-Civita tensor. It
is immediate to check that such an operator is antiprojective

(
H2FΛ

)
µν

=
(∗∗FΛ

)
µν

=
1
2
gαγgβδεµνγδ

(
HFΛ

)
αβ

=
1
4
gαγgβδgλσgρτ εµνγδεαβστFΛ

λρ

= −1
2
(
FΛ

µν −FΛ
νµ

)
= −FΛ

µν , (3.2.19)

where we used the result

gαγgβδgλσgρτ εµνγδεαβστ = ε αβ
µν ε λρ

αβ = −2
(
δλ
µδ

ρ
ν − δρ

µδ
λ
ν

)
. (3.2.20)

Thus, since H2 = −I, its eigenvalues are ±i, and out of the real Abelian
field strengths FΛ

µν we can introduce imaginary anti-self-dual and imaginary
self-dual complex combinations, respectively, as follows:

F±Λ
µν ≡ FΛ

µν ± i
(
HFΛ

)
µν

= FΛ
µν ±

i

2
gρλgστ εµνρσFΛ

λτ , (3.2.21)
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such that
(
HF±Λ

)
µν

=
(
HFΛ

)
µν
± i

(
H2FΛ

)
µν

= ∓iFΛ
µν +

(
HFΛ

)
µν

= ∓iF±Λ
µν . (3.2.22)

Notice also that
F±Λ

µν = F∓Λ
µν . (3.2.23)

In N = 2, d = 4 nV -fold MESGT the symplectic symmetry underlying the
geometric structure of the equations of motion becomes elegantly manifest by
considering the following four different kinds of vectors:

1. The (2nV + 2) × 1, Sp (2nV + 2)-covariant complex symplectic vector of
imaginary self-dual Abelian field strengths

Z− ≡


F

−Λ

G−
Λ


 ≡


F

Λ − iHFΛ

GΛ − iHGΛ


 ; (3.2.24)

recall that Sp (2nV + 2,R) is the generalized electric–magnetic duality
symmetry group, i.e., the U -duality symmetry group,12 in the N = 2,
d = 4 nV -fold MESGT.

2. By complex-conjugating Z−, we get the (2nV + 2) × 1, Sp (2nV + 2)-
covariant complex symplectic vector of imaginary anti-self-dual Abelian
field strengths

Z+ ≡ (Z−) =


F

−Λ

G−
Λ


 =


F

+Λ

G+
Λ


 ≡


F

Λ + iHFΛ

GΛ + iHGΛ


 . (3.2.25)

By definition, the real and imaginary parts of Z− and its complex conjugate
Z+ are the real Abelian field strengths of the theory and their Hodge-duals,
respectively, reading

12 More correctly, it should be said that Sp (2nV + 2, R) is the “classical supergravity
limit” of the U -duality group of the corresponding quantum theory, i.e., of the
“discrete” version Sp (2nV + 2, Z).

Indeed, the quantization of the conserved charges (related to the Abelian
gauge-invariance exhibited by the MESGT) leads to the “discretization” of the
numeric field of definition of the group classifying the electric–magnetic transfor-
mations. In the case at hand, this yields

Sp (2nV + 2, R) → Sp (2nV + 2, Z) .

The classical formulation of the theories is recovered in the (semiclassical) limit
of large values of the integer quantized charges.

For simplicity’s sake and with a slight abuse of language, in the following
treatment we will simply talk about “discrete” and “continuous” versions of the
same U -group.
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3.

Z ≡ Re
(
Z−) =


F

Λ

GΛ


 . (3.2.26)

4.

∗Z≡HZ=H
[
1
2
(
Z− + Z+

)]
=

i

2
(
Z− −Z+

)
= −Im

(
Z−) =


HF

Λ

HGΛ


 .

(3.2.27)

Thus, we may summarize (3.2.24)–(3.2.27) as follows:

Z± =


F

±Λ

G±
Λ


 =


F

Λ ± iHFΛ

GΛ ± iHGΛ


 , (3.2.28)

with
Z± = Z∓, HZ± = ∓iZ± . (3.2.29)

Since Z−, Z+, Z, and ∗Z are all Sp (2nV + 2,R)-covariant vectors, it is clear
that

[C, Sp (2nV + 2,R)] = 0 = [H, Sp (2nV + 2,R)] , (3.2.30)

where C is the complex conjugation operator, H stands for the Hodge duality
operator, and “Sp (2nV + 2,R)” denotes the covariance w.r.t. the action of
such a group. Otherwise speaking, the complex coniugation and/or the Hodge
Abelian dualization do not have any effect on the symplectic covariance.

Using the summarizing relations (3.2.28), it is therefore possible to decom-
pose (3.2.15) into the real and imaginary parts

G−
Λ ≡ NΛΣF−Σ = [Re (NΛΣ)− iIm (NΛΣ)]

(
FΣ − i ∗FΣ

)
=
[
Re (NΛΣ)FΣ−Im (NΛΣ) ∗FΣ

]
−i

[
Re (NΛΣ) ∗FΣ +Im (NΛΣ)FΣ

]
,

(3.2.31)

implying, for instance

GΛ ≡ Re
(
G−

Λ

)
= Re (NΛΣ)FΣ − Im (NΛΣ) ∗FΣ . (3.2.32)

Thus, in a source-free theory we may write, in the differential form lan-
guage

d
[
Re

(
Z−)] = 0 . (3.2.33)

Instead, in the presence of electric and magnetic sources with nonvanishing
fluxes, we obtain the following “space-dressing” of the components of Re (Z−):∫

S2
∞
FΛ ≡ nΛ

m,

∫
S2
∞
GΛ ≡ ne

Λ,
(3.2.34)
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where the integration is performed in the physical space, and S2
∞ is the 2-

sphere at the infinity.
The integration of FΛ and its Legendre transform GΛ performed in (3.2.34)

may respectively be considered as the definition, in a suitable system of units,
of the asymptotical values of the magnetic and electric charges characterizing
the charge configuration of the nV + 1 Maxwell vector fields of the theory
(indeed we get a vector potential from the gravity multiplet plus another one
for each considered vector multiplet).

Clearly, the quantization of such conserved charges (related to the
(U(1))nV +1 gauge invariance of the N = 2, d = 4 nV -fold MESGT) implies
a discrete range for the quantities on the r.h.s.’s of (3.2.34), and therefore a
“discretization” of the symplectic covariance. Consequently, since for a fixed
Λ

(
nΛ

m, n
e
Λ

)
∈ Z

2, it is clear that the “dressings” (3.2.34) will be covariant only
under Sp (2nV + 2,Z), which is the “discrete” counterpart of the symplectic
symmetry group Sp (2nV + 2,R).

Therefore, the defining equations (3.2.34) allow one to introduce the
(2nV + 2)-d symplectic vector of the electric and magnetic charges of the
system as the (asymptotical) “space- dressing” of Re (Z−) .

n ≡
∫

S2
∞

Re
(
Z−) =


nΛ

m

ne
Λ


 . (3.2.35)

Once again, due to the quantization of the electric and magnetic charges, such
a vector is actually Sp (2nV + 2,Z)-covariant.

Particular attention should be paid to the issue of moduli dependence. As it
is clear from (3.2.16) and (3.2.17), Z− is composed of a moduli-independent
term F−Λ and a moduli-dependent Kähler-scalar G−

Λ . Of course, the same
holds for its real part Re (Z−). The subtle, key point is that n, which, as
defined in (3.2.35), is nothing but the (asymptotical) “space–dressing” of
Re (Z−), is completely moduli-independent

∂in = ∂i

(∫
S2
∞

Re
(
Z−)

)
= 0 = ∂i

(∫
S2
∞

Re
(
Z−)

)
= ∂in . (3.2.36)

In particular

1. ∫
S2
∞

FΛ ≡ nΛ
m (3.2.37)

defines (in suitable units) the magnetic charges of the system; we have
moduli independence both at the “predressing” and “postdressing” stages.

2. By recalling (3.2.14) and (3.2.32) we obtain that
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∫
S2
∞

GΛ =
∫

S2
∞

Re

(
δL

δF−Λ

)

=
∫

S2
∞

[
Re (NΛΣ (z, z))FΣ − Im (NΛΣ (z, z)) ∗FΣ

]
≡ ne

Λ

(3.2.38)

defines (in suitable units) the electric charges of the system; while at
the “predressing” stage there is nontrivial moduli-dependence through
NΛΣ (z, z), the (asymptotical) “space-dressing” of GΛ is such that in the
“postdressing” stage there is no moduli dependence.

By using the previously introduced symplectic-invariant scalar product,
we can now define two symplectic-invariant combinations of the symplectic
field strength vector Z−.

The first one is

T− ≡ −〈Z−, V 〉 = MΛF−Λ − LΛG−
Λ

= NΛΣL
ΣF−Λ − LΛNΛΣF−Σ

= 2i (Im (N )L)Λ F−Λ

= TΛF−Λ,

(3.2.39)

where use of the symmetry of NΛΣ and of (3.1.33), (3.1.97), and (3.2.15) has
been made. TΛ may be considered the symplectic vector counterpart of the
graviphoton field strength T−

µν (or, more rigorously, the graviphoton projec-
tor).

In general, since the U -duality group Sp (2nV + 2,R) is defined over the
real numbers, a complex symplectic invariant will yield two distinct real sym-
plectic invariants, given by its real and imaginary parts, or by (linear) combi-
nation of them. In such a “decomposition” the symplectic invariance is man-
tained simply due to the saturation of symplectic, uppercase Greek indices.
Further below, we will see that the two fundamental SKG Ansätze (3.1.33)
and (3.1.34) will always determine the vanishing of one of the two real sym-
plectic invariants obtained by some kind of “decomposition” of a complex
Sp (2nV + 2,R)-invariant quantity.

Let us start by considering the complex Sp (2nV + 2)-invariant T− defined
in (3.2.39). By using (3.2.26), we obtain

T− ≡ −
〈
Z−, V

〉
= −2

〈
Re

(
Z−) , V 〉

+
〈
Z+, V

〉
. (3.2.40)

Moreover, (3.1.33), (3.2.29), and (3.2.15) yield
〈
Z+, V

〉
= LΛG+

Λ −MΛF+Λ = NΛΣL
ΛF+Σ −MΛF+Λ

= MΛF+Λ −MΛF+Λ = 0. (3.2.41)
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Thus, the first complex Sp (2nV + 2)-invariant may be written as

T− ≡ −
〈
Z−, V

〉
= −2

〈
Re

(
Z−) , V 〉

= 2MΛFΛ − 2LΛGΛ . (3.2.42)

On the other hand, the second complex symplectic-invariant combination
which may be considered reads (recall that Dj denotes the antiholomorphic
Kähler-covariant derivative in the moduli space)

F−i ≡ −Gij
〈
Z−,DjV

〉
= Gij

[(
DjMΛ

)
F−Λ −

(
DjL

Λ
)
G−

Λ

]
. (3.2.43)

By complex-conjugating it, we get

F+j ≡ F−j = −Gji
〈
Z−,DiV

〉
= −Gij

〈
Z+,DiV

〉
= Gij

[
(DiMΛ)F+Λ −

(
DiL

Λ
)
G+

Λ

]
. (3.2.44)

By using (3.2.26), we obtain

F+j = −Gij
〈
Z+,DiV

〉
= −2Gij

〈
Re

(
Z−) ,DiV

〉
+Gij

〈
Z−,DiV

〉
.

(3.2.45)

As before, (3.1.33), (3.2.29), and (3.2.15) yield〈
Z−,DiV

〉
=

(
DiL

Λ
)
G−

Λ − (DiMΛ)F−Λ

= NΛΣ

(
DiL

Λ
)
F−Σ −NΛΣ

(
DiL

Σ
)
F−Λ = 0. (3.2.46)

Thus, the second complex Sp (2nV + 2)-invariant may be written as

F+j = −Gij
〈
Z+,DiV

〉
= −2Gij

〈
Re

(
Z−) ,DiV

〉
= 2Gij

[
(DiMΛ)FΛ −

(
DiL

Λ
)
GΛ

]
. (3.2.47)

By complex-conjugating (3.2.41) and (3.2.46), we may summarize the ob-
tained symplectic-orthogonality relations as follows:〈

Z−, V
〉

= 0 ⇔ 〈Z+, V 〉 = 0,

〈Z−,DiV 〉 = 0 ⇔
〈
Z+,DiV

〉
= 0 .

(3.2.48)

Let us now consider the “space-dressing” of − 1
2T

− in the case of staticity
and spherical symmetry of the moduli configurations (which therefore will at
most be radially dependent zi = zi (r)). (3.2.37), (3.2.38), and (3.2.42) yield

− 1
2

∫
S2
∞

T− =
∫

S2
∞

LΛ (z (r) , z (r))GΛ −
∫

S2
∞

MΛ (z (r) , z (r))FΛ

= LΛ
∞

∫
S2
∞

GΛ −MΛ,∞

∫
S2
∞

FΛ

= LΛ
∞ne

Λ −MΛ,∞nΛ
m

≡ Z (z∞, z∞;nm, n
e) , (3.2.49)
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where z∞, LΛ
∞, and MΛ,∞ respectively stand for the asymptotical values of

the moduli and of the symplectic sections13

zi
∞ ≡ limr→∞zi(r); (3.2.50)

LΛ
∞ ≡ LΛ (z∞, z∞) = limr→∞LΛ (z(r), z(r)) ; (3.2.51)

MΛ,∞ ≡MΛ (z∞, z∞) = limr→∞MΛ (z(r), z(r)) . (3.2.52)

Rigorously, the Z defined by (3.2.49) should be denoted14 by Z∞: the central
charge of the asymptotical SUSY algebra is the asymptotical value of the
so-called central charge function

Z (z (r) , z (r) ;nm, n
e) ≡ LΛ (z (r) , z (r))ne

Λ −MΛ (z (r) , z (r))nΛ
m . (3.2.53)

In the considered static and spherically symmetric case,15 (3.2.49) and (3.2.53)
yield

Z∞ (z∞, z∞;nm, n
e) = limr→∞Z (z (r) , z (r) ;nm, n

e) . (3.2.54)

From the above definitions, it follows that both the central charge Z∞ and
the central charge function Z (z (r) , z (r) ;nm, n

e) are symplectic invariant
and they have the same Kähler weights as the symplectic, Kähler-covariantly
holomorphic sections LΛ and MΛ, namely (1,−1). Here and in the follow-
ing treatment, unless otherwise noted, we will formulate the hypotheses of
staticity and spherical symmetry.

13 Equations (3.2.51) and (3.2.52) clearly yield the assumption that the asymptot-
ical limit r → ∞ is “smooth” for the symplectic sections LΛ (z(r), z(r)) and
MΛ (z(r), z(r)).

14 As for the symplectic sections LΛ (z(r), z(r)) and MΛ (z(r), z(r)), the asymptot-
ical limit r → ∞ is assumed to be “smooth” also for Z (z (r) , z (r) ; nm, ne).

In what follows, we will mainly deal with “central charge” function
Z (z (r) , z (r) ; nm, ne). The distinction from the central charge Z∞ of the as-
ymptotical SUSY algebra will usually be clear from the context, thus we will
sometimes omit the subscript “∞”.

15 When considering the most general case in which the hypotheses of spherical
symmetry and staticity are both removed, at least the central charge Z∞ may
still be defined as follows:

Z∞ ≡ −1

2

∫
S2
∞

T−

=

∫
S2
∞

LΛ (z (t, r, θ, ϕ) , z (t, r, θ, ϕ))GΛ−
∫

S2
∞

MΛ (z (t, r, θ, ϕ) , z (t, r, θ, ϕ))FΛ,

where (r, θ, ϕ) denotes the usual spherical spatial coordinates. Clearly, in this case
Z∞ will generally be a nontrivial function of the time t and of the asymptotical
configurations (z∞, z∞) of the moduli.
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Let us now “space-dress” − 1
2F+jGij ; by recalling (3.2.47), we obtain

− 1
2

∫
S2
∞

F+jGij =
∫

S2
∞

GijG
lj
[(
DlL

Λ
)
GΛ − (DlMΛ)FΛ

]

=
∫

S2
∞

[(
DiL

Λ
)
GΛ − (DiMΛ)FΛ

]
. (3.2.55)

Here the following subtlety arises. For what concerns the first term, by using
(3.2.32) we get

∫
S2
∞

(
DiL

Λ
)
GΛ =

∫
S2
∞

[
Di

(
LΛGΛ

)
− LΛDiGΛ

]

=
∫

S2
∞

{
Di

(
LΛGΛ

)
− LΛDi

[
Re (NΛΣ)FΣ

−Im (NΛΣ) ∗FΣ
]}

= Di,∞

∫
S2
∞

LΛGΛ −
∫

S2
∞

LΛ
[
∂i (Re (NΛΣ))FΣ

−∂i (Im (NΛΣ)) ∗FΣ
]
, (3.2.56)

where Di,∞ denotes the Kähler-covariant derivative w.r.t. the asymptotical
configurations of the moduli defined by (3.2.50). Therefore the holomorphic
Kähler-covariant derivative cannot be moved outside the “space-dressing” in-
tegral, because GΛ is a moduli-dependent Kähler-scalar.

Nevertheless, it should be recalled that the asymptotical “dressing” of such
a Kähler-scalar, namely the electric charge (see (3.2.34) and (3.2.38)), is by
definition moduli-independent. Therefore it holds that

∫
S2
∞

(
DiL

Λ
)
GΛ =

(
DiL

Λ
)
∞

∫
S2
∞

GΛ = Di,∞

[
LΛ
∞

(∫
S2
∞

GΛ

)]
. (3.2.57)

For what concerns the second term, no problems arise, because FΛ is moduli-
independent, and therefore we may move Di outside the spatial integral over
S2
∞ after collecting the term Di

(
MΛFΛ

)
inside it

∫
S2
∞

(DiMΛ)FΛ =
∫

S2
∞

Di

(
MΛFΛ

)

= Di,∞

∫
S2
∞

MΛFΛ = Di,∞

(
MΛ,∞

∫
S2
∞

FΛ

)
.

(3.2.58)

Thus, by collecting (3.2.57) and (3.2.58), we finally get
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− 1
2

∫
S2
∞

F+jGij =
∫

S2
∞

[(
DiL

Λ
)
GΛ − (DiMΛ)FΛ

]

= Di,∞

[
LΛ
∞

(∫
S2
∞

GΛ

)]
−Di,∞

(
MΛ,∞

∫
S2
∞

FΛ

)

= Di,∞

[
LΛ
∞

∫
S2
∞

GΛ −MΛ,∞

∫
S2
∞

FΛ

]

= Di,∞Z∞ (z∞, z∞;nm, n
e) ≡ Zi,∞ (z∞, z∞;nm, n

e) ,
(3.2.59)

where in the last line we recalled the definition of the central charge Z∞
given by (3.2.49). Once again, the quantity16 Zi,∞ (z∞, z∞;nm, n

e), defined
by (3.2.59) may be seen as the asymptotical limit17 of the function

Zi (z (r) , z (r) ;nm, n
e) ≡ (DiZ) (z (r) , z (r) ;nm, n

e) . (3.2.60)

Such a function is the Kähler-covariant derivative (w.r.t. the r-dependent
moduli) of the central charge function defined by (3.2.53). Thus, in the con-
sidered static and spherically symmetric case, (3.2.59) and (3.2.60) yield

Zi,∞ (z∞, z∞;nm, n
e) = limr→∞ (DiZ) (z (r) , z (r) ;nm, n

e) . (3.2.61)

Summarizing, in the assumed hypotheses of staticity and spherical symme-
try, (3.2.49) and (3.2.59) respectively are the definitions of the central charge
of the asymptotical N = 2, d = 4 SUSY algebra and of the Kähler-covariant
derivative of such a central extension operator. Such equations are nothing
but the asymptotical limit of the definitions of the central charge function
Z (z (r) , z (r) ;nm, n

e) and of the function (DiZ) (z (r) , z (r) ;nm, n
e), respec-

tively, given by (3.2.53) and (3.2.60).
A number of equivalent expressions for the central charge function and the

related Kähler-covariant derivative18 may be easily obtained. First of all, we
may rewrite (3.2.53) by recalling (3.1.33) and (3.1.53):

16 In what follows, we will mainly consider the function (DiZ) (z (r) , z (r) ; nm, ne).
The distiction from Zi,∞ (z∞, z∞; nm, ne) will usually be clear from the context,
thus we will sometimes omit the subscript “∞”.

17 As for the central charge function Z (z (r) , z (r) ; nm, ne) and for the symplectic
sections LΛ (z(r), z(r)) and MΛ (z(r), z(r)), the asymptotical limit r → ∞ is
assumed to be “smooth” also for the functions Zi (z (r) , z (r) ; nm, ne).

18 Since we will always be dealing with functions in the r-dependent moduli space,
in the following treatment we will omit to say “function”.
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Z (z, z;nm, n
e) = LΛ (z, z)ne

Λ −MΛ (z, z)nΛ
m

= LΛ (z, z)ne
Λ −NΛΣ (z, z)LΣ (z, z)nΛ

m

=
(
ne

Σ −NΛΣ (z, z)nΛ
m

)
LΣ (z, z)

=
[
exp

(
1
2
K (z, z)

)] [
XΛ (z)ne

Λ − FΛ (z)nΛ
m

]

=
[
exp

(
1
2
K (z, z)

)] (
ne

Σ −NΛΣ (z, z)nΛ
m

)
XΣ (z) .

(3.2.62)

Equations (3.1.23) and (3.2.53) directly yield the Kähler-covariant holo-
morphicity of the central charge Z (z, z;nm, n

e) of N = 2, d = 4, nV -fold
MESGT

DiZ (z, z;nm, n
e) = 0 ⇔ DiZ (z, z;nm, n

e) = 0 . (3.2.63)

By definition, a Kähler-covariantly holomorphic scalar function f with anti-
holomorphic Kähler weight −1 satisfies

Dif (z, z) =
(
∂i − 1

2∂iK (z, z)
)
f (z, z) = 0

�
f (z, z) =

[
exp

(
1
2K (z, z)

)]
g (z) , ∂ig (z) = 0.

(3.2.64)

By considering f (z, z) = Z (z, z;nm, n
e), clearly (3.2.62) implies

g (z;nm, n
e) =

(
ne

Σ −NΛΣ (z, z)nΛ
m

)
XΣ (z) .

(3.2.65)

Such a function, despite the presence of NΛΣ (z, z), is holomorphic due to the
differential property of NΛΣ (z, z) expressed by (3.1.68); indeed

∂ig (z;nm, n
e) = ∂i

[(
ne

Σ −NΛΣ (z, z)nΛ
m

)
XΣ (z)

]
= −nΛ

m

(
∂iNΛΣ (z, z)

)
XΣ (z) = 0. (3.2.66)

Now we apply the holomorphic Kähler-covariant derivative to the central
charge; by using (3.1.26), (3.1.34), (3.2.36) and (3.2.62), we obtain
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Zi (z, z;nm, n
e) ≡ DiZ (z, z;nm, n

e) = Di

[
LΛ (z, z)ne

Λ −MΛ (z, z)nΛ
m

]

=
(
DiL

Λ (z, z)
)
ne

Λ − (DiMΛ (z, z))nΛ
m

=
(
DiL

Λ (z, z)
)
ne

Λ −NΛΣ (z, z)
(
DiL

Σ (z, z)
)
nΛ

m

=
(
ne

Σ −NΛΣ (z, z)nΛ
m

)
DiL

Σ (z, z)

=
(
ne

Σ −NΛΣ (z, z)nΛ
m

)
fΣ

i (z, z)

=
(
ne

Σ−NΛΣ (z, z)nΛ
m

) (
∂i+ 1

2∂iK
)[

exp
(

1
2K (z, z)

)
XΣ(z)

]

=
(
ne

Σ −NΛΣ (z, z)nΛ
m

)
(∂iK)

[
exp

(
1
2K (z, z)

)
XΣ (z)

]

+
(
ne

Σ −NΛΣ (z, z)nΛ
m

)
exp

(
1
2K (z, z)

) (
∂iX

Σ (z)
)

= (∂iK)Z (nm, n
e, z, z)|NΛΣ→NΛΣ

+
(
ne

Σ −NΛΣ (z, z)nΛ
m

)
exp

(
1
2K (z, z)

) (
∂iX

Σ (z)
)
.

(3.2.67)

Attention should be paid to the complex conjugation of the Kähler-
covariant derivative of the central charge. Indeed

Zi ≡ DiZ = 0 	= Zi = (DiZ) = DiZ . (3.2.68)

On the other hand, Zi = 0 ⇔ Zi = 0.
By using the second relation of (3.1.98), expression (3.2.39) of the symplectic-

invariant quantity T− may be rewritten as follows:

T− = 2i (Im (N )L)Λ F−Λ = TΛF−Λ = iL
Λ
TΣF−ΣTΛ.

(3.2.69)

On the other hand, by using the Ansatz (3.1.34) and (3.1.26) and (3.2.15),
expression (3.2.43) of the other symplectic-invariant quantity F−i yields

F−i = Gij
[(
DjMΛ

)
F−Λ −

(
DjL

Λ
)
G−

Λ

]
= 2iGij (Im (N ))ΛΣ f

Λ

j F−Σ .

(3.2.70)

Now, we can introduce F̂−Λ as the component of the imaginary self-dual
Maxwell field strength F−Λ orthogonal to the graviphoton projector TΛ:

F̂−ΛTΛ ≡ 0 . (3.2.71)

By putting
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F̂−Λ ≡ F−Λ + F̆−Λ , (3.2.72)

(3.2.69) yields
F̆−Λ = −iLΛ

TΣF−Σ , (3.2.73)

and therefore

F̂−Λ = F−Λ − iL
Λ
TΣF−Σ

=
(
δΛ
Σ − iL

Λ
TΣ

)
F−Σ . (3.2.74)

Let us now apply the antiholomorphic Kähler-covariant derivative to
(3.1.35); by using (3.1.23), (3.1.26), and (3.1.50), we get

Di

(
Im (NΛΣ)L

Λ
LΣ

)
= 0 ⇔ ImNΛΣf

Λ

i L
Σ = 0 . (3.2.75)

Notice that such a result cannot be obtained by complex conjugating (3.1.72).
By adding (3.1.72) to (3.2.75), one gets

(ImNΛΣ)LΛ
(
RefΣ

i

)
= 0 ⇔




(ImNΛΣ)
(
ReLΛ

) (
RefΣ

i

)
= 0;

(ImNΛΣ)
(
ImLΛ

) (
RefΣ

i

)
= 0.

(3.2.76)

On the other hand, by subtracting (3.1.72) from (3.2.75), one instead obtains

(ImNΛΣ)LΛ
(
ImfΣ

i

)
= 0 ⇔




(ImNΛΣ)
(
ReLΛ

) (
ImfΣ

i

)
= 0;

(ImNΛΣ)
(
ImLΛ

) (
ImfΣ

i

)
= 0.

(3.2.77)

Now, due to (3.1.72), in (3.2.70) we may substitute F−Λ with F̂−Λ given
by (3.2.74), because the extra term is zero

ImNΛΣf
Λ

j F̂−Σ = ImNΛΣf
Λ

j F−Σ − iImNΛΣf
Λ

j L
Σ
T∆F−∆

= ImNΛΣf
Λ

j F−Σ . (3.2.78)

Consequently, it holds that

F−i = 2iGij (Im (N ))ΛΣ f
Λ

j F̂−Σ , (3.2.79)

and the symplectic-invariant quantity F−i is orthogonal to the graviphoton
projector TΛ, too.

This result allows us to interpret (3.2.59) as the geometrization of the
fluxes of those Maxwell field strengths which are orthogonal to the graviphoton
projector TΛ.
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It is also worth noticing that actually, by the previous construction, the
“charge operators” (Z,Zi) are in correspondence with the integer conserved
charges

(
nΛ

m, n
e
Λ

)
, but they refer to the eigenstates of the vector supermul-

tiplets, and therefore, in general, they exhibit a nontrivial functional depen-
dence on the moduli.

In a generic point of the nV -d Kähler–Hodge complex moduli space of
the N = 2, d = 4, nV -fold MESGT there exist, in general, two independent
Sp (2nV + 2)-invariants homogeneous of degree two in the (quantized) electric
and magnetic charges of the system. Such invariants may be expressed in a
model-independent way as follows [51] :

I1 (z, z;nm, n
e) ≡ |Z|2 (z, z;nm, n

e)

+Gij (z, z)Zi (z, z;nm, n
e)Zj (z, z;nm, n

e) ,

I2 (z, z;nm, n
e) ≡ |Z|2 (z, z;nm, n

e)

−Gij (z, z)Zi (z, z;nm, n
e)Zj (z, z;nm, n

e) . (3.2.80)

At this point it is useful to introduce the real symplectic (2nV + 2)-d square
matrix

M (Re (N ) , Im (N )) ≡ RT (Re (N ))D (Im (N ))R (Re (N )) ,
(3.2.81)

where

R (Re (N )) ≡


 I 0

−Re (N ) I


 , D (Im (N )) ≡


 Im (N ) 0

0 (Im (N ))−1


 ;

(3.2.82)

consequently

M (Re (N ) ,Im (N ))

=



Im (N ) +Re (N ) (Im (N ))−1

Re (N ) −Re (N ) (Im (N ))−1

− (Im (N ))−1
Re (N ) (Im (N ))−1


 .

(3.2.83)

Notice that [
Re (N ) , (Im (N ))−1

]
	= 0 (3.2.84)

but, since NΛΣ = N(ΛΣ) and
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[
Re (N ) (Im (N ))−1

]T

= (Im (N ))−1
Re (N ) , (3.2.85)

the real matrix M (Re (N ) , Im (N )) is symmetric.
By using (3.1.96)–(3.1.98), (3.2.35), and (3.2.83) and by recalling the def-

inition of the (nV + 1)-d complex symmetric square matrix FΛΣ ≡ ∂2F
∂XΛ∂XΣ ,

denoted with F (z) in matrix notation, we can rewrite the two symplectic-
invariants of degree two as follows:

I1 (z, z;nm, n
e) = −1

2
nTM (Re (N ) , Im (N ))n

= −1
2
(
ne

Λ −NΛΣn
Σ
m

) (
(Im (N ))−1

)Λ∆ (
ne

∆ −N∆Γn
Γ
m

)
,

(3.2.86)

I2 (z, z;nm, n
e) = −1

2
nTM (Re (F) , Im (F))n

= −1
2
(
ne

Λ − FΛΣn
Σ
m

) (
(Im (F))−1

)Λ∆ (
ne

∆ − F∆Γn
Γ
m

)
;

(3.2.87)

as it is evident, (3.2.86) and (3.2.87) are simply related by the matrix inter-
change N ↔ F .

By considering (3.2.81)–(3.2.83), it is easy to realize that Re (N ) and
Re (F) do not play any role in expressions (3.2.86) and (3.2.87), because
the matrix function R can be included in the symplectic vector n by a simple
redefinition. Indeed, defining nR(K) ≡ R (K)n (where K = N ,F in this case),
one immediately gets

nTM (Re (K) , Im (K))n = nTRT (Re (K))D (Im (K))R (Re (K))n
= nT

R(K)D (Im (K))nR(K). (3.2.88)

Therefore, by looking at the signatures of the quadratic forms appearing on
the r.h.s.’s of (3.2.86) and (3.2.87), we get that nT

R(K)D (Im (K))nR(K) is
manifestly a quadratic form with negative signature for K = N , and with
nV positive and one negative eigenvalues for K = F . Summarizing, (3.2.86)
and (3.2.87) reflect the fact that Im (N ) is negative definite and that, as
previously mentioned, Im (F) has an (nV , 1) signature (i.e., has nV positive
and one negative eigenvalues).

We will now explicitly derive some important identities of the SKG of MnV
,

which generalize the calculations of Ferrara and Kallosh in [30]. Further be-
low, we will see that, when evaluated at some particular points in MnV

, the
obtained identities will yield the so-called non(-BPS)-SUSY extreme BH at-
tractor equations, recently rediscovered by Kallosh [52] (and explicitly checked
in some examples in [53]), but which had actually already been written in a
slightly different fashion in [54].



64 3 Attractor Mechanism in N = 2, d = 4 Maxwell–Einstein Supergravity

Let us start by considering DiZ; by recalling definition (3.2.53), we may
write

DiZ = ne
ΛDiL

Λ − nΛ
mDiMΛ ; (3.2.89)

by using the Ansatz (3.1.34) we thus get

DiZ = ne
ΛDiL

Λ − nΛ
mNΛ∆DiL

∆
. (3.2.90)

The contraction of both sides with GiiDiL
Σ then yields

Gii
(
DiL

Σ
)
DiZ = ne

ΛG
ii
(
DiL

Σ
)
DiL

Λ − nΛ
mNΛ∆G

ii
(
DiL

Σ
)
DiL

∆
;

(3.2.91)

now, by using (3.1.26) and (3.1.99) and the symmetry of NΛΣ and its inverse
NΛΣ (see (3.1.101)), such an expression may be further elaborated as

Gii
(
DiL

Σ
)
DiZ

= ne
Λ

[
− 1

2

(
(ImN )−1

)ΣΛ

−LΣ
LΛ

]
−nΛ

mNΛ∆

[
− 1

2

(
(ImN )−1

)Σ∆

− L
Σ
L∆

]

= − 1
2

(
(ImN )−1

)ΣΛ

ne
Λ − L

Σ
LΛne

Λ

+ 1
2

(
(ImN )−1

)Σ∆

[(ReN )∆Λ + i (ImN )∆Λ]nΛ
m + L

ΣNΛ∆L
∆nΛ

m

= − 1
2

(
(ImN )−1

)ΣΛ

ne
Λ − L

Σ (
LΛne

Λ −MΛn
Λ
m

)

+ 1
2

(
(ImN )−1

)Σ∆

(ReN )∆Λ nΛ
m + i

2n
Σ
m

= i
2n

Σ
m − L

Σ
Z + 1

2

(
(ImN )−1

)Σ∆

(ReN )∆Λ nΛ
m − 1

2

(
(ImN )−1

)ΣΛ

ne
Λ,

(3.2.92)

where in the last two lines we used the Ansatz (3.1.33) and definition (3.2.53).
Now, by subtracting to expression (3.2.92) its complex conjugate, one gets

nΛ
m = 2Re

[
iZLΛ + iGii

(
DiL

Λ
)
DiZ

]
= −2Im

[
ZLΛ +Gii

(
DiL

Λ
)
DiZ

]
.

(3.2.93)

On the other hand, the contraction of both sides of (3.2.90) with GiiDiMΣ

yields
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Gii (DiMΣ)DiZ =ne
ΛG

ii (DiMΣ)DiL
Λ − nΛ

mNΛ∆G
ii (DiMΣ)DiL

∆

=ne
ΛG

iiNΣ∆

(
DiL

∆
)
DiL

Λ−nΛ
mNΛ∆G

iiNΣΞ

(
DiL

Ξ
)
DiL

∆
,

(3.2.94)

where in the last line we used the Ansatz (3.1.34). Once again, by using
(3.1.99) and the symmetry of NΛΣ and its inverse NΛΣ , the above expression
may be further elaborated as follows:

Gii (DiMΣ)DiZ

= ne
ΛNΣ∆

[
− 1

2

(
(ImN )−1

)∆Λ

− L
∆
LΛ

]

−nΛ
mNΛ∆NΣΞ

[
− 1

2

(
(ImN )−1

)Ξ∆

− L
Ξ
L∆

]

=
[
− 1

2

(
(ImN )−1

)∆Λ

− L
∆
LΛ

]
[(ReN )Σ∆ − i (ImN )Σ∆]ne

Λ

+
[

1
2

(
(ImN )−1

)Ξ∆

+ L
Ξ
L∆

]
[(ReN )ΣΞ − i (ImN )ΣΞ ]NΛ∆n

Λ
m

= − 1
2

(
(ImN )−1

)∆Λ

(ReN )Σ∆ ne
Λ + i

2n
e
Σ − L

∆
LΛNΣ∆n

e
Λ

+ 1
2

(
(ImN )−1

)Ξ∆

(ReN )ΣΞ NΛ∆n
Λ
m − i

2NΛΣn
Λ
m + L

Ξ
L∆NΣΞNΛ∆n

Λ
m

= − 1
2

(
(ImN )−1

)∆Λ

(ReN )Σ∆ ne
Λ + i

2n
e
Σ −MΣL

Λne
Λ

+ 1
2

(
(ImN )−1

)Ξ∆

(ReN )ΣΞ [(ReN )Λ∆ + i (ImN )Λ∆]nΛ
m

− i
2NΛΣn

Λ
m +MΣMΛn

Λ
m

= − 1
2

(
(ImN )−1

)∆Λ

(ReN )Σ∆ ne
Λ + i

2n
e
Σ −MΣZ

+ 1
2

(
(ImN )−1

)Ξ∆

(ReN )ΣΞ (ReN )Λ∆ nΛ
m + i

2 (ReN )ΣΛ nΛ
m

− i
2 [(ReN )ΛΣ + i (ImN )ΛΣ ]nΛ

m
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= − 1
2

(
(ImN )−1

)∆Λ

(ReN )Σ∆ ne
Λ + i

2n
e
Σ −MΣZ

+ 1
2

(
(ImN )−1

)Ξ∆

(ReN )ΣΞ (ReN )Λ∆ nΛ
m + 1

2 (ImN )ΛΣ nΛ
m,

(3.2.95)

where in the last lines we used the Ansatz (3.1.33) and definition (3.2.53).
Thence, by subtracting to expression (3.2.95) its complex conjugate, one gets

ne
Λ = 2Re

[
iZMΛ + iGii

(
DiMΛ

)
DiZ

]
= −2Im

[
ZMΛ +Gii

(
DiMΛ

)
DiZ

]
.

(3.2.96)

By expressing the identities (3.2.93) and (3.2.96) in a vector Sp (2nV + 2)-
covariant notation, one finally gets


nΛ

m

ne
Λ


 = 2Re


iZ


 LΛ

MΛ


 + iGii




(
DiL

Λ
)

(
DiMΛ

)


DiZ




= −2Im


Z


 LΛ

MΛ


 +Gii




(
DiL

Λ
)

(
DiMΛ

)


DiZ


 , (3.2.97)

or in compact form

n = 2Re
[
iZV + iGii

(
DiV

)
DiZ

]
= −2Im

[
ZV +Gii

(
DiV

)
DiZ

]
,

(3.2.98)

where we recalled definitions (3.1.23) and (3.2.35) of the (2nV + 2)×1 vectors
V and n, respectively. It is worth pointing out that the vector identity (3.2.98)
has been obtained only by using the properties of the SKG of MnV

. Such an
identity expresses nothing but a change of basis in the lattice Γ of BH charge
configurations, between the real basis

(
nΛ

m, n
e
Λ

)
Λ=0,1,...,nV

and the complex
basis (Z,DiZ)i=1,...,nV

. Such a change of basis also introduces a nontrivial

dependence on the moduli (zi, zi), since the complex charges (Z,DiZ)i=1,...,nV

refer to the supermultiplet eigenstates, and they thus are moduli-dependent.
The relations yielded by the identity (3.2.98) are 2nV + 2 real ones, but they
have been obtained by starting from an expression for DiZ, corresponding to
nV complex, and therefore 2nV real, degrees of freedom. The two redundant
real degrees of freedom are encoded in the homogeneity (of degree 1) of the
identity (3.2.98) under complex rescalings of the symplectic BH charge vector
n; indeed, by recalling definition (3.2.53) it is immediate to check that the
r.h.s. of identity (3.2.98) acquires an overall factor λ under a global rescaling
of n of the kind
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n −→ λn, λ ∈ C . (3.2.99)

The summation of expressions (3.2.92) and (3.2.95) with their complex
conjugates respectively yields

(
(ImN )−1

)∆Λ

(ReN )∆Σ nΣ
m −

(
(ImN )−1

)ΛΣ

ne
Σ

= 2Re
[
ZLΛ +Gii

(
DiL

Λ
)
DiZ

]
;

(3.2.100)[
ImNΛΣ +

(
(ImN )−1

)Ξ∆

(ReN )ΛΞ (ReN )Σ∆

]
nΣ

m

−
(
(ImN )−1

)∆Σ

(ReN )Λ∆ ne
Σ

= 2Re
[
ZMΛ +Gii

(
DiMΛ

)
DiZ

]
.

(3.2.101)

In order to elaborate a shorthand notation for the obtained SKG identities
(3.2.93), (3.2.96) and (3.2.100), (3.2.101), let us now reconsider the starting
expressions (3.2.92) and (3.2.95), respectively, reading

[
δΛ
Σ − i

(
(ImN )−1

)Λ∆

(ReN )∆Σ

]
nΣ

m + i
(
(ImN )−1

)ΛΣ

ne
Σ

= −2iL
Λ
Z − 2iGii

(
DiL

Λ
)
DiZ;

(3.2.102)

−i
[(

(ImN )−1
)Ξ∆

(ReN )ΛΞ (ReN )Σ∆ + (ImN )ΛΣ

]
nΣ

m

+
[
δΣ
Λ + i

(
(ImN )−1

)∆Σ

(ReN )Λ∆

]
ne

Σ

= −2iMΛZ − 2iGii (DiMΛ)DiZ.

(3.2.103)

By recalling definitions (3.1.23), (3.1.24), and (3.2.35) and (3.2.83), the iden-
tities (3.2.102) and (3.2.103) may be synthesized in vector notation as follows:

n− iεM (N )n = −2iV Z − 2iGii (DiV )DiZ,

(3.2.104)

where M (N ) denotes the (2nV + 2) × (2nV + 2) real matrix
M (Re (N ) , Im (N )) given by (3.2.83). By using the symplectic-orthogonality
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relations given by (3.1.25), II of (3.1.36), (3.1.43) and first and fourth of
(3.1.42), the SKG identity (3.2.104) yields the following relations:




〈V, n− iεM (N )n〉 = −2Z;

〈
V , n− iεM (N )n

〉
= 0;

〈DiV, n− iεM (N )n〉 = 0;

〈
DiV, n− iεM (N )n

〉
= −2DiZ.

(3.2.105)

The real part of the general, fundamental SKG vector identity (3.2.104)
yields

n = −2Re
[
iV Z + iGii (DiV )DiZ

]
= 2Re

[
iV Z + iGii

(
DiV

)
DiZ

]

= 2Im
[
V Z +Gii (DiV )DiZ

]
= −2Im

[
V Z +Gii

(
DiV

)
DiZ

]
,

(3.2.106)

which is nothing but the SKG vector identity (3.2.98), which in turn summa-
rizes the identities (3.2.93) and (3.2.96). On the other hand, the imaginary
part of (3.2.104) yields

εM (N )n = 2Im
[
iV Z + iGii (DiV )DiZ

]

= −2Im
[
−iV Z − iGii

(
DiV

)
DiZ

]

= 2Re
[
V Z +Gii (DiV )DiZ

]

= 2Re
[
V Z +Gii

(
DiV

)
DiZ

]
,

(3.2.107)

and it summarizes the identities (3.2.100) and (3.2.101). Notice that the imag-
inary and real parts of the SKG identity (3.2.104) are linearly related by the
(2nV + 2)× (2nV + 2) real matrix

εM (N )

=




(Im (N ))−1
Re (N ) − (Im (N ))−1

Im (N ) +Re (N ) (Im (N ))−1
Re (N ) −Re (N ) (Im (N ))−1


 .

(3.2.108)

By transporting such a relation to the r.h.s.’s of the identities (3.2.106) and
(3.2.107), one obtains
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Re
[
V Z +Gii (DiV )DiZ

]
= εM (N ) Im

[
V Z +Gii (DiV )DiZ

]
:

(3.2.109)

the real and imaginary parts of the symplectic-invariant quantity V Z +
Gii (DiV )DiZ are simply related through a “symplectic rotation” given by
the matrix εM (N ), explicited in (3.2.108). Clearly, all this is consistent with
the previously performed counting of the real degrees of freedom, since there
are only 2nV real independent relations.

In Sect. 4 we will see that the algebraic attractor equations, both for
the 1

2 -BPS-SUSY extreme BH “attractor(s)” and for the non(-BPS)-SUSY
extreme BH “attractor(s)”, are given by nothing but the evaluation of the
SKG identity (3.2.106) at some peculiar points in the moduli space MnV

,
namely at the critical points of a suitably defined “BH effective potential”
function VBH (z, z;nm, n

e).
At this point, we may come back and reconsider the consistency conditions

(3.2.10) and (3.2.11) for the second solution of the unbroken N = 2, d = 4,
nV -fold MESGT Killing spinor equation (3.2.5).

In particular, condition (3.2.11) expresses the vanishing of the Abelian
vector field strengths of the vector supermultiplets. It may be shown that it is
nothing but an extremum condition for the radial dependence of the moduli of
the theory; i.e., we may equivalently reformulate condition (3.2.11) as follows
(∀i = 1, . . . , nV understood throughout):

d

dr
zi (r) = 0 , (3.2.110)

where r is the radial distance from the surface of the EH. It should be recalled
that the radial dependence is the only relevant in this framework, due to the
spherical symmetry of the (geo)metric structures involved. Let us remind also
that the moduli of the considered N = 2, d = 4, nV -fold MESGT are the
nV complex scalar fields coming from the nV Abelian vector supermultiplets
coupled to the supergravity one.

Notice that (3.2.110), even though not resembling the previously consid-
ered AEs, is the first case in which some extremizing equation arises in the
dynamics of extremal supersymmetric BHs.

By using the whole formal-geometrical machinery reported above, it may
be proved that (3.2.110) implies the vanishing of the holomorphic Kähler-
covariant derivative of the central charge:

Zi ≡ DiZ =
(
∂i +

1
2
∂iK

)
Z (z, z;nm, n

e) = 0 . (3.2.111)

As explained in Sect. 2, the fixed values of the moduli at the EH of the
extremal RN BH will be obtained by solving (3.2.111), provided that such
equations do have (at least one) solution, i.e., provided that the nV -d Kähler–
Hodge complex moduli space MnV

of the N = 2, d = 4, nV -fold MESGT
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may be characterized as an “attractor variety” with at least one “attractor”
point [31–33]. When existing, such “attractor” solutions will be independent
of the asymptotical values of the moduli, i.e., on the initial data of their
dynamical evolution flow inside the moduli space, and instead will depend only
on the conserved, quantized electric and magnetic charges of the considered
system.

Thus, (3.2.111) should be more precisely specified at the attractor points

Zi|(z,z)=(zH ,zH) ≡ (DiZ)(z,z)=(zH ,zH)

=
[(
∂i + 1

2∂iK
)
Z (z, z;nm, n

e)
]
(z,z)=(zH ,zH)

= 0 ,
(3.2.112)

where (zH , zH) = (zH (nm, n
e) , zH (nm, n

e)) determines the position of the
attractor point in MnV

. As already pointed out, such a point is independent of
the set of continuously varying, unconstrained initial (asymptotical r → ∞)
data (z∞, z∞) ≡ limr→∞ (z(r), z(r)) ∈MnV

, but instead depends only on the
set of quantized electric and magnetic charges (nm, n

e) ∈ Γ of the system.
Consequently, (zH (nm, n

e) , zH (nm, n
e)) generally corresponds to a discrete

set of quantized attractor fixed points.
Therefore, beside being always a Kähler-covariantly holomorphic function

(see (3.2.63)), in correspondence with the attractor point(s) the central charge
becomes a Kähler-covariantly antiholomorphic function, too. Otherwise speak-
ing, the set of attractor point(s) in MnV

could be characterized as follows:

MnV
� {(zH (nm, n

e) , zH (nm, n
e))} :




(DiZ) (zH , zH ;nm, n
e) = 0,

(
DiZ

)
(zH , zH ;nm, n

e) = 0.
(3.2.113)

Such a set of Kähler-covariant differential conditions may be seen as the
realization of the attractor mechanism in the moduli space, or equivalently
as the Kähler-covariant extremization of the central extension operator of the
considered superalgebra. The AM selects the configurations of the moduli at
the EH as the ones that make the central charge Kähler-covariantly anti-
holomorphic. Indeed, we will show that for nonvanishing Z (3.2.113) is the
Kähler-covariant form of the general, model-independent “attractor” or “ex-
tremal” equation (2.11), the so-called 1

2 -BPS extreme BH attractor equation.
Before doing this, let us briefly comment on the Kähler weights of the

central charge Z.
As previously mentioned, from its very definition (3.2.53) it follows that

Z is a Kähler-scalar function in the moduli space MnV
with Kähler weights

(1,−1). Therefore, as largely used above, its Kähler-covariant derivatives read

DiZ =

(
∂i + 1

2∂iK
)
Z,

DiZ =
(
∂i − 1

2∂iK
)
Z.

(3.2.114)
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As, in general, it follows from (3.1.16) and (3.1.20), the complex conjugation
acts as a parity on the Kähler weights. Thus, Z is a Kähler-scalar function in
MnV

with Kähler weights (−1, 1), and its Kähler-covariant derivatives read


DiZ =

(
∂i − 1

2∂iK
)
Z = DiZ,

DiZ =
(
∂i + 1

2∂iK
)
Z = DiZ .

(3.2.115)

Since the Kähler weights are additive under multiplication, it is clear that
the square absolute value of Z, i.e., |Z|2 ≡ ZZ, is a Kähler gauge-invariant
quantity, i.e., it has Kähler weights (0, 0). Consequently, the Kähler-covariant
derivatives of such a Kähler-scalar trivially correspond to the ordinary, flat
ones; this can be seen also by explicitly calculating that the terms of Kähler
connections ∂iK cancel each other:

Di

(
|Z|2

)
= Di

(
ZZ

)
= (DiZ)Z + Z

(
DiZ

)

=
[(

∂i +
1
2
∂iK

)
Z

]
Z + Z

[(
∂i −

1
2
∂iK

)
Z

]

= ∂i

(
ZZ

)
= ∂i

(
|Z|2

)
= 2 |Z| ∂i |Z| . (3.2.116)

Let us now calculate19

∂i |Z| = ∂i

√
ZZ =

1
2 |Z|

[
(∂iZ)Z + Z

(
∂iZ

)]

=
1

2 |Z|

[
(∂iZ)Z +

1
2

(∂iK)ZZ
]

=
Z

2 |Z|DiZ, (3.2.117)

where in the second line we used the Kähler-covariant antiholomorphicity of
Z expressed by (3.2.63), recalling (3.2.114).
Thus

∂i |Z| = 0 ⇔ DiZ = 0 . (3.2.118)

This means that, when considering a Kähler-covariant holomorphic Z, its
Kähler-covariant extremization is equivalent to the ordinary extremization of
its absolute value. Thus, we may complete (3.2.113), obtaining (2.11), i.e., the
general form of the 1

2 -BPS extreme BH attractor equation

19 Throughout these lectures we will, in general, assume the nonvanishing of the
central charge

|Z| 	= 0 ⇔ Z 	= 0 ⇔ Z 	= 0.
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Zi|(z,z)=(zH ,zH) ≡ (DiZ)(z,z)=(zH ,zH)

=
[(
∂i + 1

2∂iK
)
Z (z, z;nm, n

e)
]
(z,z)=(zH ,zH)

= 0

�
[∂i |Z (z, z;nm, n

e)|](z,z)=(zH ,zH) = 0
�[

∂i |Z (z, z;nm, n
e)|

]
(z,z)=(zH ,zH)

= 0.
(3.2.119)

Thus, in a generic supergravity theory (having a Kähler moduli space)
with a nonvanishing and Kähler-covariantly holomorphic central charge Z, we
explicitly showed that the Kähler-covariant extremization of such a function
(expressed by (3.2.112)) is equivalent to the ordinary, flat extremization of its
absolute value (given by (3.2.119)).

Now, we can specialize the general form (3.2.119) of the 1
2 -BPS extreme

BH attractor equation to N = 2, d = 4, nV -fold MESGT. Such a theory has
a complex moduli space MnV

endowed with SKG, and the explicit form of
the central charge is given by (3.2.62). Thus, by also using (3.2.67), we get a
more explicit (model-dependent) form of the Kähler-covariant extremization
of Z at the EH

(DiZ)(z,z)=(zH ,zH) = 0,

�[(
ne

Σ −NΛΣ (z, z)nΛ
m

)
fΣ

i (z, z)
]
(z,z)=(zH ,zH)

= 0,

�

(
ne

Σ −NΛΣ (z, z)nΛ
m

)
(∂iK)

[
exp

(
1
2K (z, z)

)
XΣ (z)

]
+

+
(
ne

Σ −NΛΣ (z, z)nΛ
m

)
exp

(
1
2K (z, z)

) (
∂iX

Σ (z)
)




(z,z)=(zH ,zH)

= 0,

�
 (∂iK)Z (nm, n

e, z, z)|NΛΣ→NΛΣ
+

+
(
ne

Σ −NΛΣ (z, z)nΛ
m

)
exp

(
1
2K (z, z)

) (
∂iX

Σ (z)
)



(z,z)=(zH ,zH)

= 0.

(3.2.120)

By using (3.2.119) and recalling (3.2.53), we finally get
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 (∂iK)Z (nm, n

e, z, z)|NΛΣ→NΛΣ
+

+
(
ne

Σ −NΛΣ (z, z)nΛ
m

)
exp

(
1
2K (z, z)

) (
∂iX

Σ (z)
)



(z,z)=(zH ,zH)

= 0

�[
∂i

∣∣(ne
Σ −NΛΣ (z, z)nΛ

m

)
LΣ (z, z)

∣∣]
(z,z)=(zH ,zH)

= 0

�{
∂i

∣∣∣∣
[
exp

(
1
2
K (z, z)

)] (
ne

Σ −NΛΣ (z, z)nΛ
m

)
XΣ (z)

∣∣∣∣
}

(z,z)=(zH ,zH)

= 0

�{
∂i

∣∣∣∣
[
exp

(
1
2
K (z, z)

)] (
ne

Σ −NΛΣ (z, z)nΛ
m

)
X

Σ
(z)

∣∣∣∣
}

(z,z)=(zH ,zH)

= 0,

(3.2.121)

where in the last three lines the flat derivatives may be substituted by the
Kähler-covariant ones, due to the vanishing of the Kähler weights of the ab-
solute value of the central charge Z. (3.2) and (3.2) are the 1

2 -BPS extreme
BH attractor equation of N = 2, d = 4, nV -fold MESGT.

Now, it should be recalled that in (N = 2) supersymmetric theories the
saturation of the BPS bound fixes the ADM mass of the BH to be equal to
the absolute value of the central charge

MADM (z∞, z∞;nm, n
e) = |Z| (z∞, z∞;nm, n

e) . (3.2.122)

By admitting an extension of such a saturated bound to the r-dependent
moduli space MnV

, one gets20

MADM (z (r) , z (r) ;nm, n
e) = |Z| (z (r) , z (r) ;nm, n

e) , (3.2.123)

such that (3.2.122) is the asymptotical limit r → ∞ of (3.2.123). Thus, in
the considered case of 1

2 -BPS extremal BHs we may directly translate the
previous results in terms of the ADM mass function, obtaining

[∂iMADM (z, z;nm, n
e)](z,z)=(zH ,zH) = 0 (3.2.124)

�[
∂iMADM (z, z;nm, n

e)
]
(z,z)=(zH ,zH)

= 0. (3.2.125)

Moreover, at the EH it holds that

MADM (z = zH (nm, n
e) , z = zH (nm, n

e) ;nm, n
e)

= MADM,H (nm, n
e) = MBR (nm, n

e) ,
(3.2.126)

20 Otherwise speaking, we move to consider the “ADM mass” function in MnV ;
moreover, we assume the limits r → ∞ and r → r+

H to be “smooth” also for such
a function.
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where we recalled that the “near-horizon” geometry is described by the BR
metric. Consequently, the extremum value of the ADM mass function of the
BPS solutions at the EH is equal to the mass of the BR geometry.

Thus, we may conclude that the AM for 1
2 -BPS extremal BHs, encoded in

the condition of Kähler-covariant antiholomorphicity of the central charge (see
(3.2.113)), also implies the extremization of the ADM mass function w.r.t. its
dependence on z and z.

More in particular, by considering (3.2.62), we get the explicit expression
of the ADM mass function of the 1

2 -BPS extremal BHs in the framework of
the N = 2, d = 4, nV -fold MESGT

MADM (z, z;nm, n
e) =

∣∣(ne
Σ −NΛΣ (z, z)nΛ

m

)
LΣ (z, z)

∣∣
=

[
exp

(
1
2
K (z, z)

)] ∣∣(ne
Σ −NΛΣ (z, z)nΛ

m

)
XΣ (z)

∣∣ .
(3.2.127)

An example of the extremization21 of the absolute value of the central
charge function Z of the local SUSY algebra (or equivalently for BPS extremal
BHs, of the ADM mass function) in the Kähler–Hodge moduli space MnV

of
the N = 2, d = 4, nV -fold MESGT is shown in Fig. 3.1.

Moreover, at the attractor point(s) corresponding to the radius r = rH , the
two independent Sp (2nV + 2)-invariants I1 and I2 homogeneous of degree two
in the (quantized) electric and magnetic charges (defined in (3.2.80) and then
explicited in (3.2.86) and (3.2.87)) coincide one with the other, “degenerating”
in one unique value22

IH (nm, n
e) ≡ I1(zH (nm, n

e) , zH (nm, n
e) ;nm, n

e)

= I2(zH (nm, n
e) , zH (nm, n

e) ;nm, n
e)

= |Z(zH (nm, n
e) , zH (nm, n

e) ;nm, n
e)|2 ≡ |Zh(nm, n

e)|2

= M2
ADM,H (nm, n

e) = M2
BR (nm, n

e) ;

�
(3.2.128)

21 In Subsect. 4.4 it will be shown that in N = 2, d = 4, nV -fold MESGT with
strictly positive definite metric of the moduli space and with a single continuous
branch of the function |Z| (z, z; nm, ne), at most only one extremum point exists,
and it is a minimum. Clearly, the situation completely changes if the hypotheses
of strictly positive definiteness of the metric and/or single continuous branch for
|Z| are removed. See, e.g., [55].

22 As done above, we assume that the limit r → r+
H is “smooth” for all considered

functions in the moduli space.
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Fig. 3.1. Minimization of the absolute value of the “central charge” function
|Z| (z, z; nm, ne) of the local SUSY algebra in the (holomorphic part of the) Kähler–
Hodge complex moduli space MnV of the N = 2, d = 4, nV -fold MESGT. In the
picture zi

FIX (p, q) stands for zH (nm, ne), i.e., for the “attractor,” purely charge-
dependent value of the moduli at the EH of the considered 1

2
-BPS extremal (even-

tually RN) BH. The attractor mechanism fixes the extrema of the central charge
to correspond to the discrete “fixed” points of the “attractor variety” [31–33] MnV .
Of course, the moduli-dependence of the central charge is shown at a fixed charge
configuration of the system, i.e., for a fixed (2nV + 2)-d symplectic-covariant vector
n defined in (3.2.35)

nTM (N (zH (nm, n
e) , zH (nm, n

e)))n

= nTM (F (zH (nm, n
e) , zH (nm, n

e)))n

=
[
ne

Λ −NΛΣ (zH (nm, n
e) , zH (nm, n

e))nΣ
m

]
(
(Im ((zH (nm, n

e) , zH (nm, n
e))))−1

)Λ∆

·

·
[
ne

∆ −N∆Γ (zH (nm, n
e) , zH (nm, n

e))nΓ
m

]

=
[
ne

Λ − FΛΣ (zH (nm, n
e) , zH (nm, n

e))nΣ
m

]
(
(Im (F (zH (nm, n

e) , zH (nm, n
e))))−1

)Λ∆

·

·
[
ne

∆ − F∆Γ (zH (nm, n
e) , zH (nm, n

e))nΓ
m

]

= M2
ADM,H (nm, n

e) = M2
BR (nm, n

e) = |Z|2H (nm, n
e) .

(3.2.129)
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|Z|H (nm, n
e) is the purely charge-dependent extremized value of the absolute

value of the central charge function of the local N = 2, d = 4 SUSY algebra,
reached at the EH of the BPS extremal (RN) BH.

Now, by recalling the relation between the Horizon area and the BR mass

M2
BR (nm, n

e) =
AH

4π
(3.2.130)

and by using the BHEA formula, we may relate the entropy of the extremal
BPS (RN) BH to the area of its EH, and therefore to its ADM mass function,
whose near-horizon limit coincides with the BR mass.

Thus, the final result is the expression of the entropy of the extremal BPS
(RN) BH in terms of the extremized (minimized) square absolute value of the
central charge function of the local N = 2, d = 4 SUSY algebra, reached in
correspondence with the discrete attractor moduli configuration(s) at the EH

SBH =
AH

4
= πM2

BR (nm, n
e)

= πM2
ADM (zH (nm, n

e) , zH (nm, n
e) ;nm, n

e)
= πM2

ADM,H ((nm, n
e))

= π |Z|2H (nm, n
e) . (3.2.131)

As mentioned above, a key feature of the d = 4 and 5,N = 2 SUGRAs cou-
pled to nV Abelian vector supermultiplets is the fact that the extremization of
the central charge function Z through the AEs may be made “coordinate-free”
in the moduli space MnV

, by using the fact that such a nV -d complex mani-
fold is endowed with a special Kähler metric structure, on which we reported
above for the d = 4 case.

Clearly, the U -duality-invariant, i.e., symplectic-invariant, (re)formulation
of the BHEA in the case of d = 4 and 5, N = 2 MESGTs has various
advantages, coming from its manifest symmetry.

Finally, one can also check the first consistency condition (3.2.10) for un-
brokenN = 2 SUSY at the EH; such a relation relates the Riemann-Christoffel
tensor of the metric background to the graviphoton field strength. By using
the definition of the central charge function, and by evaluating it at the at-
tractor fixed point(s), it is possible to show that one obtains nothing but the
BPS-saturation condition for the BR metric, expressing the validity of the
cosmic censorship principle, and consequently yielding the existence of an EH
with a regular geometry covering the inner s-t singularity

M2
BR(nm, n

e) = |Z|2H (nm, n
e) . (3.2.132)

Whence, by recalling (3.2.130), one reobtains the main result given by
(3.2.131).



4

Black Holes and Critical Points
in Moduli Space

As we have seen, the d = 4, N = 2 ungauged SUGRAs have two types of
geometries: the s-t geometry and the moduli space geometry. In this section,
mainly following the seminal paper [55] of Ferrara, Gibbons, and Kallosh,
(see also [61]) we will consider the fundamental interplay between these two
geometries, especially in relation with the attractor mechanism.

4.1 Black Holes and Constrained Geodesic Motion

Let us start by considering the 4-d Lagrangian density of a system of real
scalars and abelian gauge fields coupled to gravity, [55]

L4 = −R
2

+
1
2
Gab∂µφ

a∂νφ
bgµν − 1

4
µΛΣFΛ

µνFΣ
λρg

µλgνρ

−1
4
νΛΣFΛ

µν
∗FΣ

λρg
µλgνρ,

(4.1.1)

with s-t lower Greek indices running 0, 1, . . . , 3, moduli lower Latin indices
running 1, . . . ,mφ, and symplectic capital Greek indices running 1, . . . , nV +
1. gµν (x) and Gab (φ) are the 4-d s-t metric and the mφ-d moduli space
metric, respectively. µΛΣ (φ) and νΛΣ (φ) respectively are the real, strictly1

positive definite, moduli-dependent matrices of dilatonic and axionic couplings
of the abelian gauge fields (they may be considered symmetric without loss of
generality). Finally, ∗FΣ

λρ denotes the usual Hodge ∗-dual (see Eq. (3.2.18)).

1 We may disregard the possibility to have vanishing eigenvalues for the matrices
µΛΣ (φ) and νΛΣ (φ). Indeed, such zero modes would correspond to abelian gauge
fields with vanishing kinetic term, which can be thus omitted from the considered
Lagrangian density (4.1.1). Consequently, since the matrices µΛΣ and νΛΣ are
real, symmetric, and without zero modes, they are always invertible by an or-
thogonal transformation. By the way, as it will be evident by looking at (4.1.21),
only µΛΣ needs to be invertible in order for VBH to be consistently defined
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We restrict our attention to static (i.e., time independent) metric back-
grounds, described by the metric Ansatz2 (remind that, unless otherwise in-
dicated, we put c = � = G0 = 1 and i, j = 1, 2, 3)

ds2 = e2U(x)dt2 − e−2U(x)γij (x) dxi, dxj . (4.1.2)

Such an Ansatz is a generalization (with nonnecessarily Euclidean spatial
sections) of the previously considered 4-d BH metric given by (1.20). The
assumption of staticity allows one to get a 3-d effective Lagrangian density,
from which the field equations may be derived:

L3 =
R [γij ]

2
− 1

2
γij∂iφ̂

â∂j φ̂
b̂Ĝâb̂ , (4.1.3)

where R [γij ] denotes the intrinsic scalar curvature related to the 3-d spatial
metric γij (x). Moreover, the “hatted” scalar fields include, beside the scalar
fields φa of the 4d theory, also the function U (x) defining the s-t metric and
the electrostatic ψΛ and magnetostatic χΛ potentials related to the U(1) gauge
fields:

φ̂â ≡
(
U, φa, ψΛ, χΛ

)
, (4.1.4)

with the “hatted” indices â ranging in a set of cardinality mφ + 2nV + 3.
In other words, in the passage from the 4d theory to the related effective

3d theory, it is convenient to enlarge the scalar manifold Mφ as follows:

(Mφ, {φa} , Gab (φ)) −→
(
Mφ̂,

{
φ̂â

}
, Ĝâb̂

(
φ̂
))

, (4.1.5)

where it should be noted that the U(1)nV +1 gauge invariance implies that Ĝâb̂
is independent of the electromagnetic potentials

Ĝâb̂

(
φ̂
)

= Ĝâb̂ (U, φ) . (4.1.6)

We further increase the symmetry of the considered s-t metric background,
by formulating the hypothesis of spherical symmetry corresponding to the
Ansatz [55]

γij (x) dxi, dxj =
c4dτ2

sinh4 (cτ)
+

c2

sinh2 (cτ)
(
dθ2 + sin2θ dϕ2

)
, (4.1.7)

where
τ ≡ 1

rH − r
. (4.1.8)

Therefore, since r ∈ [rH ,+∞), it follows that τ runs from −∞ (BH EH) to
0− (spatial infinity). Moreover,

2 It has been shown by Tod [81] that in N = 2 supergravity theories the general
form of static metrics admitting supersymmetries is given by (4.1.2)
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c2 ≡ κsAH

8π
= 2SBHTBH , (4.1.9)

where in the last passage we recalled (2.3) and (2.4) (SBH and TBH respec-
tively denote the entropy and the temperature of the BH).

Summarizing, we are considering the following 4-d static, spherically sym-
metric BH metrics:

ds2 = e2U(τ)dt2 − e−2U(τ)

[
c4dτ2

sinh4 (cτ)
+

c2

sinh2 (cτ)
(
dθ2 + sin2θdϕ2

)]
,

(4.1.10)

where τ is the 1-d effective evolution parameter defined in (4.1.8), and we
introduced U

′
(τ) = U (r) and dropped the prime out. By further using the

spherical symmetry (i.e., the (θ, ϕ)-independence) of the BH metric (4.1.10),
one obtains a 1-d, τ -dependent effective theory.

It can be shown that the 1-d effective Lagrangian from which the radial
equations of motion may be derived has the purely geodesic form [57]

L1 = Ĝâb̂ (U, φ)
dφ̂â (τ)
dτ

dφ̂b̂ (τ)
dτ

(4.1.11)

constrained by the condition

Ĝâb̂ (U, φ)
dφ̂â (τ)
dτ

dφ̂b̂ (τ)
dτ

= c2, (4.1.12)

which characterizes τ as a “generalized proper time” for the enlarged scalar
manifold Mφ̂.

Consequently, by assuming the s-t symmetries expressed by (4.1.2) and
(4.1.7), the dynamics related to the starting 4-d Lagrangian (4.1.1) may be
shown to reduce to a geodesic, constrained dynamics described by (4.1.11)
and (4.1.12).

In order to further explicit L1, we may formulate the following “block-
diagonal” Ansatz3 for Ĝâb̂

Ĝâb̂ (U, φ) =




1
1
2Gab (φ)

ĜΛΣ (U, φ)
ĜΛΣ (U, φ)


 , (4.1.13)

3 A particular(ly simple) formulation of the “block-diagonal” Ansatz (4.1.13) reads

Ĝâb̂ (U, φ) =


 1

1
2
Gab (φ)

εnV +1


 ,

where εnV +1 is the (2nV + 2)-d symplectic metric given by (3.1.24).
The factor 1

2
in front of Gab (φ) is introduced for later convenience
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where as usual
ĜΛΣ (U, φ) ĜΣΞ (U, φ) = δΛ

Ξ , ∀U, φ, (4.1.14)

and the unwritten components vanish. Therefore, L1 reads

L1 =
(
dU(τ)
dτ

)2

+
1
2
Gab (φ)

dφa (τ)
dτ

dφb (τ)
dτ

+ĜΛΣ (U, φ)
dψΛ (τ)
dτ

dψΣ (τ)
dτ

+ ĜΛΣ (U, φ)
dχΛ (τ)
dτ

dχΣ (τ)
dτ

.

(4.1.15)

Now, since Ĝâb̂ is independent of ψΛ and χΛ, we obtain that

dpΛ

dτ
= 0,

dqΛ

dτ
= 0, (4.1.16)

where 


pΛ ≡ 1
2

δL1

δ
(

dχΛ
dτ

) = ĜΛΣ dχΣ

dτ ;

qΛ ≡ 1
2

δL1

δ
(

dψΛ

dτ

) = ĜΛΣ
dψΣ

dτ ,

(4.1.17)

are identified with the magnetic and electric charges of the BH, respectively
(pΛ ≡ nΛ

m, qΛ ≡ ne
Λ). Thus, by using definitions (4.1.17), (4.1.15) can be

further elaborated as

L1 =
(
dU(τ)
dτ

)2

+
1
2
Gab (φ)

dφa (τ)
dτ

dφb (τ)
dτ

+ qΛ
dψΛ (τ)
dτ

+ pΛ dχΛ (τ)
dτ

.

(4.1.18)

Now, it can be shown [57–59] and [60]; see also [61] that

qΛ
dψΛ (τ)
dτ

+ pΛ dχΛ (τ)
dτ

= e2UVBH (φ; p, q) , (4.1.19)

where VBH (φ; p, q) is the so-called BH effective potential, i.e., a particular,
positive function of the scalars φ’s and of the BH charges, constructed from
the (strictly) positive definite couplings µΛΣ (φ) and νΛΣ (φ) as follows:

VBH (φ, p; q) ≡ 1
2
(
pΛ, qΛ

)
M (φ)

(
pΣ

qΣ

)
, (4.1.20)

where the (2nV + 2)× (2nV + 2), φ-dependent matrix M (φ) is defined as
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M (φ) ≡



µΛΣ (φ) + νΛ∆ (φ)

(
µ−1 (φ)

)∆Ξ
νΞΣ (φ) νΛΞ (φ)

(
µ−1 (φ)

)ΞΣ

(
µ−1 (φ)

)ΛΞ
νΞΣ (φ)

(
µ−1 (φ)

)ΛΣ


 .

(4.1.21)

The reality, symmetry, and (strict) positive definiteness4 of µΛΣ (φ) and
νΛΣ (φ) imply the reality, symmetry, and (strict) positive definiteness of the
matrix M (φ), and consequently the positivity of VBH (φ, p; q) in all Mφ×Γ .

By substituting (4.1.19) in (4.1.18), we can finally write the 1-d effective
Lagrangian density as

L1 [U(τ), φ (τ) ; p, q]

=
(

dU(τ)
dτ

)2

+ 1
2Gab (φ (τ)) dφa(τ)

dτ
dφb(τ)

dτ + e2U(τ)VBH (φ (τ) ; p, q) .

(4.1.22)

Analogously, it may be shown that the constraint (4.1.12) is equivalent to

(
dU(τ)

dτ

)2

+ 1
2Gab (φ (τ)) dφa(τ)

dτ
dφb(τ)

dτ − e2U(τ)VBH (φ (τ) ; p, q)

= c2 = 2SBHTBH .

(4.1.23)

The equation of motion of U reads

d

dτ

δL1 [U(τ), φ (τ) ; p, q]

δ
(

dU(τ)
dτ

) =
δL1 [U(τ), φ (τ) ; p, q]

δU(τ)

�
d2U(τ)
dτ2

= e2U(τ)VBH (φ (τ) ; p, q) . (4.1.24)

For what concerns the equations of motion of the real scalars φa, from (4.1.22)
we get

δL1 [U(τ), φ (τ) ; p, q]

δ
(

dφa(τ)
dτ

) = Gab (φ (τ))
dφb (τ)
dτ

;

⇓
4 It is worth pointing out once again that, in order for M (φ) to be well defined, at

least µΛΣ (φ) must be strictly positive definite on the whole moduli space Mφ
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d

dτ

δL1 [U(τ), φ (τ) ; p, q]

δ
(

dφa(τ)
dτ

) =
∂Gab (φ)
∂φc

dφc (τ)
dτ

dφb (τ)
dτ

+Gab (φ (τ))
d2φb (τ)
dτ2

;

(4.1.25)

δL1 [U(τ), φ (τ) ; p, q]
δφa (τ)

=
1
2
∂Gcb (φ)
∂φa

dφc (τ)
dτ

dφb (τ)
dτ

+ e2U(τ) ∂VBH (φ; p, q)
∂φa

.

(4.1.26)

Thus
d

dτ

δL1 [U(τ), φ (τ) ; p, q]

δ
(

dφa(τ)
dτ

) =
δL1 [U(τ), φ (τ) ; p, q]

δφa (τ)
(4.1.27)

�

Gab (φ (τ)) d2φb(τ)
dτ2 + ∂Gab(φ)

∂φc

dφc(τ)
dτ

dφb(τ)
dτ

− 1
2

∂Gcb(φ)
∂φa

dφc(τ)
dτ

dφb(τ)
dτ

= e2U(τ) ∂VBH(φ;p,q)
∂φa .

(4.1.28)

By contracting both sides with Gac (φ) and recalling that Gac (φ)Gab (φ) = δc
b ,

one gets

d2φc(τ)
dτ2 +Gac (φ (τ)) ∂Gab(φ)

∂φc

dφc(τ)
dτ

dφb(τ)
dτ

− 1
2G

ac (φ (τ)) ∂Gcb(φ)
∂φa

dφc(τ)
dτ

dφb(τ)
dτ

= e2U(τ)Gac (φ (τ)) ∂VBH(φ;p,q)
∂φa .

(4.1.29)

Now, by assuming the geometry of the real parametrization Mφ of the
moduli space to be a (regular5) Riemannian one, the Riemann-covariant deriv-
ative of a scalar φa reads

Dbφ
a = ∂bφ

a + Γ a
bd (φ)φd = δa

b + Γ a
bd (φ)φd, (4.1.30)

where the connection is given by the Christoffel symbols of the second kind
of the metric Gab (φ) (the round brackets denote symmetrization w.r.t. the
enclosed indices):

Γ a
bd (φ) = { a

bd } (φ) =
{

a
(bd)

}
(φ)

=
1
2
Gac (φ) [∂bGcd (φ) + ∂dGcb (φ)− ∂cGbd (φ)] . (4.1.31)

5 We call regular a geometry endowed with a strictly positive definite metric
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Thence, the Riemann-covariant differential of a scalar φa is

Dφa = (Dbφ
a) dφb = δa

b + Γ a
bd (φ)φddφb; (4.1.32)

⇓
Dφa (τ)

dτ
= (Dbφ

a (τ))
dφb (τ)
dτ

=
dφa (τ)
dτ

+ Γ a
bd (φ (τ))φd (τ)

dφb (τ)
dτ

.

(4.1.33)

Consequently, one gets

Dφa (τ)
dτ2

=
D

(
dφa(τ)

dτ

)
dτ

=
[
Db

dφa (τ)
dτ

]
dφb (τ)
dτ

=
d2φa (τ)
dτ2

+ Γ a
bd (φ (τ))

dφb (τ)
dτ

dφd (τ)
dτ

=
d2φa (τ)
dτ2

+
1
2
Gac (φ (τ)) [∂bGcd (φ (τ)) + ∂dGcb (φ (τ))

−∂cGbd (φ (τ))]
dφb (τ)
dτ

dφd (τ)
dτ

. (4.1.34)

By using the result

Gca (∂dGab)
dφb

dτ

dφd

dτ
=

1
2
Gca (∂dGab + ∂bGad)

dφb

dτ

dφd

dτ
, (4.1.35)

one finally obtains

Dφc (τ)
dτ2

=
d2φc (τ)
dτ2

+Gca (φ (τ)) [∂dGab (φ (τ))]
dφb (τ)
dτ

dφd (τ)
dτ

−1
2
Gac (φ (τ)) [∂aGbd (φ (τ))]

dφb (τ)
dτ

dφd (τ)
dτ

,

(4.1.36)

and (4.1) may be rewritten as

Dφc (τ)
dτ2

= e2U(τ)Gbc (φ (τ))
∂VBH (φ; p, q)

∂φb
= e2U(τ)DcVBH (φ; p, q) ,

(4.1.37)

where we used the scalar nature of VBH in Mφ in order to write Gbc∂bVBH =
GbcDbVBH = DcVBH . By recontracting with Gac, (4.1.37) yields

Gac (φ (τ))
Dφc (τ)
dτ2

= e2U(τ) ∂VBH (φ; p, q)
∂φa

. (4.1.38)
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Since we assume the metric postulate (i.e., the covariant constancy of the
metric tensor) to hold in the Riemann geometry of Mφ, we may use

GacDφc = D (Gacφ
c) = Dφa, (4.1.39)

in order to get the final expression for the equations of motion of the real
scalars φa’s:

d

dτ

δL1 [U(τ), φ (τ) ; p, q]

δ
(

dφa(τ)
dτ

) =
δL1 [U(τ), φ (τ) ; p, q]

δφa (τ)

�
Dφa(τ)
dτ2

= e2U(τ) ∂VBH (φ; p, q)
∂φa

, (4.1.40)

where D denotes the Riemann-covariant differential in the real, Riemann para-
metrization Mφ of the moduli space.

The boundary conditions for U(τ) and φa (τ) respectively read

U(0) = 0, limτ→−∞U(τ) = cτ ; (4.1.41)

φa (0) = φa
∞, limτ→−∞

dφa (τ)
dτ

= O (ecτ ) , ∀a ∈ {1, . . . ,mφ} .

(4.1.42)

The above “near-horizon” (i.e., τ → −∞) boundary conditions for U and
dφa(τ)

dτ hold, in general, only for c 	= 0. In the case of vanishing c (corresponding
to extreme BHs), they will be substituted by the conditions (4.2.5) and (4.2.6)
below.

The BH mass may be defined as

MBH ≡ limτ→0−
dU (τ)
dτ

; (4.1.43)

therefore, the spatial asymptotical expression of the potential U reads

limτ→0−U (τ) = MBHτ + U0. (4.1.44)

The boundary, asymptotical condition U(0) = 0 fixes U0 = 0.
Let us now instead consider the Mac-Laurin expansion of the real scalars

φa (τ)’s, i.e., the spatial asymptotical expansion of the moduli of the spheri-
cally symmetric (nonnecessarily supersymmetric) theory being considered:

φa (τ) =
∑∞

n=0
1
n!

dnφa(τ)
dτn

∣∣∣
τ→0−

τn
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= φa
∞ + dφa(τ)

dτ

∣∣∣
τ→0−

τ + 1
2

d2φa(τ)
dτ2

∣∣∣
τ→0−

τ2 +O
(
τ3

)
; (4.1.45)

⇓
dφa (τ)
dτ

=
dφa (τ)
dτ

∣∣∣∣
τ→0−

+
d2φa (τ)
dτ2

∣∣∣∣
τ→0−

τ +O
(
τ2

)
; (4.1.46)

⇓

limτ→0−
dφa (τ)
dτ

=
dφa (τ)
dτ

∣∣∣∣
τ→0−

≡ Σa. (4.1.47)

Σa is defined as the “scalar charge,” asymptotically associated with the scalar
field φa; it is given by the coefficient of 1

2τ
2 in the third term of the Mac-Laurin

expansion of φa (τ).
Now, by considering the spatial asymptotical limit of the constraint

(4.1.23) and using (4.1.41), (4.1.43), and (4.1.47), under suitable assumptions
of “regularity” and smoothness of the concerned functions (allowing one to
factorize the limτ→0− operation) one gets

limτ→0−

[(
dU(τ)

dτ

)2

+ 1
2Gab (φ (τ)) dφa(τ)

dτ
dφb(τ)

dτ − e2U(τ)VBH (φ (τ) ; p, q)
]

= c2 = 2SBHTBH ;

�

M2
BH +

1
2
Gab (φ∞)ΣaΣb − VBH (φ∞; p, q) = c2 = 2SBHTBH � 0.

(4.1.48)

This is the so-called “antigravity” bound for 4-d, c2-parameterized BHs [58,
59]. Its physical meaning is the following: the attractive forces of BH gravity
(M2

BH) and of the mutual interactions of the scalar fields (Gab (φ∞)ΣaΣb) are
never exceeded by the repulsive self-force due to the Abelian charged vectors
(VBH (φ∞; p, q)). As a consequence, the resulting total self-force exerted on the
BH is always attractive. In particular, it vanishes for extreme BHs (c2 = 0),
thus determining a static, presumably neutral, equilibrium. Scherk named
such a phenomenon “antigravity” [62,63].

In general, we may rewrite the antigravity bound (4.1.48) as follows:

M2
BH +

1
2
Gab (φ∞)ΣaΣb � VBH (φ∞; p, q) , (4.1.49)

where the bound is saturated only for extreme BHs, which are then exactly
“antigravitating.”

Since VBH (φ∞; p, q) is a symplectic-invariant, positive definite generaliza-
tion of the quantities q2 and q2 + p2 appearing in the r.h.s.’s of (1.8) and
(1.9) – and in the related Footnote 3 of Sect. 1 – when considering the BPS
bound and its saturation by extremal (RN) BHs, it is clear that the antigrav-
ity bound (4.1.48)–(4.1.49) generalizes the simple expression M2

BH � q2 + p2
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to the case of “scalar hairs” and to a (not necessarily supersymmetric) system
described by the Lagrangian density (4.1.1). While the BPS bound was de-
rived in [64] in a supersymmetric framework by requiring duality invariance,
the antigravity bound (4.1.48)–(4.1.49) holds also without such ingredients.

The general formalism described above, which allows one to treat 4-d sta-
tic, spherically symmetric, c2-parameterized BHs with “scalar hairs” coupled
to Abelian vector fields, essentially relies on the metric Gab (φ) of the moduli
space Mφ and on the “effective BH potential” function VBH (φ; p, q).

To a certain extent, the presented geodesic formulation is the most sym-
metrical one, in which the hatted fields φ̂ comprise the real scalars φa, as well
as the electro-magnetic potentials ψΛ, χΛ, and the Newtonian gravitational
potential U . The enlargement of the scalar manifold is related to the per-
formed dimensional reduction procedure (d = 4 → d = 1), which allows one
to put U , φa and ψΛ, χΛ all on the same footing.

Physically, by exploiting the (U(1))nV +1 gauge invariance of Ĝâb̂, it is more
convenient to eliminate the potentials ψΛ, χΛ by introducing their canonically
conjugate variables qΛ, p

Λ, corresponding to the BH electric and magnetic
charges. Such a procedure allows one to define a BH effective potential func-
tion VBH (φ; p, q), whereas the real scalars φa’s and the Newtonian potential
U remain on the same footing, and they are described by a simple dynamical
model (4.1.22) in the (U, φ)-space, with a potential VBH (φ; p, q), and con-
strained and c2-parameterized by (4.1.23).

4.2 Extreme Black Holes and Attractor Mechanism
without SUSY

Extreme (or extremal) BHs are obtained from the previous treatment by set-
ting c2 = 0 (“c2-extremization”). Consequently, from Ansatz (4.1.7) we get
that the extreme 3-d spatial metric reads

γij (x) dxidxj =
dτ2

τ4
+

1
τ2

(
dθ2 + sin2θdϕ2

)
, (4.2.1)

and therefore, from (4.1.10) the extreme BH metric reads

ds2 = e2U(τ)dt2 − e−2U(τ)

[
dτ2

τ4
+

1
τ2

(
dθ2 + sin2θdϕ2

)]
. (4.2.2)

By using definition (4.1.8), such a static and spherically symmetric 4-d BH
metric may be rewritten as

ds2 = e2U(r−rH)dt2 − e−2U(r−rH)
[
dr2 + (r − rH)2

(
dθ2 + sin2θdϕ2

)]

= e2U(r)dt2 − e−2U(r)
[
dr2 + r2

(
dθ2 + sin2θdϕ2

)]

= e2U(r)dt2 − e−2U(r)dx2; (4.2.3)
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in the first line we introduced U (τ) = U ′ (r − rH) and dropped the prime out,
whereas in the second line we redefined r′ ≡ r−rH and dropped the prime out
once again. dx2 denotes the Euclidean 3-d infinitesimal metric element. There-
fore, the c2-extremization of metric (4.1.10) given by (4.2.3) is the spherically
symmetric version of the static BH metric (1.20). The asymptotical boundary
condition

U(τ = 0) = 0 ⇐⇒ limr→∞U(r) = 0 (4.2.4)

yields the asymptotical flatness of the extreme BH metric (4.2.3).
Now, the extreme BH metric (4.2.2) and (4.2.3) is assumed to be con-

strained by the so-called finite horizon area condition, reading

limτ→−∞ e−2U(τ) =
AH

4π
τ2, (4.2.5)

where clearly AH 	= 0 (otherwise a ’naked’ singularity arises out). An addi-
tional requirement, corresponding to the “near-horizon” boundary condition
on dφa

dτ for extreme BHs, is the following:

limτ→−∞Gab (φ (τ))
dφa (τ)
dτ

dφb (τ)
dτ

e2U(τ)τ4 <∞. (4.2.6)

By using once again definition (4.1.8) and putting r′ ≡ r − rH with prime
dropped out, we see that condition (4.2.5) constrains the “near-horizon” form
of e−2U(τ) to be nothing but the corresponding expression of the BR metric
(see (1.22)). Correspondingly, condition (4.2.5) implies that in the limit τ →
−∞ the function e−2U(τ) satisfies the D’Alembert equation (whose general,
not necessarily spherically symmetric, form is given by (1.21)).

Thus, by putting c2 = 0 in the 4-d, static, spherically symmetric BH
metric described by the Ansatz (4.1.10), one gets the c2-extremization of
such a metric, given by the asymptotically flat expressions (4.2.2) and (4.2.3).
Furthermore, the imposed “finite horizon area condition” (4.2.5) determines,
in suitable coordinates, the decomposition of the near-horizon limit of the
metrics (4.2.2) and (4.2.3) in the direct product AdS2 × S2 (BR metric).
Indeed, (4.2.3) and (4.2.5) yield

limτ→−∞ds2

= limτ→−∞
{
e2U(τ)dt2 − e−2U(τ)

[
dτ2

τ4 + 1
τ2

(
dθ2 + sin2θdϕ2

)]}

= 4π
AH

dt2

τ2 − AH

4π

[
dτ2

τ2 +
(
dθ2 + sin2θdϕ2

)]

r(′)≡r−rH= 4πr2

AH
dt2 − AH

4πr2

[
dr2 + r2

(
dθ2 + sin2θdϕ2

)]

= r2

M2
BR

dt2 − M2
BR

r2

[
dr2 + r2

(
dθ2 + sin2θdϕ2

)]
= ds2BR,

(4.2.7)

where in the last line we used (1.16) and the results of Sect. 1.
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By considering (1.14), one gets that the extremal 4-d RN BH is a particular
case of the extreme BH metric (4.2.3), with (c = 1 = G0)

e2U(r) =
r2

(r +M)2
, (4.2.8)

clearly satisfying, by (1.16) and the identification MBR = MBH ≡M , the con-
straint (4.2.5). Thus, the previously treated extremal 4-d Reissner-Nördstrom
BH is just a particular case of static, spherically symmetric and asymptotically
flat 4-d extreme BH metric background, interpolating between the two max-
imally supersymmetric6 backgrounds M4 (4-d Minkowski at spatial infinity)
and AdS2 × S2 (4-d BR at the horizon).

By defining limτ→−∞φa (τ) ≡ φa
H , the near-horizon boundary conditions

(4.2.5) and (4.2.6) for extremal BHs may be rewritten as7

limτ→−∞Gab (φ (τ)) dφa(τ)
dτ

dφb(τ)
dτ e2U(τ)τ4

= Gab (φH) limτ→−∞
dφa(τ)

dτ
dφb(τ)

dτ
4π
AH

τ2 ≡ 2X2 <∞, X ∈ R.

(4.2.9)

Since AH does not vanish, this is equivalent to

limτ→−∞Gab (φ (τ))
dφa (τ)
dτ

dφb (τ)
dτ

=
AH

2π
X2

τ2
<∞.

(4.2.10)

Due to the assumed regularity of the Riemann geometry of Mφ, the met-
ric Gab, and consequently the quadratic form Gab

dφa

dτ
dφb

dτ , is strictly positive
definite, and (4.2.10) means that the near-horizon limit τ → −∞ of such a
quadratic form is finite and still in the regular region of Mφ, which appears
to be a reasonable regularity assumption.

Now, condition (4.2.5) implies

limτ→−∞

(
dU(τ)
dτ

)2 1
τ2

; (4.2.11)

consequently, by taking the near-horizon limit of the constraint (4.1.23) in the
extreme case (c2 = 0) and using (4.2.5), (4.2.10), and (4.2.11), one obtains

6 If any SUSY is present at all, of course. Indeed, it should be clearly pointed out
that in the treatment of Subsects. 4.1 and 4.2 no SUSY is, in general, a priori
assumed to exist

7 As pointed out before (4.1.48), here and in the following treatment we assume
suitable properties of regularity and smoothness of the involved functions, in order
to perform the relevant operations with the near-horizon and space-asymptotical
limits τ → −∞ and τ → 0−
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limτ→−∞
(

dU(τ)
dτ

)2

+ 1
2Gab (φ) dφa(τ)

dτ
dφb(τ)

dτ − e2UVBH (φ; p, q)

= 1
τ2 + AH

4π
X2

τ2 − 4π
AH

1
τ2VBH (φH ; p, q) = 0;

(4.2.12)

�

1 +
AH

4π
X2 − 4π

AH
VBH (φH ; p, q) = 0; (4.2.13)

�
4π
AH

VBH (φH ; p, q) = 1 +
AH

4π
X2 � 1; (4.2.14)

�
4πVBH (φH ; p, q) � AH . (4.2.15)

Now, in order to proceed further, it is convenient to introduce the variable

ω ≡ −ln (−τ) ; (4.2.16)

by doing this, the factorized, BR nature of the near-horizon extreme BH metric
(4.2.7) becomes completely manifest:

limτ→−∞ds2 =
4π
AH

e2ωdt2 − AH

4π
dω2 − AH

4π
(
dθ2 + sin2θdϕ2

)

= ds2AdS2
− ds2S2 = ds2BR. (4.2.17)

By introducing U ′ (ω) ≡ U (τ = −e−ω), φ′a (ω) ≡ φa (τ = −e−ω) and G′
ab ≡

Gab (φ′ (ω)) and dropping the primes out as usual, we may rewrite the condi-
tions (4.2.5) and (4.2.6), respectively, as follows:

limω→−∞e−2U(ω) =
AH

4π
e−2ω; (4.2.18)

limω→−∞Gab (φ (ω))
dφa (ω)
dω

dφb (ω)
dω

e2U(ω)e−2ω <∞. (4.2.19)

The merging of (4.2.18) and (4.2.19) yields

limω→−∞Gab (φ (ω)) dφa(ω)
dω

dφb(ω)
dω e2U(ω)e−2ω

= 4π
AH

Gab (φH) limω→−∞
dφa(ω)

dω
dφb(ω)

dω ≡ 2X2 <∞
(4.2.20)

�

Gab (φH) limω→−∞
dφa (ω)
dω

dφb (ω)
dω

=
AH

2π
X2 <∞. (4.2.21)
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Now, independently of the signature and thus of the definiteness of
Gab (φH), we have two possibilities8:

1. AHX
2 	= 0.

Since, in order to avoid naked singularities, we assume AH 	= 0, this hap-
pens iff X2 	= 0 and implies

limω→−∞
dφa(ω)

dω = φ̃a 	= 0,

�

limω→−∞φa (ω) = φ̃aω + φ̃a
0 ,

⇓

limω→−∞ |φa (ω)| =∞,




for a ∈ A ⊆ {1, . . . ,mφ} ,A 	= ∅.

(4.2.22)

Therefore, by assuming that all the real scalar fields φa’s do not diverge
at the BH horizon, i.e., that

limω→−∞ |φa (ω)| <∞, ∀a ∈ {1, . . . ,mφ} , (4.2.23)

such a case must be disregarded.
2. AHX

2 = 0
AH �=0⇐⇒ X2 = 0.

We have two subcases: the first subcase corresponds to (4.2.22) holding
true for at least two a’s, and thus, by formulating the hypothesis (4.2.23), it
must be disregarded. The second subcase, which is the only one compatible
with (4.2.23), corresponds to

limω→−∞
dφa (ω)
dω

= 0, ∀a ∈ {1, . . . ,mφ} . (4.2.24)

By substituting X2 = 0 in (4.2.14), one gets

VBH (φH ; p, q) =
AH

4π
. (4.2.25)

Thus, at the leading order (i.e., when the BHEA law holds true), one obtains
that, for a given BH charge configuration, the BH entropy is proportional to
the value of the BH effective potential function at the horizon:

SBH (φH ; p, q) =
AH

4
= πVBH (φH ; p, q) . (4.2.26)

8 The totally degenerate case of all eigenvalues of Gab (φH) vanishing is not con-
sidered
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Thus, we have shown that for the considered class of static, spherically sym-
metric and asymptotically flat 4-d extreme BHs (c2 = 0), from the require-
ments (4.2.5) and (4.2.6) and from the assumption (4.2.23) of nondiverging
real scalars φa’s at the horizon, it follows the fundamental relation (4.2.25)
between the area AH of the horizon and the horizon value VBH (φH ; p, q) of
the BH effective potential function.

Such a relation holds also for the so-called double-extreme BHs, which are
extreme BHs (c2 = 0) with constant moduli

dφa (r)
dr

= 0 ⇐⇒ φa = φa
0 , ∀r ∈ [rH ,+∞) , ∀a ∈ {1, . . . ,mφ} . (4.2.27)

Therefore, in such a case

Gab (φ (τ))
dφa (τ)
dτ

dφb (τ)
dτ

= 0, ∀τ ∈ (−∞, 0] , (4.2.28)

and the constraint (4.1.23) becomes
(
dU(τ)
dτ

)2

− e2U(τ)VBH (φ (τ) ; p, q) = 0, ∀τ ∈ (−∞, 0] . (4.2.29)

Since, by definition (4.1.47), the moduli of a double-extreme BH all have
vanishing scalar charges, the spatial asymptotical limit (τ → 0−) of such an
expression, namely the antigravity bound (4.1.48) and (4.1.49) for double-
extreme BHs, reads

M2
BH = VBH (φ∞; p, q) = VBH (φH ; p, q) , (4.2.30)

where in the last passage we used (4.2.27). Thus, by using (4.2.25) and (4.2.26),
the following relation, holding for double-extreme BHs, is obtained:

SBH (φH ; p, q) =
AH

4
= πVBH (φH ; p, q) = πM2

BH . (4.2.31)

By recalling (4.2.5) and (4.2.11), the near-horizon limit of (4.2.29) yields

0 = limτ→−∞

(
dU(τ)
dτ

)2

− e2U(τ)VBH (φ (τ) ; p, q)

=
1
τ2
− 4π
AH

1
τ2
VBH (φH ; p, q) ,

(4.2.32)

implying the results (4.2.25) and (4.2.26). Thus, we have also shown that the
horizon area of extreme BHs coincides with the horizon area of the double-
extreme BHs with the same BH charge configuration

(
pΛ, qΛ

)
. The same holds

for the leading order BH entropy, which, by the BHEA law, is nothing but
one quarter of the horizon area.
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The universal features of the near-horizon limit of the extreme and double-
extreme BHs expressed by (4.2.25) and (4.2.26) were firstly obtained in [27,
28], and [65] as a consequence of SUSY, i.e., by considering extreme BHs as
1
2 -BPS supersymmetric solutions in N = 2, d = 4 SUGRA. Instead, it is
worth pointing out once again that, in the presented treatment the universal
properties of the horizon area of extreme BHs are deduced only from some
requirements of “minimal regularity” of the moduli space geometry and of
the moduli near the horizon, namely from the conditions (4.2.5), (4.2.6), and
(4.2.23).

Let us now rewrite (4.2.24) in terms of the variable τ . By recalling the
definition (4.2.16), one gets

dφa (ω)
dω

= −τ dφ
a (τ)
dτ

⇔ dφa (τ)
dτ

= eω dφ
a (ω)
dω

,

(4.2.33)

and therefore

limω→−∞
dφa (ω)
dω

= 0 ⇐⇒ limτ→−∞τ
dφa (τ)
dτ

= 0, ∀a ∈ {1, . . . ,mφ} .

(4.2.34)

In other words, the request of nondiverging scalars in the near-horizon limit
implies that, when approaching the BH horizon (i.e., in the limit r → r+

H ⇔
τ → −∞), dφa(τ)

dτ vanishes faster than 1
τ = rH − r.

By further derivating (4.2.33) w.r.t. τ and using the definition (4.2.16),
one obtains

d2φa(τ)
dτ2 = d

dτ

(
dφa(ω)

dω
dω(τ)

dτ

)
= d

dτ

(
− 1

τ
dφa(ω)

dω

)

= 1
τ2

dφa(ω)
dω − 1

τ
d2φa(ω)

dω2
dω(τ)

dτ

= e2ω
[

dφa(ω)
dω + d2φa(ω)

dω2

]
.

(4.2.35)

Thus, by using (4.2.33) and (4.2.35), the equations of motion (4.1) for φc’s
may be rewritten as

d2φc(ω)
dω2 + dφc(ω)

dω +Gac (φ (ω))
[

∂Gab(φ)
∂φc − 1

2
∂Gcb(φ)

∂φa

]
dφc(ω)

dω
dφb(ω)

dω

= e−2ωe2U(ω)Gac (φ (ω)) ∂VBH(φ;p,q)
∂φa .

(4.2.36)

Such equations hold for any ω ∈ (−∞, 0] and for any value of c2 ∈ R
+.
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Condition (4.2.5) for extreme BHs may be rewritten in terms of the vari-
able ω as

limω→−∞e−2U(ω) =
AH

4π
e−2ω. (4.2.37)

By using such a condition and recalling (4.2.24), one finally gets that the
near-horizon limit of equations of motion (4.2) for real scalars φc’s in the case
of extreme BHs (c2 = 0) reads

limω→−∞
{

d2φc(ω)
dω2 + dφc(ω)

dω +Gac (φ (ω))
[

∂Gab(φ)
∂φc − 1

2
∂Gcb(φ)

∂φa

]
dφc(ω)

dω
dφb(ω)

dω

}

= limω→−∞e−2ωe2U(ω)Gac (φ (ω)) ∂VBH(φ;p,q)
∂φa ;

(4.2.38)

�

limω→−∞
d2φc (ω)
dω2

=
4π
AH

Gac (φH) limω→−∞
∂VBH (φ; p, q)

∂φa
; (4.2.39)

�

limω→−∞
d2φc (ω)
dω2

=
4π
AH

Gac (φH)
∂VBH (φ; p, q)

∂φa

∣∣∣∣
φ=φH

.

(4.2.40)

By inverting (4.2.35) and taking its near-horizon limit, we get

limω→−∞
d2φc (ω)
dω2

= limτ→−∞τ2 d
2φc (τ)
dτ2

, (4.2.41)

and thus (4.2.38) may equivalently be rewritten as

limτ→−∞
d2φc (τ)
dτ2

=
4π
AH

Gac (φH)
∂VBH (φ; p, q)

∂φa

∣∣∣∣
φ=φH

1
τ2
.

(4.2.42)

This is the near-horizon limit of equations of motion (4.1) or (4.2) for real
scalars φc’s in the case of extreme BHs (c2 = 0), in terms of the variable
τ ≡ (rH − r)−1. By using (4.2.25), one gets the equivalent expression

limτ→−∞
d2φc (τ)
dτ2

= Gac (φH)
[

1
VBH (φ; p, q)

∂VBH (φ; p, q)
∂φa

]
φ=φH

1
τ2

=
1
τ2
Gac (φH)

∂ln [VBH (φ; p, q)]
∂φa

∣∣∣∣
φ=φH

.

(4.2.43)

The solution of the ordinary second-order differential equations (4.2.42)
and (4.2.43) reads as follows:
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limτ→−∞φa (τ) =
4π
AH

Gab (φH)
∂VBH (φ; p, q)

∂φb

∣∣∣∣
φ=φH

ln (−τ) + ϕaτ + ςa

= Gab (φH)
∂ln [VBH (φ; p, q)]

∂φb

∣∣∣∣
φ=φH

ln (−τ) + ϕaτ + ςa.

(4.2.44)

Such a solution implies

limτ→−∞
dφa (τ)
dτ

=
4π
AH

Gab (φH)
∂VBH (φ; p, q)

∂φb

∣∣∣∣
φ=φH

1
τ

+ ϕa;

(4.2.45)

this has to be consistent with the condition (4.2.34) of finiteness of the near-
horizon scalar fields. Consequently, (4.2.34) and (4.2.45) yield (AH 	= 0)

limτ→−∞
4π
AH

Gab (φH)
∂VBH (φ; p, q)

∂φb

∣∣∣∣
φ=φH

+ ϕaτ = 0, ∀a ∈ {1, . . . ,mφ}

(4.2.46)

�

∀a ∈ {1, . . . ,mφ}



I) ϕa = 0;

II) Gab (φH) ∂VBH(φ;p,q)
∂φb

∣∣∣
φ=φH

= 0.

(4.2.47)

By substituting the results given by (4.2.47) back in (4.2.44), one finally gets

limτ→−∞φa (τ) = ςa ≡ φa
H . (4.2.48)

Let us analyze the condition II of (4.2.47): since VBH (φ; p, q) is a scalar
in Mφ, it holds that

∂VBH (φ; p, q)
∂φb

= ∂bVBH (φ; p, q) = DbVBH (φ; p, q) ; (4.2.49)

⇓

Gab∂bVBH (φ; p, q) = GabDbVBH (φ; p, q) = DaVBH (φ; p, q) =
∂VBH (φ; p, q)

∂φa
.

(4.2.50)

Moreover, in the assumption that the horizon configuration(s) of the scalar
fields φa’s belong to the “regular” zone of the Riemann moduli space Mφ

(i.e., by assuming Gab (φH) – strictly – positive definite and therefore with –
strictly – positive determinant and maximal rank mφ), it is clear that
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Gab (φH)
∂VBH (φ; p, q)

∂φb

∣∣∣∣
φ=φH

= 0

�
∂VBH (φ; p, q)

∂φa

∣∣∣∣
φ=φH

= 0, ∀a ∈ {1, . . . ,mφ} . (4.2.51)

Equations (4.2.48) and (4.2.51) are the essence of the attractor mecha-
nism in the moduli space of extreme BHs: (4.2.48) states that the horizon
configuration(s) of the considered mφ moduli are “regular” (they remain fi-
nite, do not blow up in proximity of the EH of the BH), whereas (4.2.51)
characterizes such configuration(s) as critical point(s) of the BH effective po-
tential VBH (φ; p, q) seen as a function, for an arbitrary but fixed BH charge
configuration

(
pΛ, qΛ

)
, of the mφ real scalars φa’s parametrizing Mφ.

Equation (4.2.51) may be considered as the fundamental, differential for-
mulation of the attractor equations which, as we will see later, may be re-
formulated in a simpler, equivalent way as a set of algebraic equations in the
context of the (regular) special Kähler geometry of the vector supermultiplets’
moduli space of N = 2, d = 4 Maxwell–Einstein SUGRA. Equation (4.2.51)
yields that the horizon configuration(s) of the scalars are dynamical “attrac-
tors” in the radial evolution of such fields: indeed, they do not depend on
the initial data φa

∞’s (spatial asymptotical configurations), but they instead
exclusively depend on the specified BH charge configuration:

limτ→−∞φa (τ) = ςa ≡ φa
H = φa

H (p, q) . (4.2.52)

In particular, for double-extreme 4-d BHs, the values of the constant mod-
uli may be determined as the ones corresponding to the critical points of
VBH (φ; p, q) in Mφ; in this case the merging of (4.2.27) and (4.2.51) yields

dφa(r)
dr = 0 ⇐⇒ φa = φa

0 = φa
H = φa

∞ : ∂VBH(φ;p,q)
∂φa

∣∣∣
φ=φ0

= 0,

∀r ∈ [rH ,+∞) , ∀a ∈ {1, . . . ,mφ} .
(4.2.53)

By substituting back the exclusively charge-dependent attractor horizon
configuration(s) (4.2.52) in (4.2.25) and (4.2.26), one gets that the horizon
value of VBH , and thus (by the BHEA law) the value of the leading order BH
entropy, only depend on the BH charges, and not on the initial data φa

∞’s of
the radial evolution (from spatial infinity r → ∞ ⇔ τ → 0− to the BH EH
r → r+

H ⇔ τ → −∞) of the moduli, as it must be for physical consistence of
the BH entropy:

VBH (φH ; p, q) = VBH (φH (p, q) ; p, q) = VBH (p, q) =
AH

4π
; (4.2.54)

SBH =
AH

4
= πVBH (φH (p, q) ; p, q) = πVBH (p, q) = SBH (p, q) .

(4.2.55)
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Summarizing, (4.2.25), (4.2.26), (4.2.48), and (4.2.51) express the attractor
mechanism working in the moduli space of the considered class of 4-d extreme
(and double-extreme) BHs. It is worth stressing once again that in order to
obtain such results, no SUSY was used, thus they hold true also, in general,
nonsupersymmetric frameworks. Beside the working hypotheses of

– staticity;
– spherical symmetry;
– asymptotical flatness;
– extremality (c2 = 0) and
– Riemann “regular” geometry (i.e., positive definiteness of the metric tensor)

of the mφ-d real manifold Mφ,
only some “minimal regularity” requirements on the moduli space geometry
and on the moduli near the horizon were imposed, namely

– condition (4.2.5) (“finiteness of BH horizon area”);
– condition (4.2.6) (“regularity of horizon scalar manifold geometry”) and
– condition (4.2.23) (“regularity and finiteness of the horizon configurations

of the moduli”).

Thence, results (4.2.25), (4.2.26), (4.2.48), and (4.2.51) were obtained by
studying the classical equations of motion of the scalars φa’s, given by the
relevant Euler-Lagrange equations of the 1-d effective Lagrangian L1 [U, φ; p, q]
given by (4.1.22), in turn resulting from a s-t dimensional reduction from the
initial 4-d Lagrangian density L4 given by (4.1.1), which determines the most
general set of theories to which the performed treatment applies.

In general, the attractors in the moduli space of the considered 4-d extreme
BHs may always be characterized, for a given BH charge configuration, as the
critical points of the function VBH (φ; p, q) in Mφ. Such points are identified
with the horizon, “attracting” configurations of the scalar fields of the theory,
corresponding to a BR vacuum state, which in the presence of SUSY may
be seen as a maximally supersymmetric 4-d metric background. Extreme BH
backgrounds correspond to dynamical trajectories in Mφ, starting from a
point {φa

∞} of initial data at spatial infinity (r →∞⇔ τ → 0−) and ending
at a critical, attractor point {φa

H} at the BH EH (r → r+
H ⇔ τ → −∞).

Attractor mechanism essentially consists in the loss of memory of the
scalars at the horizon about the initial data of their radial evolution: the
critical attractor point {φa

H} is completely independent of the position of the
initial point {φa

∞}, but instead only depends on the specified BH charge con-
figuration. The particular case of 4-d double-extreme BHs, characterized by
“frozen,” constant moduli, corresponds to “degenerate,” pointlike trajecto-
ries in Mφ, because no radial evolution (the only possible evolution in the
formulated hypotheses of staticity and spherical symmetry) takes place.

Recently, nonsupersymmetric 4-d BH attractors have been investigated
also in relation to nonasymptotically flat metric backgrounds, such as 4-d
asymptotically (A)dS ones (see, e.g., [66]).
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Finding explicit trajectories {φa (τ)} in Mφ amounts to explicitly solving
the second-order differential equations of motion (4.1.40) of the moduli φa’s,
and it is, in general, quite difficult, even though some explicit solutions, such as
the previously considered RN 4-d extreme BH, are known (for axion-dilatonic
BHs, see, e.g., [67–69], and [70]; for not necessarily supersymmetric extreme
BHs, see, e.g., [66] and [71]).

However, in Subsects. 4.3 ande 4.4 we will see that in the context of
N = 2, d = 4 SUGRA coupled to Abelian vector supermultiplets, by using
the properties of the (regular) special Kähler geometry of the vector super-
multiplets’ moduli space, such a problem may considerably be simplified. In
particular, we will see that in such a context different typologies of attractors
may exist, depending on how much (and if) SUSY is preserved at such points.

Concluding this subsection, we may say that, by formulating reasonable
“regularity” requirements, the attractor mechanism works in the moduli space
of the 4-d extreme BHs for a wide set of theories, which do not necessarily
have to be supersymmetric; SUSY turns out to be a sufficient, but nonneces-
sary, condition for attractor dynamics in the moduli space. The issue of non
(necessarily)-supersymmetric BH attractors was firstly treated by Ferrara,
Gibbons, and Kallosh in [55], whereas the attractor mechanism was obtained
as a consequence of SUSY, i.e., by considering extreme BHs as 1

2 -BPS super-
symmetric solutions in N = 2, d = 4 SUGRA, in [27, 28] and [65]. Recently,
the non (necessarily)-supersymmetric BH attractors have been rediscovered
and investigated by a number of authors; we refer the reader to Sect. 9 for a
glance at the latest developments and related bibliography. Also in relation
to such recent advances, it would be interesting trying to remove some (if
not all) of the assumptions made above, and see if still some kind of attractor
mechanism works. For instance, it would be intriguing to extend all reasonings
and results presented above to the case of 4-d nonextreme BHs (c2 	= 0); some
recent results seem to point out that in such a case no attractor dynamics in
the moduli space exists at all [66].

4.3 Extreme Black Holes and Special Kähler Geometry

We now reconsider the previously introduced nV -fold N = 2, d = 4 Maxwell–
Einstein supergravity theory (MESGT), i.e., a N = 2, d = 4 supergravity
theory in which the gravity multiplet is coupled to nV Abelian vector super-
multiplets, and therefore the overall gauge group is (U(1))nV +1. We will see
how the (regular) special Kähler geometry (SKG) of the moduli space of such
a theory allows one to simplify the investigation of the critical points of the
function VBH . In this and in the next subsection we will refer to and complete
the treatment presented in Sect. 3. We will denote the BH charges as follows:
ne

Λ ≡ qΛ, nΛ
m ≡ pΛ.

Let us start by switching to a complex parametrization of the moduli
space: in order to do this, we assume mφ to be even, i.e., mφ = 2nφ, nφ ∈ N.
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Therefore, by complexifying the 2nφ-d real Riemann manifold Mφ (with lo-
cal coordinates {φa} , a = 1, . . . ,mφ), we obtain a nφ-d complex Hermitian
manifold Mz,z with local coordinates {zi, zi} (i, i = 1, . . . , nφ) [72]:

Gab (φ) dφadφb = 2Gij (z, z) dzidzj , Gij = Gji. (4.3.1)

In particular, as it pertains to the framework of nV -foldN = 2, d = 4 MESGT,
we assume that such an Hermitian geometry is a Kählerian one, regular (i.e.,
with the metric tensor strictly positive definite everywhere), and of the special
type; namely, we assume that

Gab (φ) dφadφb = 2
∂2K (z, z)

∂zj∂zi
dzidzj , K (z, z) = K (z, z); (4.3.2)

Gij (z, z) strictly positive definite ∀ (z, z) ∈ Mz,z; (4.3.3)

Rijlm = GijGlm +GimGlj − CilpCjmpG
pp, (4.3.4)

where the real function K (z, z) (satisfying the Schwarz lemma in Mz,z) is
called Kähler potential, Rijlm is the Kähler Riemann–Christoffel curvature
tensor and Cilm is the rank 3, completely symmetric, Kähler-covariantly holo-
morphic tensor of SKG (with Kähler weights (2, 2)).

Now, in order to study the BH effective potential function VBH (z, z; p, q)
in (regular) SKG, we need to identify it with a symplectic-invariant, Kähler
gauge-invariant, real positive function in such a geometric context. The nat-
ural and immediate choice is given by the first invariant I1 (z, z; p, q) of the
SKG, defined as [51]

I1 (z, z; p, q) ≡ |Z|2 (z, z; p, q) +Gii (z, z) (DiZ) (z, z; p, q)
(
DiZ

)
(z, z; p, q) ,

(4.3.5)

where Z (z, z; p, q) is the central charge function of nV -fold N = 2, d = 4
MESGT; let us also recall that (3.1.53) and (3.2.53) yield

Z (z, z; p, q) = LΛ (z, z) qΛ −MΛ (z, z) pΛ = e
1
2 K(z,z)

[
XΛ (z) qΛ − FΛ (z) pΛ

]
.

(4.3.6)

By recalling (3.2.86), I1 may also be defined as

I1 (z, z; p, q) ≡ −1
2
(
pΛ, qΛ

)
M (Re (N ) , Im (N ))


pΣ

qΣ


 , (4.3.7)

withM (Re (N ) , Im (N )) defined by (3.2.81)–(3.2.83) to be the real (2nV + 2)
× (2nV + 2), (z, z)-dependent symmetric matrix
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M (Re (N (z, z)) ,Im (N (z, z))) ≡

≡




Im (N )ΛΣ +

+Re (N )Λ∆

(
(ImN )−1

)∆Ξ

Re (N )ΞΣ

−Re (N )ΛΞ

(
(ImN )−1

)ΞΣ

−
(
(ImN )−1

)ΛΞ

Re (N )ΞΣ

(
(ImN )−1

)ΛΣ



.

(4.3.8)

Consequently, by performing the fundamental identification

VBH (z, z; p, q) = I1 (z, z; p, q) , (4.3.9)

the comparison of (4.1.20) and (4.1.21) with (4.3.7)–(4.3) yields

Re (N (z, z))ΛΣ = −νΛΣ (z, z)

Im (N (z, z))ΛΣ = −µΛΣ (z, z)




=⇒ NΛΣ (z, z) = −νΛΣ (z, z)− iµΛΣ (z, z) .

(4.3.10)

The reality, symmetry, and (strict) positive definiteness of the matrices
µΛΣ (z, z) and νΛΣ (z, z) imply the reality, symmetry, and (strict) negative
definiteness of the matrix NΛΣ (z, z), and thence of its real and imaginary
parts separately (concerning its imaginary part, this was already noted in
(3.1.95)). Consequently, the matrixM (Re (N ) , Im (N )) is (strictly) negative
definite, and (4.3.7) yields that I1 (z, z; p, q) (and thus, by the identification
(4.3.9), the BH effective potential function VBH (z, z; p, q)) is (real and) posi-
tive in allMz,z×Γ . The (strict) negative definiteness of the quadratic form of
BH charges appearing in the r.h.s. of (4.3.7) implies that I1 and VBH vanish
iff the fluxes of the nV + 1 Abelian vector field strengths all vanish:

I1 (z, z; p, q) = 0 = VBH (z, z; p, q)
�

pΛ = 0 = qΛ, ∀Λ = 0, 1, . . . , nV . (4.3.11)

By using (4.3.1) (Gij = ∂j∂iK understood throughout) and (4.3.10), we
may rewrite the 4-d Lagrangian density (4.1.1) as follows:
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L4 = −R
2 +Gij∂µz

i∂νz
jgµν

+ 1
2 (ImNΛΣ)FΛ

µνFΣ
λρg

µλgνρ + 1
2 (ReNΛΣ)FΛ

µν
∗FΣ

λρg
µλgνρ.

(4.3.12)

Now L4 denotes the purely bosonic part of the Lagrangian density of nV -fold
N = 2, d = 4 MESGT, with i, i ∈ {1, . . . , nV } and Λ,Σ ∈ {0, 1, . . . , nV }.

Let us now consider the infinitesimal Kählerian metric interval in Mz,z;
by using (4.3.2) we get

∣∣∣∣dzdτ
∣∣∣∣
2

= Gij

dzi

dτ

dzj

dτ
=

(
∂j∂iK

) dzi

dτ

dzj

dτ
=

1
2
Gab

dφa

dτ

dφb

dτ
.

(4.3.13)

Thus, by recalling (4.3.5) and (4.3.9), (4.1.22) and (4.1.23) may be respectively
rewritten as

L1 [U, z, z; p, q] =
(

dU(τ)
dτ

)2

+
∣∣∣dz(τ)

dτ

∣∣∣2 +

+e2U(τ)


 |Z|

2 (z, z; p, q) +Gii (z, z) ·

· (DiZ) (z, z; p, q)
(
DiZ

)
(z, z; p, q)


 .

(4.3.14)

2SBHTBH = c2 =
(

dU(τ)
dτ

)2

+
∣∣∣dz(τ)

dτ

∣∣∣2 +

−e2U(τ)


 |Z|

2 (z, z; p, q) +Gii (z, z) ·

· (DiZ) (z, z; p, q)
(
DiZ

)
(z, z; p, q)


 .

(4.3.15)

Let us write down the Euler-Lagrange equations of L1, which correspond to
the equations of motion for U(τ) and zi (τ). For what concerns U(τ), we
obtain the “complexified” version of (4.1.24), i.e., the form of (4.1.24) related
to the moduli space Mz,z
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d

dτ

δL1 [U, z, z; p, q]

δ
(

dU(τ)
dτ

) =
δL1 [U, z, z; p, q]

δU(τ)

�

d2U(τ)
dτ2 = e2U(τ)VBH (z, z; p, q) = e2U(τ)I1 (z, z; p, q) =

= e2U(τ)



|Z|2 (z, z; p, q) +Gii (z, z) ·

· (DiZ) (z, z; p, q)
(
DiZ

)
(z, z; p, q)


 .

(4.3.16)

The equations of motion for the complex moduli zi (τ) read as follows:

δL1 [U, z, z; p, q]

δ
(

dzi(τ)
dτ

) = Gij

dzj

dτ
(4.3.17)

⇓

d
dτ

δL1[U,z,z;p,q]

δ
(

dzi(τ)
dτ

) = d
dτ

(
Gij

dzj

dτ

)
=

=
(
∂kGij

)
dzk

dτ
dzj

dτ +
(
∂kGij

)
dzk

dτ
dzj

dτ +Gij
d2zj

dτ2 ;

(4.3.18)

δL1[U,z,z;p,q]
δzi(τ) =

= 2e2U |Z| ∂i |Z|+ e2U∂i

[
Gkk (DkZ)

(
DkZ

)]
+

(
∂iGjk

)
dzj

dτ
dzk

dτ =

= e2U∂iVBH +
(
∂iGjk

)
dzj

dτ
dzk

dτ .

(4.3.19)

Thence



102 4 Black Holes and Critical Points in Moduli Space

d

dτ

δL1 [U, z, z; p, q]

δ
(

dzi(τ)
dτ

) =
δL1 [U, z, z; p, q]

δzi(τ)

�

Gij

d2zj

dτ2
+

(
∂kGij

) dzk

dτ

dzj

dτ

+
(
∂kGij

) dzk

dτ

dzj

dτ
= e2U∂iVBH +

(
∂iGjk

) dzj

dτ

dzk

dτ
;

(4.3.20)

by contracting this last expression with Gik, one obtains

d2zk

dτ2
+Gkk

[(
∂iGkj

) dzi

dτ
+

(
∂iGkj

) dzi

dτ
−

(
∂kGij

) dzi

dτ

]
dzj

dτ

= e2UGik∂iVBH . (4.3.21)

In a general Hermitian (commutative) geometric framework, such an expres-
sion may be rewritten as

Dzk

dτ2
+Gkk

[
∂iGkj − ∂kGij

] dzi

dτ

dzj

dτ
= e2UGik∂iVBH = e2UDkVBH

(4.3.22)

or, by complex conjugating

Dzk

dτ2
+Gkk

[
∂iGjk − ∂kGji

] dzj

dτ

dzi

dτ
= e2UDk

VBH , (4.3.23)

where D and Dk respectively denote the Hermitian-covariant differential and
the Hermitian-contravariant derivative defined by the Hermitian connection
Θ i

jk ≡ Gii∂jGki. As it is evident, we used the scalar nature of VBH in order

to write Gik∂iVBH = GikDiVBH = DkVBH .
When specializing to (commutative) Kähler geometry, as it pertains to

the present treatment, we get that Gij = ∂j∂iK, and consequently, since
the Kähler potential is assumed to satisfy the Schwarz lemma for the partial
derivatives, (4.3.23) becomes

Dzk

dτ2
= e2UD

k
VBH (4.3.24)
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or equivalently, by specifying the τ - and (p, q)-dependence and recalling the
identification (4.3.9)

Dzk (τ)
dτ2

= e2U(τ)D
k


 |Z|

2 (z (τ) , z (τ) ; p, q) +Gii (z (τ) , z (τ)) ·

· (DiZ) (z (τ) , z (τ) ; p, q)
(
DiZ

)
(z (τ) , z (τ) ; p, q)


 .

(4.3.25)

D and D
k

now respectively denote the Kähler-covariant differential and the
(complex conjugate of the) Kähler-contravariant derivative defined by the
Kählerian connection

K i
jk = K i

(jk) ≡ Γ i
jk =

{
i

jk

}
= Gii∂jGki = Gii∂j∂i∂kK, (4.3.26)

such that (4.3.24) may be expanded as

dzk

dτ2
+ Γ k

ij

dzi

dτ

dzj

dτ
=

dzk

dτ2
+Gkk∂i∂k∂jK

dzi

dτ

dzj

dτ
= e2UD

k
VBH .

(4.3.27)

(4.3.25) and (4.3.27) are the complexified version of (4.1.37), i.e., the form of
(4.1.37) related to the moduli space Mz,z.

By using the properties of the SKG of Mz,z, the effective 1-d Lagrangian
L1 given by (4.3.14) may be rewritten in a particular form, which is convenient
in order to solve the equations of motion for the nφ ≡ nV complex scalars
zi (τ) in the extreme case (c2 = 0). To show this, let us elaborate the following
quantities:

(
dU

dτ
± eU |Z|

)2

=
(
dU

dτ

)2

+ e2U |Z|2 ± 2eU dU

dτ
|Z| ; (4.3.28)

d

dτ

(
eU |Z|

)
=

dU

dτ
eU |Z|+ eU d |Z|

dτ

=
dU

dτ
eU |Z|+ eU ∂ |Z|

∂zi

dzi

dτ
+ eU ∂ |Z|

∂zi

dzi

dτ
; (4.3.29)
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∣∣∣dzi

dτ ±
Z
|Z|e

UGikDkZ
∣∣∣2 ≡ Gij

(
dzi

dτ ±
Z
|Z|e

UGikDkZ
)(

dzj

dτ ±
Z
|Z|e

UGkjDkZ
)

= Gij
dzi

dτ
dzj

dτ ±
Z
|Z|e

UGijG
kj (DkZ) dzi

dτ ±
Z
|Z|e

UGijG
ik
(
DkZ

)
dzj

dτ

+e2UGijG
ikGkj (DkZ)

(
DkZ

)

=
∣∣ dz
dτ

∣∣2 ± Z
|Z|e

U (DiZ) dzi

dτ ±
Z
|Z|e

U
(
DiZ

)
dzi

dτ + e2UGij

(
D

i
Z
)(

DjZ
)

=
∣∣ dz
dτ

∣∣2 ± 2eU (∂i |Z|) dzi

dτ ± 2eU
(
∂i |Z|

)
dzi

dτ + e2UGij

(
D

i
Z
)(

DjZ
)
,

(4.3.30)

where in the last line we used (3.2.117). By using such results, it is immediate
to check that an equivalent form for L1 reads

L1 =
(

dU
dτ ± eU |Z|

)2

+Gij

(
dzi

dτ ±
Z
|Z|e

UGikDkZ
)(

dzj

dτ ±
Z
|Z|e

UGkjDkZ
)

∓2 d
dτ

(
eU |Z|

)
.

(4.3.31)

Let us now consider 4-d extreme BHs; from (4.3.14) and (4.3.15) with
c2 = 0 we get

L1,c2=0 = 2
(
dU

dτ

)2

+ 2
∣∣∣∣dzdτ

∣∣∣∣
2

= 2e2U
[
|Z|2 +Gii (DiZ)

(
DiZ

)]
.

(4.3.32)

The equations of motion for U (τ) and zi (τ) obtained from L1,c2=0 may be
solved by postulating the following first-order Ansätze,9 which are suggested
by rewriting (4.3.31) of the 1-d effective Lagrangian density (4.3.14):

dU

dτ
= ∓eU |Z| ; (4.3.33)

dzi

dτ
= ∓ Z

|Z|e
UGikDkZ. (4.3.34)

Such first-order Ansätze solve the second-order differential equations of
motion (4.3) and (4.3.25)–(4.3.27) for U (τ) and zi (τ) in the extreme case
c2 = 0. Indeed, (4.3.31), (4.3.33), and (4.3.34) yield

9 Let us notice that (4.3.33) and (4.3.34) were derived in [27] and [28] by using
SUSY; instead, the derivation reported here, firstly given in [55], does not rely on
SUSY at all
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L1 =
d2U

dτ2
, (4.3.35)

whereas (4.3.33), (4.3.34), and (3.2.117) imply

d2U

dτ2
=

d

dτ

(
∓eU |Z|

)
= ∓dU

dτ
eU |Z| ∓ eU d |Z|

dτ

= e2U |Z|2 ∓ eU (∂i |Z|)
dzi

dτ
∓ eU

(
∂i |Z|

) dzi

dτ

= e2U |Z|2 + (∂i |Z|) e2U Z

|Z|G
ikDkZ +

(
∂i |Z|

)
e2U Z

|Z|G
kiDkZ

= e2U |Z|2 + e2UGikDiZDkZ = e2U
[
|Z|2 +Gii (DiZ)

(
DiZ

)]
.

(4.3.36)

Thus, (4.3.35) and (4.3.36) yield

L1 = 2e2U
[
|Z|2 +Gii (DiZ)

(
DiZ

)]
= L1,c2=0. (4.3.37)

Let us now analyze the two opposite regimes (the near-horizon limit τ →
−∞ and the asymptotical limit τ → 0−) of the Ansätze (4.3.33) and (4.3.34),
which solve the dynamical equations (4.3) and (4.3.25)–(4.3.27) for U (τ) and
zi (τ) in the extreme case c2 = 0.

For what concerns the asymptotical limit r → ∞ ⇔ τ → 0−, the Ansatz
(4.3.33), by using (4.1.41) and (4.1.43), yields

limτ→0−
dU (τ)
dτ

= ∓limτ→0−eU(τ) |Z (z (τ) , z (τ) ; p, q)|

�
MBH = ∓ |Z (z∞, z∞; p, q)| ; (4.3.38)

in order to get a positive BH mass, we necessarily have to disregard the
unphysical “−” solution. From now on, we will consider only the Ansätze
(4.3.33) and (4.3.34) with the “+” on their r.h.s.’s. Notice that (4.3.38) is
nothing but the saturated BPS bound (3.2.122); this means that the first-
order Ansatz (4.3.33) solves the equation of motion (4.3) for U (τ) in the
extreme (c2 = 0), BPS case.

On the other hand, the Ansatz (4.3.34), by using (4.1.41) and (4.1.47),
yields
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limτ→0−
dzi(τ)

dτ

= limτ→0−
Z(z(τ),z(τ);p,q)
|Z(z(τ),z(τ);p,q)|e

U(τ)Gik (z (τ) , z (τ))DkZ (z (τ) , z (τ) ; p, q) ;
(4.3.39)

�
Σi = Gik (z∞, z∞) Z(z∞,z∞;p,q)

|Z(z∞,z∞;p,q)| DkZ (z, z; p, q)
∣∣
(z,z)=(z∞,z∞)

= Z(z∞,z∞;p,q)
|Z(z∞,z∞;p,q)| D

i
Z (z, z; p, q)

∣∣∣
(z,z)=(z∞,z∞)

;
(4.3.40)

�

Σ
i
=

Z (z∞, z∞; p, q)
|Z (z∞, z∞; p, q)| D

iZ (z, z; p, q)
∣∣∣
(z,z)=(z∞,z∞)

. (4.3.41)

For what concerns the near-horizon limit r → r+
H ⇔ τ → −∞, the condi-

tion (4.2.5) implies

limτ→−∞
dU(τ)
dτ

= −1
τ

; (4.3.42)

thus, the Ansatz (4.3.33), by recalling condition (4.2.5), yields

limτ→−∞ |Z (z (τ) , z (τ) ; p, q)| = limτ→−∞e−U(τ) dU(τ)
dτ

�

|Z (zH , zH ; p, q)| =
(
AH

4π

)1/2

. (4.3.43)

On the other hand, the Ansatz (4.3.34) yields

ZGikDkZ = e−U |Z| dz
i

dτ
, (4.3.44)

and consequently, by using (4.2.5) and (4.3.43), one gets

limτ→−∞Z (z (τ) , z (τ) ; p, q)Gik (z (τ) , z (τ))DkZ (z (τ) , z (τ) ; p, q)

= limτ→−∞e−U(τ) |Z (z (τ) , z (τ) ; p, q)| dzi(τ)
dτ

�
Z (zH , zH ; p, q)Gik (zH , zH)DkZ (zH , zH ; p, q)

= −AH

4π limτ→−∞τ dzi(τ)
dτ = 0,

(4.3.45)
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where in the last passage (4.2.34), implying that for τ → −∞, dzi(τ)
dτ vanishes

faster than 1
τ , was used. In general, we assume that AH 	= 0 (no naked sin-

gularities) and Z 	= 0 everywhere in Mz,z, and in particular at the horizon,
critical attractor point(s) (for any BH charge configuration being considered).
Thus, in regular SKG (4.3.45) yields

Gik (zH , zH)DkZ (zH , zH ; p, q) = D
i
Z (zH , zH ; p, q) = 0

�
DiZ (zH , zH ; p, q) = 0

⇓

DiZ (zH , zH ; p, q) = Gii (zH , zH)D
i
Z (zH , zH ; p, q) = 0

�
DiZ (zH , zH ; p, q) = 0.

(4.3.46)

Equations (4.3.46) are nothing but the so-called 1
2 -BPS extreme BH attractor

equations (see the end of Subsect. 3.2, and, e.g., (3.2.113)).
Finally, let us consider the asymptotical limit of the constraint (4.3.15), by

separately calculating the asymptotical limit of its terms. By using equations
(4.1.41), (4.3.41), (4.3.44), and (4.1.47), one gets

2SBHTBH = c2 = limτ→0−

{(
dU(τ)

dτ

)2

+
∣∣∣dz(τ)

dτ

∣∣∣2

−e2U(τ)


 |Z|

2 (z (τ) , z (τ) ; p, q) +Gii (z (τ) , z (τ)) ·

· (DiZ) (z (τ) , z (τ) ; p, q)
(
DiZ

)
(z (τ) , z (τ) ; p, q)




 (4.3.47)

�

M2
BH +Gii (z∞, z∞)ΣiΣ

i − |Z (z∞, z∞; p, q)|2 −Gii (z∞, z∞)ΣiΣ
i

= c2 = 2SBHTBH

(4.3.48)

�
M2

BH = |Z (z∞, z∞; p, q)|2 + c2 � |Z (z∞, z∞; p, q)|2 ; (4.3.49)

note that the second and fourth terms in the r.h.s. of (4.3.15) cancel in the
considered limit. Therefore the contribution of the scalar charges vanishes
at spatial infinity, where the constraint (4.3.15) becomes a BPS-like bound,
saturated only for c2 = 0, i.e., only for extreme, BPS, static, spherically
symmetric, and asymptotically flat BHs in N = 2, d = 4 nV -fold MESGT:
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M2
BH = |Z (z∞, z∞; p, q)|2 . (4.3.50)

For such a particular class of BHs, we have seen that equations of motion
(4.3) and (4.3.25)–(4.3.27) for U (τ) and zi (τ) may be solved by the first-
order Ansätze (4.3.33) and (4.3.34).

4.4 Critical Points of Black Hole Effective Potential
in Special Kähler Geometry

We will now study the critical points of the BH-effective potential function
VBH (z, z; p, q) in the (regular) special Kähler geometry (SKG) of the vector
supermultiplets’ moduli space Mz,z of the nV -fold N = 2, d = 4 MESGT.
As previously pointed out, such critical points are attractors in the dynamical
system describing the radial evolution of the moduli from r →∞ to r → r+

H .
In order to perform such an analysis, we need to recall a few results from
SKG10; beside the Kähler-covariant holomorphicity of Z, i.e., (see (3.2.63))

DiZ = 0 ⇔ DiZ = 0, (4.4.1)

we will largely use (3.1.27) and (3.1.28) which, by definition (3.2.53), yield

DiDjZ = iCijkG
kkDkZ; (4.4.2)

DiDjZ = GijZ ⇔ DiDjZ = GjiZ. (4.4.3)

Let us start from the fundamental identification (4.3.9)

VBH (z, z; p, q) = I1 (z, z; p, q)

≡ |Z|2 (z, z; p, q) +Gii (z, z) (DiZ) (z, z; p, q)
(
DiZ

)
(z, z; p, q) .

(4.4.4)

Thence, by recalling that VBH and |Z (z, z; p, q)| are Kähler-gauge invariant
scalars in Mz,z, by using (3.2.117), (4.4.2), and (4.4.3) we can calculate (also
remind that in Mz,z the metric postulate holds)

10 Beside Sect. 3, see, e.g., [36,44–47,56,73–75], and [76] for further insights on SKG
and moduli space geometries of N = 2 SUGRA more in general



4.4 Critical Points of Black Hole Effective Potential 109

DiVBH = ∂iVBH = ∂i

[
|Z|2 +Gjk (DjZ)

(
DkZ

)]

= 2 |Z| ∂i |Z|+Di

[
Gjk (DjZ)

(
DkZ

)]

= ZDiZ +Gjk (DiDjZ)
(
DkZ

)
+Gjk (DjZ)

(
DiDkZ

)

= ZDiZ + iCijkG
jmGkk

(
DmZ

) (
DkZ

)
+Gjk (DjZ)GikZ

= 2ZDiZ + iCijkG
jmGkk

(
DmZ

) (
DkZ

)
. (4.4.5)

Therefore, we get that the critical points of |Z| are critical points also for
VBH ; indeed, by assuming that Z 	= 0 (everywhere in Mz,z, and in particular
at the horizon, critical attractor points) and using (3.2.117), (4.4.5) yields

∂i |Z| = 0 ⇔ DiZ = 0 =⇒ ∂iVBH = 0. (4.4.6)

It should be stressed that the opposite, in general, is not true:

∂iVBH = 0 � ∂i |Z| = 0 ⇔ DiZ = 0. (4.4.7)

Thus, in the framework of the nV -foldN = 2, d = 4 MESGT with (regular)
SKG of Mz,z, the horizon, attractor points for the considered extreme BH,
i.e., the critical points of the BH effective potential function VBH (z, z; p, q) in
Mz,z, may be divided in two disjoint classes:

1. The attractors which are critical points also of the absolute value of the cen-
tral charge |Z| (z, z; p, q) (the so-called 1

2 -BPS-SUSY preserving extreme
BH attractors, treated in Subsubsect. 4.4.1)
and

2. Those that are not critical points of |Z| (z, z; p, q) in Mz,z (the so-called
non-(BPS-)SUSY extreme BH attractors, treated in Subsect. 4.4.2).

Clearly, such a distinction (and the whole treatment given below) is para-
metrically dependent on the BH charge configuration, i.e., it is parameterized
by the Sp (2nV + 2)-covariant vector

(
pΛ, qΛ

)
, with the group Sp (2nV + 2)

defined on R at classical level and on Z when the charge quantization is taken
into account.

4.4.1 Supersymmetric Attractors

Let us start by considering the 1
2 -BPS-SUSY preserving extreme BH attrac-

tors, i.e., the points (zsusy (p, q) , zsusy (p, q)) in Mz,z defined by
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∀i ∈ {1, . . . , nV } :




(∂i |Z|)(zsusy,zsusy) = 0 ⇔ (DiZ)(zsusy,zsusy) = 0;

�
{[
∂i + 1

2∂iK (z, z)
]
Z (z, z; p, q)

}
(zsusy,zsusy)

= 0;

⇓
(∂iVBH)(zsusy,zsusy) = 0.

(4.4.1.1)

In order to eventually characterize such points as maxima or minima of the
function |Z| (z, z; p, q) in Mz,z, we have at least to calculate the Kähler-
covariant second derivatives of |Z|, and then evaluate them at (zsusy, zsusy).
By using (4.4.1), (3.2.117), (4.4.2), and (4.4.3), we obtain

DiDj |Z| = Di∂j |Z| = Di

(
Z

2 |Z|DjZ

)

=
1

2 |Z|
(
DiZ

)
DjZ −

Z

2 |Z|2
(Di |Z|)DjZ +

Z

2 |Z|DiDjZ

= − Z
2

4 |Z|3
(DiZ)DjZ + i

Z

2 |Z|CijkG
kkDkZ

= i
Z

2 |Z|

[
i

Z

2 |Z|2
(DiZ)DjZ + CijkG

kkDkZ

]
; (4.4.1.2)

DiDj |Z| = Di∂j |Z| = Di

(
Z

2 |Z|DjZ

)

=
1

2 |Z|
(
DiZ

)
DjZ −

Z

2 |Z|2
(
Di |Z|

)
DjZ +

Z

2 |Z|DiDjZ

=
1

4 |Z|
(
DiZ

)
DjZ +

1
2
|Z|Gji. (4.4.1.3)

On the other hand, by recalling (4.3.26) and the general properties of Her-
mitian and Kählerian manifolds [37], one gets

DiDj |Z| = Di∂j |Z| = ∂i∂j |Z| − Γ k
ij ∂k |Z|

= ∂i∂j |Z| −Gki
(
∂i∂i∂jK

)
∂k |Z| ; (4.4.1.4)

DiDj |Z| = Di∂j |Z| = ∂i∂j |Z| . (4.4.1.5)

Since the Kähler potential K and the central charge |Z| are both assumed to
satisfy the Schwarz lemma in Mz,z, such equations respectively yield
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DiDj |Z| = DjDi |Z| ; (4.4.1.6)

DiDj |Z| = DjDi |Z| , (4.4.1.7)

as it can be checked by looking at the explicit expressions (4.4.1.2) and
(4.4.1.3). Consequently, by evaluating at the point(s) (zsusy, zsusy) in Mz,z

defined by (4.4.1.1), (4.4.1.2)–(4.4.1.5) yield

(DiDj |Z|)(zsusy,zsusy) = (∂i∂j |Z|)(zsusy,zsusy) = 0; (4.4.1.8)

(
DiDj |Z|

)
(zsusy,zsusy)

=
(
∂i∂j |Z|

)
(zsusy,zsusy)

=
1
2
|Z| (zsusy, zsusy; p, q)Gji (zsusy, zsusy) .

(4.4.1.9)

It is now possible to introduce the 2nV × 2nV complex Hessian matrix
H

|Z|
ı̂̂ of the function |Z| (z, z; p, q) in Mz,z, as follows:

H
|Z|
ı̂̂ (z, z; p, q) =



H

|Z|
ij H

|Z|
ij

H
|Z|
ji

H
|Z|
ij




≡



DiDj |Z| DiDj |Z|

DjDi |Z| DiDj |Z|


 =



DiDj |Z| DiDj |Z|

DiDj |Z| DiDj |Z|




=




i Z
2|Z|



i Z
2|Z|2 (DiZ)DjZ

+CijkG
kkDkZ


 1

4|Z| (DiZ)DjZ + 1
2 |Z|Gij

1
4|Z|

(
DiZ

)
DjZ + 1

2 |Z|Gji −i Z
2|Z|



−i Z

2|Z|2
(
DiZ

)
DjZ

+CijkG
kkDkZ







,

(4.4.1.10)
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where the hatted indices ı̂ and ̂ may be holomorphic or anti-holomorphic
(nφ = nV ):

ı̂, ̂ ∈
{

Holomorphic i-indices

1, . . . , nφ ,
Anti-holomorphic i-indices

nφ + 1, . . . ,mφ

}
. (4.4.1.11)

Thus, by evaluating at the point(s) (zsusy (p, q) , zsusy (p, q)) in Mz,z defined
by (4.4.1.1), the Hessian becomes

H
|Z|
ı̂̂ (zsusy (p, q) , zsusy (p, q) ; p, q)

= 1
2 |Z| (zsusy (p, q) , zsusy (p, q) ; p, q)

·


 0 Gij (zsusy (p, q) , zsusy (p, q))

Gji (zsusy (p, q) , zsusy (p, q)) 0


 ;

(4.4.1.12)

since Gij = Gji, we obtain

(
H

|Z|
ı̂̂ (zsusy (p, q) , zsusy (p, q) ; p, q)

)†
= H

|Z|
ı̂̂ (zsusy (p, q) , zsusy (p, q) ; p, q) .

(4.4.1.13)

Equation (4.4.1.13) means that the 2nV × 2nV complex Hessian matrix
H

|Z|
ı̂̂ evaluated at the 1

2 -BPS-SUSY preserving extreme BH attractor point(s)
(zsusy, zsusy) in Mz,z is Hermitian for any BH charge configuration. Conse-
quently, H |Z|

ı̂̂ (zsusy, zsusy; p, q) is always diagonalizable by a unitary trans-
formation, and it has 2nV real eigenvalues; from (4.4.1.12) and well-known
theorems of mathematical analysis, it then follows that for an arbitrary but
fixed BH charge configuration

(
pΛ, qΛ

)
∈ Γ

Gij (zsusy, zsusy) strictly positive (negative) definite

�
(zsusy, zsusy) at least local miminum (maximum) of |Z| (z, z; p, q) in Mz,z.

(4.4.1.14)

Since we assume that the SKG of Mz,z is regular, namely, that the metric
Gij is strictly positive definite everywhere, we obtain at least a local minimum
of |Z| at the 1

2 -BPS-SUSY preserving extreme BH attractor point(s). How-
ever, if we go beyond the regular regime of SKG, Gij may be singular (i.e., not
invertible) and/or without a well-defined definiteness (i.e., with some positive
as well as negative eigenvalues); in such a case, (4.4.1) yields that the eventu-
ally existing (at least local) maxima of |Z| are reached out of the regular SKG
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of Mz,z. In general, going beyond the regular regime of SKG, some “phase
transitions” may happen in Mz,z, corresponding to a breakdown of the 1-d
effective Lagrangian picture11 of 4-d (extreme) BHs presented in Subsects.
4.1–4.3, unless new massless states appear [55].

Moreover, by recalling (4.4.4) and using the very definition (4.4.1.1), the
value of the function VBH at the 1

2 -BPS-SUSY preserving extreme BH at-
tractor point(s) reads

VBH (zsusy, zsusy; p, q) = |Z|2 (zsusy, zsusy; p, q) , (4.4.1.15)

implying that the (semiclassical, leading order) entropy at such 1
2 -BPS-SUSY

preserving extreme BH attractor(s) is

SBH,susy = π |Z|2 (zsusy, zsusy; p, q) . (4.4.1.16)

Now, in order to establish if the points (zsusy, zsusy) are eventually maxima
or minima of VBH (z, z; p, q) inMz,z, we have at least to calculate the Kähler-
covariant second derivatives of VBH , and then evaluate them at (zsusy, zsusy).
By using (3.1.4), (4.4.1), (4.4.2), (4.4.3), and (4.4.5) and exploiting the validity
of the metric postulate in Mz,z, we obtain

DiDjVBH

= Di

[
2ZDjZ + iCjklG

kmGll
(
DmZ

) (
DlZ

)]

= 2
(
DiZ

)
DjZ + 2ZDiDjZ + i (DiCjkl)GkmGll

(
DmZ

) (
DlZ

)

+iCjkl

(
DiG

km
)
Gll

(
DmZ

) (
DlZ

)
+ iCjklG

km
(
DiG

ll
) (

DmZ
) (
DlZ

)

+iCjklG
kmGll

(
DiDmZ

) (
DlZ

)
+ iCjklG

kmGll
(
DmZ

) (
DiDlZ

)

= 2iCijkG
kk

(
DkZ

)
Z + i (DiCjkl)GkmGll

(
DmZ

) (
DlZ

)

+iCjklG
kmGllGimZDlZ + iCjklG

kmGll
(
DmZ

)
GilZ

= 2iCijkG
kk

(
DkZ

)
Z + i (DiCjkl)GkmGll

(
DmZ

) (
DlZ

)

+iCjklG
kmGllZ

(
GimDlZ +GilDmZ

)

11 Such a 1-d effective framework should be understood as being obtained by inte-
grating all massive states of the theory out
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= 2i
[
2CijkG

kkZDkZ + 1
2 (DiCjkl)GkmGll

(
DmZ

)
DlZ

]

= 2i
[
2C(ij)kG

kkZDkZ + 1
2

(
D(iCj)kl

)
GkmGll

(
DmZ

)
DlZ

]
;

(4.4.1.17)

DiDjVBH

= Di

[
2ZDjZ + iCjklG

kmGll
(
DmZ

) (
DlZ

)]

= 2
(
DiZ

)
DjZ + 2ZDiDjZ + i

(
DiCjkl

)
GkmGll

(
DmZ

) (
DlZ

)

+iCjkl

(
DiG

km
)
Gll

(
DmZ

) (
DlZ

)
+ iCjklG

km
(
DiG

ll
) (

DmZ
) (
DlZ

)

+iCjklG
kmGll

(
DiDmZ

) (
DlZ

)
+ iCjklG

kmGll
(
DmZ

) (
DiDlZ

)

= 2
(
DiZ

)
DjZ + 2Gji |Z|

2 + CjklG
kmGllCimkG

nk (DnZ)
(
DlZ

)

+CjklG
kmGllCilkG

nk (DnZ)
(
DmZ

)

= 2
(
DiZ

)
DjZ + 2Gji |Z|

2 + CjklG
kmGllGnk(DnZ)

(
CimkDlZ+CilkDmZ

)

= 2
[(
DiZ

)
DjZ +Gji |Z|

2 + CjklCimkG
kmGllGnk (DnZ)DlZ

]
,

(4.4.1.18)

where in the last lines of both equations we used the symmetry of the rank-3
tensor Cjkl: Cjkl = C(jkl), and in the last line of (4.4.1.17) also the symmetry
of the Kähler-covariant derivative of such a tensor (D[iCj]kl = 0, see (3.1.5)).

By using (3.1.3), (3.1.8), and (3.1.9)–(3.1.11), expression (4.4.1.18) can be
further elaborated as follows:
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DiDjVBH

= 2
[(
DiZ

)
DjZ +Gji |Z|

2 + CjklCimkG
kmGllGnk (DnZ)DlZ

]

= 2
[(
DiZ

)
DjZ +Gji |Z|

2 +
(
δn
j δ

l
i
+GnlGji −GllGnkRjilk

)
(DnZ)DlZ

]

= 2
[
Gji |Z|

2 +
(
2δn

j δ
l
i
+GnlGji −GllGnkRjilk

)
(DnZ)DlZ

]

= 2




(
∂i∂jK

)
|Z|2

+




2δn
j δ

l
i
+Gnl

(
∂i∂jK

)

+GllGnkGmm
(
∂k∂i∂mK

)
∂j∂m∂lK −GllGnk∂k∂l∂i∂jK


 ·

·
[(
∂n + 1

2∂nK
)
Z
] [(

∂l + 1
2∂lK

)
Z
]
.




.

(4.4.1.19)

On the other hand, by recalling (4.3.26) and the general properties of
Hermitian and Kählerian manifolds [37], one gets

DiDjVBH = Di∂jVBH

= ∂i∂jVBH + Γ k
ij ∂kVBH = ∂i∂jVBH +Gki∂i∂i∂jK∂kVBH ;

(4.4.1.20)

DiDjVBH = Di∂jVBH = ∂i∂jVBH . (4.4.1.21)

Since the Kähler potentialK and BH effective potential VBH are both assumed
to satisfy the Schwarz lemma in Mz,z, such equations respectively yield

DiDjVBH = DjDiVBH ; (4.4.1.22)

DiDjVBH = DjDiVBH , (4.4.1.23)

as it can be checked by looking at expressions (4.4.1.17), (4.4.1.18), and
(4.4.1.19).

For completeness, since DkZ =
(
∂k + 1

2∂kK
)
Z and Cjkl is a rank-3 com-

pletely symmetric, Kähler-covariantly holomorphic tensor with Kähler weights
(2,−2) for which then (see (3.1.21))

DiCjkl = ∂iCjkl + (∂iK)Cjkl − Γ m
ij Cmkl − Γ m

ik Cjml − Γ m
il Cjkm.

(4.4.1.24)

Equation (4.4.1.17) may be further elaborated as follows (by also recalling
(4.3.26)):
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DiDjVBH

= 4iCijkG
kkZDkZ + i

(
D(iCj)kl

)
GkmGll

(
DmZ

)
DlZ

= 4iCijkG
kkZ

[(
∂k + 1

2∂kK
)
Z
]

+i
[
∂(iCj)kl +

(
∂(iK

)
Cj)kl − Γ m

(ij) Cmkl − Γ m
(i|k C|j)ml − Γ m

(i|l C|j)km

]
·

·GkmGll
[(
∂m + 1

2∂mK
)
Z
] [(

∂l + 1
2∂lK

)
Z
]

= iGkm
[(
∂m + 1

2∂mK
)
Z
]
·

·




4ZCijk +Gll
[(
∂l + 1

2∂lK
)
Z
]
·

·
[
∂(iCj)kl+

(
∂(iK

)
Cj)kl−GmkCmkl∂k∂i∂jK−2GmkCml(j|∂k∂|i)∂kK

]

 .

(4.4.1.25)

Now, by evaluating at the point(s) (zsusy (p, q) , zsusy (p, q)) in Mz,z de-
fined by (4.4.1.1), (4.4.1.17), (4.4.1.25), (4.4.1.18), and (4.4.1.19) yield

(DiDjVBH)(zsusy,zsusy) = (∂i∂jVBH)(zsusy,zsusy) = 0; (4.4.1.26)

(
DiDjVBH

)
(zsusy,zsusy)

=
(
∂i∂jVBH

)
(zsusy,zsusy)

=

= 2 |Z|2 (zsusy, zsusy; p, q)Gji (zsusy, zsusy) .
(4.4.1.27)

As previously done for the function |Z|, it is now possible to introduce the
2nV × 2nV complex Hessian matrix HVBH

ı̂̂ of the function VBH (z, z; p, q) in
Mz,z, as follows:
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HVBH

ı̂̂ (z, z; p, q) =



HVBH

ij HVBH

ij

HVBH

ji
HVBH

ij




≡



DiDjVBH DiDjVBH

DjDiVBH DiDjVBH


 =



DiDjVBH DiDjVBH

DiDjVBH DiDjVBH




= 2




i




2CijkG
kkZDkZ+

+ 1
2D(iCj)kl·

·GkmGll
(
DmZ

)
DlZ







(DiZ)DjZ +Gij |Z|
2

+CjklCimkG
mkGllGkn·

·
(
DnZ

)
DlZ







(
DiZ

)
DjZ +Gji |Z|

2

+CjklCimkG
kmGllGnk·

· (DnZ)DlZ


 −i




2CijkG
kkZDkZ+

+ 1
2D(iCj)kl

·GmkGll (DmZ)DlZ







.

(4.4.1.28)

Thus, by evaluating at the point(s) (zsusy (p, q) , zsusy (p, q)) in Mz,z defined
by (4.4.1.1) and recalling (4.4.1.15), the Hessian becomes

HVBH

ı̂̂ (zsusy (p, q) , zsusy (p, q) ; p, q)

= 2 |Z|2 (zsusy (p, q) , zsusy (p, q) ; p, q)
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·


 0 Gij (zsusy (p, q) , zsusy (p, q))

Gji (zsusy (p, q) , zsusy (p, q)) 0




= 2VBH (zsusy (p, q) , zsusy (p, q) ; p, q)

·


 0 Gij (zsusy (p, q) , zsusy (p, q))

Gji (zsusy (p, q) , zsusy (p, q)) 0


 .

(4.4.1.29)

Since Gij = Gji, also in this case we obtain

(
HVBH

ı̂̂ (zsusy (p, q) , zsusy (p, q) ; p, q)
)†

=HVBH

ı̂̂ (zsusy (p, q) , zsusy (p, q) ; p, q) ,

(4.4.1.30)

i.e., the 2nV × 2nV complex Hessian matrix HVBH

ı̂̂ evaluated at the 1
2 -BPS-

SUSY preserving extreme BH attractor, point(s) (zsusy, zsusy) in Mz,z is
Hermitian for any BH charge configuration. Thus, HVBH

ı̂̂ (zsusy, zsusy; p, q)
is always diagonalizable by a unitary transformation, and it has 2nV real
eigenvalues; from (4.4.1.29) it then follows that, for an arbitrary but fixed BH
charge configuration

(
pΛ, qΛ

)
∈ Γ ,

Gij (zsusy, zsusy) strictly positive (negative) definite

�
(zsusy, zsusy) at least local miminum (maximum) of VBH (z, z; p, q) in Mz,z.

(4.4.1.31)

Such a result also follows from the comparison of H |Z|
ı̂̂ (zsusy, zsusy; p, q) (given

by (4.4.1.12)) with HVBH

ı̂̂ (zsusy, zsusy; p, q) (given by (4.4.1.29)), yielding

HVBH

ı̂̂ (zsusy, zsusy; p, q) = 4 |Z| (zsusy, zsusy; p, q)H |Z|
ı̂̂ (zsusy, zsusy; p, q)

= 4(VBH (zsusy, zsusy; p, q))1/2
H

|Z|
ı̂̂ (zsusy, zsusy; p, q) ,

(4.4.1.32)

where in the last line we recalled (4.4.1.15).
As mentioned above, since we assume that the SKG of Mz,z is regular,

we obtain at least a local minimum of VBH at the 1
2 -BPS-SUSY preserving
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extreme BH attractor point(s). However, different situations may arise if we
go beyond the regular regime of SKG; in such a case, (4.4.1) yields that the
eventually existing (at least local) maxima of VBH are reached out of the
regular SKG of Mz,z.

Summarizing, in the context of regular SKG of Mz,z, all 1
2 -BPS-SUSY

preserving extreme BH attractor points, defined by the differential (4.4.1.1)
(∀i = 1, . . . , nV ),

(∂i |Z|) (zsusy, zsusy; p, q) = 0 (4.4.1.33)
�

(DiZ) (zsusy, zsusy; p, q)

=
[
(∂iZ) (z, z; p, q) + 1

2 (∂iK) (z, z)Z (z, z; p, q)
]
(zsusy,zsusy)

= 0
(4.4.1.34)

⇓
(∂iVBH) (zsusy, zsusy; p, q) = 0, (4.4.1.35)

are (at least local) minima12 of both the real, positive functions VBH (z, z; p, q)
and |Z| (z, z; p, q), for the arbitrary but fixed BH charge configuration being
considered.

However, if one considers only one (p, q)-parameterized continuous branch
of VBH (z, z; p, q) and |Z| (z, z; p, q) in Mz,z, then just one critical point

(zsusy (p, q) , zsusy (p, q)) = limr→r+
H

(z (r) , z (r)) (4.4.1.36)

exists as solution of the set of nV complex differential equations (4.4.1.33)–
(4.4.1.34), and it is a global minimum for the (p, q)-parameterized continuous
branch of VBH (z, z; p, q) and |Z| (z, z; p, q) in Mz,z.

Clearly, the situation changes if, for the considered Sp (2nV + 2)-covariant
BH charge configuration

(
pΛ, qΛ

)
∈ Γ , more than one continuous branch of

VBH (z, z; p, q) and |Z| (z, z; p, q) may exist in Mz,z, or also if one considers
not only the continuous branch(es) of VBH and/or |Z|. In such cases, one
would obtain that a variety of critical points may exist, corresponding to (at
least local) minima of VBH and |Z| in Mz,z, in 1 : 1 correspondence with
possibly existing disconnected continuous branches of such functions, or in
(not necessarily 1 : 1) correspondence with eventually existing disconnected,
noncontinuous branches of VBH and |Z|.
12 Since the real functions |Z| and VBH are (strictly) positive in Mz,z, their stable

critical points are (at least local) minima. Because the attractor points are gener-
ally defined as stable critical points, it follows that in the considered framework
of regular SKG of Mz,z all critical points of |Z| and VBH are actually attractors.

In general, this does not continue to hold when the assumption of regularity
of SKG is removed
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Furthermore, by going beyond the regular SKG of Mz,z, and thus by ad-
mitting changes of definiteness of the Kählerian metric Gij , one would obtain
various possible cases13:

1.

Gij (zsusy (p, q) , zsusy (p, q)) strictly positive definite (4.4.1.37)

�
HVBH

ı̂̂ (zsusy, zsusy; p, q)

H
|Z|
ı̂̂ (zsusy, zsusy; p, q)


 strictly positive definite (4.4.1.38)

�
(zsusy (p, q) , zsusy (p, q)) = limr→r+

H
(z (r) , z (r))

(at least local) minimum for both VBH and |Z| in Mz,z

(for the considered
(
pΛ, qΛ

)
∈ Γ )

[proper 1
2 -BPS supersymmetric extreme BH attractor ];

(4.4.1.39)

2.

Gij (zsusy (p, q) , zsusy (p, q)) strictly negative definite (4.4.1.40)

�
HVBH

ı̂̂ (zsusy, zsusy; p, q)

H
|Z|
ı̂̂ (zsusy, zsusy; p, q)


 strictly negative definite (4.4.1.41)

�
(zsusy (p, q) , zsusy (p, q)) = limr→r+

H
(z (r) , z (r))

(at least local) maximum for both VBH and |Z| in Mz,z

(for the considered
(
pΛ, qΛ

)
∈ Γ );

(4.4.1.42)

13 Notice that the not strict positive (negative) definiteness of Gij at the critical
points (zsusy (p, q) , zsusy (p, q)) is only a necessary, but not necessarily a sufficient,
condition for them to be (at least local) minima (maxima) for the functions VBH

and |Z| in Mz,z.
Indeed, when the positive (negative) definiteness of Gij is not strict, explicit

counterexamples may be considered in which (zsusy (p, q) , zsusy (p, q)) is a saddle
point for VBH and |Z|. Thus, when the definiteness of Gij is not strict, in order
to discriminate between the different possibilities a more detailed investigation is
needed, for instance consisting in the study of the function VBH and/or |Z| in a
neighborhood of the considered critical point(s) (zsusy (p, q) , zsusy (p, q))
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3.

Gij (zsusy (p, q) , zsusy (p, q))
neither positive nor negative definite
(i.e., it has some positive, some negative,
and possibly some vanishing, eigenvalues)

(4.4.1.43)

�
HVBH

ı̂̂ (zsusy, zsusy; p, q)

H
|Z|
ı̂̂ (zsusy, zsusy; p, q)


 neither positive nor negative definite (4.4.1.44)

�
(zsusy (p, q) , zsusy (p, q)) = limr→r+

H
(z (r) , z (r))

saddle point for both VBH and |Z| in Mz,z

(for the considered
(
pΛ, qΛ

)
∈ Γ ).

(4.4.1.45)

Thus, when going beyond the regular SKG of the vector supermultiplets’
moduli space Mz,z, one gets a much richer casistics, for example consisting
in the possibility to have different maxima and minima, together with sad-
dle points, also for only one (p, q)-parameterized continuous branch of the
functions VBH (z, z; p, q) and |Z| (z, z; p, q). In such a nonregular geometric
framework, also disconnected and/or noncontinuous branch(es) of VBH and
|Z| might be considered.

In [77] Kallosh et al. performed a detailed analysis of the issue of the
uniqueness of the critical points of both VBH and |Z|, not necessarily relying
on the regularity of the Kähler geometry. They worked in the framework
of N = 2, d = 5 MESGT, whose moduli space is endowed with a “very
special” (or “real special”) Kähler geometry. An analogous approach in the
corresponding 4-d framework of SKG of the vector supermultiplets’ moduli
space Mz,z of nV -fold N = 2, d = 4 MESGT was sketchily outlined in [55].

4.4.2 Nonsupersymmetric Attractors

Let us now consider the case of the nonsupersymmetric, non-BPS (NON-
(BPS-)SUSY ) extreme BH attractors. They are stable critical points of
VBH (z, z; p, q), but not of |Z| (z, z; p, q), in Mz,z. In the considered context
of nV -fold N = 2, d = 4 MESGT, their existence has been firstly pointed out
in [55]; recently, they have been rediscovered and studied in a number of pa-
pers, also in not necessarily supersymmetric frameworks [61,66,71,72,78–80].
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The elements of such a particular class of critical points of VBH (z, z; p, q)
will be denoted as (znon−susy (p, q) , znon−susy (p, q)). They are horizon, at-
tractor vector supermultiplets’ scalar configurations which do not preserve
any supersymmetric degree of freedom out of the ones of the underlying
nV -fold N = 2, d = 4 MESGT. By recalling (4.4.5), they are defined
by the following set of differential conditions (also remind that we assume
Z (znon−susy (p, q) , znon−susy (p, q) ; p, q) 	= 0):







(DiVBH) (znon−susy (p, q) , znon−susy (p, q) ; p, q)

=
[
2ZDiZ + iCijkG

jmGkk
(
DmZ

) (
DkZ

)]
(znon−susy(p,q),znon−susy(p,q))

= 0,

∀i ∈ {1, . . . , nV } ;




(DiZ) (znon−susy (p, q) , znon−susy (p, q) ; p, q) 	= 0
�

(∂i |Z|) (znon−susy (p, q) , znon−susy (p, q) ; p, q) 	= 0,

i ∈ I ⊆ {1, . . . , nV } , I 	= ∅,
(4.4.2.1)

which may be fully explicited as follows:










2Z (z, z; p, q)
[(

∂i + 1
2
∂iK (z, z)

)
Z (z, z; p, q)

]

+iCijk (z, z) Gjm (z, z) Gkk (z, z)

·
[(

∂m + 1
2
∂mK (z, z)

)
Z (z, z; p, q)

]

·
[(

∂k + 1
2
∂kK (z, z)

)
Z (z, z; p, q)

]




(znon−susy(p,q),znon−susy(p,q))

= 0,

∀i ∈ {1, . . . , nV } ;




{(
∂i + 1

2
∂iK (z, z)

)
Z (z, z; p, q)

}
(znon−susy(p,q),znon−susy(p,q))

�= 0;

�

{∂i (|Z| (z, z; p, q))}(znon−susy(p,q),znon−susy(p,q)) �= 0;

i ∈ I ⊆ {1, . . . , nV } , I �= ∅.
(4.4.2.2)
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Thus, by inserting the explicit expressions of K (z, z), Cijk (z, z), and
Z (z, z; p, q) as input,14 the set of differential conditions (4.4.2.1) and (4.4.2.2)
should give, as output, the purely charge-dependent NON-(BPS-)SUSY ex-
treme BH attractors

(znon−susy (p, q) , znon−susy (p, q)) = limr→r+
H

(z (r) , z (r)) . (4.4.2.3)

Let us now reconsider the condition of criticality for VBH (z, z; p, q) in
Mz,z. From (4.4.5) it reads (∀i ∈ {1, . . . , nV })

2ZDiZ = −iCijkG
jmGkk

(
DmZ

) (
DkZ

)
; (4.4.2.4)

�

DiZ = − i

2
Z

|Z|2
CijkG

jmGkk
(
DmZ

) (
DkZ

)
; (4.4.2.5)

�

DiZ =
i

2
Z

|Z|2
CijkG

mjGkk (DmZ) (DkZ) . (4.4.2.6)

By using (4.4.2.4)–(4.4.2.6), the evaluation of (4.4.1.17) at the critical points
of VBH (z, z; p, q) in Mz,z yields

DiDjVBH |∂rVBH=0, ∀r∈{1,...,nV }

= 2i


 2CijkG

kkZDkZ

+ 1
2

(
D(iCj)kl

)
GkmGll

(
DmZ

)
DlZ




∂rVBH=0, ∀r∈{1,...,nV }

= 2i




iGkkCijkCklm
Z

2

|Z|2G
llGmm (DlZ)DmZ

− 1
8

Z
2

|Z|4
(
D(iCj)kl

)
CmnpClqr

·GkmGllGnnGppGqqGrr (DnZ) (DpZ) (DqZ)DrZ




∂rVBH=0, ∀r∈{1,...,nV }

14 It is worth recalling once again that, beside Gij = ∂j∂iK, the Kähler potential
K also determines the contravariant metric by the orthonormality condition

Gij∂j∂lK = δi
l .
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= 2i
{

Z
2

|Z|2 (DnZ) (DpZ)

·




i
(
δn
i δ

p
j + δp

i δ
n
j −GnnGppRinjp

)

− 1
8|Z|2

(
D(iCj)kl

)
CmnpClqr

·GkmGllGnnGppGqqGrr (DqZ)DrZ







∂rVBH=0, ∀r∈{1,...,nV }

= 2i
{

Z
2

|Z|2 (DnZ) (DpZ)

·




i
(
δn
i δp

j + δp
i δn

j − GnnGppRinjp

)

+ 1
8|Z|2

[
D(i|

(
GllGnnGppGqqGrrR|j)nlpClqr

)]
(DqZ) DrZ







∂rVBH=0, ∀r∈{1,...,nV }

.

(4.4.2.7)

In the last line of (4.4.2.7) we used the result

(DiCjkl)CmnpClqrG
kmGllGnnGppGqqGrr

= −D(i|

(
GllGnnGppGqqGrrR|j)nlpClqr

)
,

(4.4.2.8)

following from the metric postulate inMz,z, from the SKG constraints (3.1.3)
and from the Bianchi identities (3.1.6) for the Riemann–Christoffel tensor.

On the other hand, by means of the criticality conditions (4.4.2.4)–(4.4.2.6)
of VBH (holding for nonvanishing Z, as we assumed) and recalling (4.4.1.19),
we can express DiDjVBH at the critical points by using either holomorphic or
anti-holomorphic Kähler-covariant derivatives of Z, respectively as it follows:

DiDjVBH

∣∣
∂rVBH=0, ∀r∈{1,...,nV }

= 2



Gji |Z|

2

+
(
2δn

j δ
l
i
+GnlGji −GllGnkRjilk

)
(DnZ)DlZ




∂rVBH=0, ∀r∈{1,...,nV }
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= 2




Gji |Z|
2

+ i
2

Z
|Z|2

(
2δn

j δ
l
i
+GnlGji −GllGnkRjilk

)

·ClmpG
mmGpp (DnZ) (DmZ)DpZ




∂rVBH=0, ∀r∈{1,...,nV }

= 2




Gji |Z|
2

− i
2

Z
|Z|2

(
2δn

j δ
l
i
+GnlGji −GllGnkRjilk

)

·CnrsG
rrGss

(
DlZ

) (
DrZ

)
DsZ




∂rVBH=0, ∀r∈{1,...,nV }

.

(4.4.2.9)

Notice that expressions (4.4.2.7) and (4.4.2.9) are manifestly symmetric, as,
in general, it holds true for (4.4.1.17), (4.4.1.18), (4.4.1.19), and (4.4.1.25).

In general, (4.4.2.7) and (4.4.2.9) hold for every critical point of the func-
tion VBH (z, z; p, q) in Mz,z. In the case of 1

2 -BPS-SUSY preserving extreme
BH attractor point(s) (which, by definition (4.4.1.1) are also critical points of
the function |Z| (z, z; p, q)), such equations reduce to the much simpler expres-
sions (4.4.1.26) and (4.4.1.27), respectively. Thus, since we already treated the
1
2 -BPS-SUSY preserving extreme BH attractors in Subsect. 4.4.1, we will here
understand (4.4.2.7) and (4.4.2.9) in their nontrivial form in nV -fold N = 2,
d = 4 MESGT, i.e., evaluated at the NON-(BPS-)SUSY extreme BH attrac-
tor(s) which, by definitions (4.4.2.1) and (4.4.2.2), are critical points of VBH ,
but not of |Z|.

Thus, by evaluating the Hessian HVBH

ı̂̂ (z, z; p, q) at the point(s)
(znon−susy (p, q) , znon−susy (p, q)) in Mz,z defined by the differential condi-
tions (4.4.2.1) and (4.4.2.2), we get
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H
VBH
ı̂̂ (znon−susy (p, q) , znon−susy (p, q) ; p, q) =

=




2i Z
2

|Z|2 (DnZ) (DpZ) ·

·




i


 δn

i δp
j + δp

i δn
j +

−GnnGppRinjp


 +

− 1
8|Z|2

(
D(iCj)kl

)
CmnpClqr·

·GkmGllGnnGpp·

·GqqGrr (DqZ) DrZ




2




Gij |Z|2 +

− i
2

Z
|Z|2 ·

·




2δn
j

δl
i + GlnGij+

−GllGknRijkl


 ·

·ClmpGmmGpp·

·
(
DnZ

) (
DmZ

)
DpZ




2




Gji |Z|2 +

+ i
2

Z
|Z|2 ·

·




2δn
j δl

i
+ GnlGji+

−GllGnkRjilk


 ·

·ClmpGmmGpp·

· (DnZ) (DmZ) DpZ




−2i Z2

|Z|2
(
DnZ

) (
DpZ

)
·

·




−i




δn
i

δp

j
+ δp

i
δn
j
+

−GnnGppRnipj


 +

− 1
8|Z|2

(
D(iCj)kl

)
CmnpClqr·

·GmkGllGnnGpp·

·GqqGrr
(
DqZ

)
DrZ







non−susy

=

(4.4.2.10)
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=




2i Z2

|Z|2 (DnZ) (DpZ) ·

·




i


 δn

i δp
j + δp

i δn
j +

−GnnGppRinjp


 +

+ 1
8|Z|2 ·

·


D(i|


 GllGnnGppGqq·

·GrrR|j)nlpClqr





 ·

· (DqZ) DrZ




2




Gij |Z|2 +

+ i
2

Z
|Z|2 ·

·




2δn
j

δl
i + GlnGij+

−GllGknRijkl


 ·

·CnrsGrrGss·

· (DlZ) (DrZ) DsZ




2




Gji |Z|2 +

− i
2

Z
|Z|2 ·

·




2δn
j δl

i
+ GnlGji+

−GllGnkRjilk


 ·

·CnrsGrrGss·

·
(

DlZ
) (

DrZ
)

DsZ




−2i Z2

|Z|2

(
DnZ

) (
DpZ

)
·

·




−i




δn
i

δp

j
+ δp

i
δn

j
+

−GnnGppRnipj


 +

+ 1
8|Z|2 ·

·


D(i|




GllGnnGppGqq·

·GrrRn|j)plClqr





 ·

·
(

DqZ
)

DrZ







non−susy

,

(4.4.2.11)

where the subscript “non− susy” means that everything inside the matrix is
evaluated at the point(s) (znon−susy (p, q) , znon−susy (p, q)) in Mz,z defined
by the differential conditions (4.4.2.1) and (4.4.2.2).

It is worth pointing out that at the critical points of VBH the Kähler-
covariant Hessian of VBH coincides with the “flat,” ordinary Hessian, defined
through ordinary derivatives:
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HVBH

ı̂̂ (z, z; p, q)
∣∣∣
∂rVBH=0, ∀r∈{1,...,nV }

=



HVBH

ij HVBH

ij

HVBH

ji
HVBH

ij




∂rVBH=0, ∀r∈{1,...,nV }

≡


DiDjVBH DiDjVBH

DjDiVBH DiDjVBH




∂rVBH=0, ∀r∈{1,...,nV }

=


 ∂i∂jVBH ∂i∂jVBH

∂j∂iVBH ∂i∂jVBH




∂rVBH=0, ∀r∈{1,...,nV }

.

(4.4.2.12)

This is clearly due to the fact that the (regular) special Kähler moduli space
Mz,z is linearly connected (see (4.4.1.20) and (4.4.1.21)).

Now, by knowing the explicit expressions of the functions Z (z, z; p, q),
K (z, z), and Cijk (z, z), and by solving the differential conditions (4.4.2.1) and
(4.4.2.2), one should explicitly calculate the Hessian HVBH

ı̂̂ (znon−susy (p, q) ,
znon−susy (p, q) ; p, q) given by (4.4.2.10) and (4.4.2.11) and study, case by case
(if more than one solution exists to (4.4.2.1) and (4.4.2.2)), the definiteness
of such an Hessian, i.e., the sign of its eigenvalues.

By denoting HVBH

ı̂̂ (znon−susy (p, q) , znon−susy (p, q) ; p, q) ≡ HVBH

ı̂̂,non−susy

(p, q), it is immediate to check that the Hessian HVBH

ı̂̂,non−susy (p, q) is not Her-
mitian:

(
HVBH

ı̂̂,non−susy (p, q)
)†

=



HVBH

ij,non−susy
(p, q) HVBH

ij,non−susy
(p, q)

HVBH

ji,non−susy
(p, q) HVBH

ij,non−susy (p, q)




	=



HVBH

ij,non−susy (p, q) HVBH

ij,non−susy
(p, q)

HVBH

ji,non−susy
(p, q) HVBH

ij,non−susy
(p, q)




= HVBH

ı̂̂,non−susy (p, q) .
(4.4.2.13)
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Such a nonhermiticity is, in general, due to the diagonal terms of the
above block-diagonal arrangement, i.e., essentially to the nV × nV matrix
HVBH

ij,non−susy (p, q), which is symmetric but, in general, not real, and therefore
not Hermitian (see also [72]).

Let us now evaluate the BH effective potential function VBH at its critical
points. By using (4.4.4), (4.4.5), and (4.4.2.4)–(4.4.2.6), one gets that the
(semiclassical, leading order) BH entropy reads

SBH = π VBH |∂rVBH=0, ∀r∈{1,...,nV }

= π
{
|Z|2 +Gii (DiZ)DiZ

}
∂rVBH=0, ∀r∈{1,...,nV }

= π



|Z|2

+ 1
4

Gii

|Z|2CijkCijnG
jmGkkGmjGnn

(
DmZ

) (
DkZ

)
(DmZ)DnZ




∂rVBH=0,

∀r∈{1,...,nV }

= π



|Z|2

+ 1
4|Z|2C

imkC
mn

i

(
DmZ

) (
DkZ

)
(DmZ)DnZ




∂rVBH=0, ∀r∈{1,...,nV }

.

(4.4.2.14)

Thus, the (semiclassical, leading order) BH entropy at the NON-(BPS-)SUSY
extreme BH attractor(s) is

SBH,non−susy ≡ SBH (znon−susy (p, q) , znon−susy (p, q) ; p, q)

= π
{
|Z|2 + 1

4|Z|2C
imkC

mn

i

(
DmZ

) (
DkZ

)
(DmZ)DnZ

}
non−susy

= π

{
|Z|2 + 1

4|Z|2

∣∣∣CijkG
jmGkk

(
DmZ

)
DkZ

∣∣∣2
}

non−susy

,

(4.4.2.15)

where the subscript “non−susy” in the r.h.s. has the same meaning as above.∣∣∣CijkG
jmGkk

(
DmZ

)
DkZ

∣∣∣2 is the square norm of the complex, Kähler

gauge-invariant covariant vector CijkG
jmGkk

(
DmZ

)
DkZ in Mz,z. Since we
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assume the SKG of Mz,z to be regular, i.e., that the metric tensor Gij is
strictly positive definite in all Mz,z, it holds true that

∣∣∣CijkG
jmGkk

(
DmZ

)
DkZ

∣∣∣2 ≡ CimkC
mn

i

(
DmZ

) (
DkZ

)
(DmZ)DnZ � 0,

(4.4.2.16)
vanishing iff

CijkG
jmGkk

(
DmZ

)
DkZ = 0,∀i ∈ {1, . . . , nV } . (4.4.2.17)

Notice that condition (4.4.2.17) is trivially satisfied at the 1
2 -BPS-SUSY pre-

serving extreme BH attractor point(s) defined by the differential conditions
(4.4.1.1). However, it might happen also that, depending on the BH charge
configuration

(
pΛ, qΛ

)
∈ Γ and on the explicit expressions of Cijk, K and Z,

condition (4.4.2.17) is satisfied at some particular NON-(BPS-)SUSY extreme
BH attractor(s).

Thus, by recalling (4.4.1.16) one gets that the BH entropy SBH,non−susy

at the NON-(BPS-)SUSY extreme BH attractor(s) is larger than the entropy
SBH,susy at the 1

2 -BPS-SUSY preserving extreme BH attractor point(s) (hav-
ing the same |Z|2). In other words, by assuming

|Z|2 (zsusy (p, q) , zsusy (p, q) ; p, q)

= |Z|2 (znon−susy (p, q) , znon−susy (p, q) ; p, q) ≡ |Z| ‘2cr (p, q) ,
(4.4.2.18)

it holds that

∆ (p, q) ≡ SBH,non−susy − SBH,susy

= π
4

[
1

|Z|2C
imkC

mn

i

(
DmZ

) (
DkZ

)
(DmZ)DnZ

]
non−susy

� 0.

(4.4.2.19)

The above expressions can be further elaborated by using the SKG constraints
expressed by (3.1.3).

Consequently, at the NON-(BPS-)SUSY extreme BH attractor(s) it holds
that
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[
Gii (DiZ)DiZ

]
non−susy

=
[

1
4

Gii

|Z|2CilmCinpG
llGmmGnnGpp

(
DlZ

) (
DmZ

)
(DnZ)DpZ

]
non−susy

=

[
1

4|Z|2 (GlnGmp +GlpGmn −Rlnmp)

·GllGmmGnnGpp
(
DlZ

) (
DmZ

)
(DnZ)DpZ

]

non−susy

=
[

1
4|Z|2

(
GnlGpm +GnmGpl −Rlnmp

) (
DlZ

) (
DmZ

)
(DnZ)DpZ

]
non−susy

=
{

1
4|Z|2

[
2
(
GiiDiZDiZ

)2

−Rlnmp

(
D

l
Z
)(

D
m
Z
)(
DnZ

)
DpZ

]}
non−susy

.

(4.4.2.20)

Now, by recalling that in a (commutative) Kähler manifold the completely
covariant Riemann–Christoffel tensor Rijlm is given by (3.1.8) and the SKG
constraints may correspondingly be rewritten as in (3.1.9)–(3.1.11), the ob-
tained result may be further elaborated by writing

[
GiiDiZDiZ

]
non−susy

=




1
4|Z|2




2
(

GiiDiZDiZ
)2

−


 ∂n∂l∂p∂mK

−Grs
(
∂s∂l∂mK

) (
∂r∂n∂pK

)

 (

D
l
Z
) (

D
m

Z
) (

DnZ
)

DpZ







non−susy

.

(4.4.2.21)

Summarizing, in the (regular) SKG of Mz,z, the following expressions for the
(semiclassical, leading order) BH entropy SBH = πVBH at the
NON-(BPS-)SUSY extreme BH attractor(s) are equivalent:

SBH,non−susy

= π
[
|Z|2 + GiiDiZDiZ

]
non−susy

= π




|Z|2

+ 1
4

Gii

|Z|2 CijkCijnGjmGkkGmjGnn
(
DmZ

) (
DkZ

)
(DmZ) DnZ




non−susy
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= π




|Z|2

+ 1
4|Z|2

[
2
(
GiiDiZDiZ

)2
− Rlnmp

(
D

l
Z
) (

D
m

Z
) (

DnZ
)

DpZ

]



non−susy

= π




|Z|2 + 1
4|Z|2 GllGmm

(
DlZ

) (
DmZ

)

·
[
2 (DlZ) DmZ − RlnmpGnnGpp (DnZ) DpZ

]



non−susy

= π




|Z|2 + 1
4|Z|2 GllGmm

(
DlZ

) (
DmZ

)

·




2 (DlZ) DmZ

−
[
∂n∂l∂p∂mK − Grs

(
∂s∂l∂mK

) (
∂r∂n∂pK

)]

·GnnGpp (DnZ) DpZ







non−susy

.

(4.4.2.22)

It is interesting to analyze the case of only one complex modulus z more in
depth (see [72]). In this case i = 1, i = 1. Let us define the following quantities
(assumed to be nonvanishing):

R1111 ≡ R ∈ R0;

G11 = ∂z∂zK ≡ G ∈ R
+
0 ;

C111 ≡ C ∈ C0;

D1Z = DzZ ≡ DZ ∈ C0;

(4.4.2.23)

notice that the regularity of the SKG of Mz,z (in this case dimCMz,z = 1)
implies the strict positivity of G11, whose inverse is the unique component of
the completely contravariant metric tensor

G11 = (G11)
−1 =

(
∂z∂zK

)−1 ≡ G−1. (4.4.2.24)

Moreover, in this case the defining conditions (4.4.2.1) and (4.4.2.2) read



(DZ)non−susy = − i
2

[
Z

|Z|2 C
(
∂z∂zK

)−2 (
DZ

)2
]

non−susy
;

(DZ)non−susy 	= 0.

(4.4.2.25)

By expliciting DZ, condition (4.4.2.25) may be reformulated as the following
differential condition on the Kähler potential K (z, z):
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0 	=
[
∂zZ + 1

2 (∂zK)Z
]
non−susy

= − i
2

[
Z

|Z|2 C
(
∂z∂zK

)−2 (
∂zZ + 1

2

(
∂zK

)
Z
)2
]

non−susy
.

(4.4.2.26)

Thus, one gets

SBH,non−susy

= π
[
|Z|2 + G−1 |DZ|2

]
non−susy

= π
{
|Z|2 + 1

4|Z|2 G
−5 |C|2 |DZ|4

}
non−susy

= π
{
|Z|2 + 1

4|Z|2
[
2G−2 |DZ|4 − G−4R|DZ|4

]}
non−susy

= π
{
|Z|2 + 1

4|Z|2 G
−2 |DZ|4

[
2 − G−2R

]}
non−susy

= π




|Z|2 + 1
4|Z|2

(
∂z∂zK

)−2
|DZ|4

·
[
2 −

(
∂z∂zK

)−2
(

∂2
z∂

2
zK −

(
∂z∂zK

)−1 ∣∣∣∂z∂2
zK

∣∣∣2
)]




non−susy

.

(4.4.2.27)

The second and third lines of such an expression yield that

4 |Z|2
∣∣∣
non−susy

=
(
G−4 |C|2 |DZ|2

)
non−susy

; (4.4.2.28)

�

|DZ|2
∣∣∣
non−susy

= 4

(
G4

|C|2
|Z|2

)

non−susy

. (4.4.2.29)

By substituting such a result back into (4.4.2.27), one gets

SBH,non−susy

= π
[
|Z|2

(
1 + 4 G3

|C|2
)]

non−susy

= π
{
|Z|2

[
1 + 4 G6

|C|4
(
2 − G−2R

)]}
non−susy

= π



|Z|2




1 + 4
(∂z∂zK)6

|C|4

·
[
2 −

(
∂z∂zK

)−2
(

∂2
z∂

2
zK −

(
∂z∂zK

)−1 ∣∣∣∂z∂2
zK

∣∣∣2
)]







non−susy

.

(4.4.2.30)
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Thus, by considering two (sets of) NON-(BPS-)SUSY and 1
2 -BPS-SUSY pre-

serving extreme BH attractors with the same |Z|2cr (p, q) (see (4.4.2.18)), one
obtains that

0 � ∆(p,q)

π|Z|2cr(p,q)

≡ SBH,non−susy−SBH,susy

π|Z|2cr(p,q)

= 4
(

G3

|C|2
)

non−susy
= 4

[
G6

|C|4
(
2 − G−2R

)]
non−susy

= 4

{
(∂z∂zK)6

|C|4

[
2 −

(
∂z∂zK

)−2
(

∂2
z∂

2
zK −

(
∂z∂zK

)−1 ∣∣∣∂z∂2
zK

∣∣∣2
)]}

non−susy

.

(4.4.2.31)

By recalling that we assume Z 	= 0 in all Mz,z, the positivity of ∆ (p, q)
implies that the following relations hold in all Mz,z:

∆ (p, q) � 0;
�

R|non−susy � 2 G2
∣∣
non−susy

; (4.4.2.32)

�[
∂2

z∂
2

zK −
(
∂z∂zK

)−1 ∣∣∂z∂
2
zK

∣∣2]
non−susy

� 2
(
∂z∂zK

)2
∣∣∣
non−susy

.

(4.4.2.33)

By identifying the attractor points as fixed moduli configurations on the
EH of an extremal BH, the differential conditions (4.4.1.1) and (4.4.2.1) and
(4.4.2.2) defining the above treated two classes of extreme BH attractors may
be considered as the differential form of the so-called attractor equations.
They may respectively be rewritten as follows:

∀i = 1, . . . , nV :


(DiZ) (zsusy (p, q) , zsusy (p, q) ; p, q) = 0;

�
{[

∂i + 1
2
∂iK (z, z)

]
Z (z, z; p, q)

}
(zsusy(p,q),zsusy(p,q)) = 0;

�{[
∂i + 1

2
∂iK (z, z)

] [
qΛLΛ (z, z) − pΛMΛ (z, z)

]}
(zsusy(p,q),zsusy(p,q)) = 0;

(4.4.2.34)
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∀i = 1, . . . , nV :

(∂iVBH) (znon−susy (p, q) , znon−susy (p, q) ; p, q) = 0;

�
[
2ZDiZ + iCijkG

jmGkk
(
DmZ

) (
DkZ

)]
(znon−susy(p,q),znon−susy(p,q))

= 0.

i ∈ I ⊆ {1, ..., nV } , I 	= ∅ :

(DiZ) (znon−susy (p, q) , znon−susy (p, q) ; p, q) 	= 0.

(4.4.2.35)

Equations (4.4.2.34) are the differential forms of the 1
2 -BPS extreme BH at-

tractor equations, whereas (4.4.2.35) are an equivalent reformulation of the
non-BPS extreme BH attractor equations. When the symplectic, Kähler-
covariantly holomorphic sections LΛ (z, z) and MΛ (z, z) appear, clearly the
equations strictly pertain to N = 2, d = 4 nV -fold MESGT.

By inserting as input the BH charge configuration
(
pΛ, qΛ

)
∈ Γ , the

Kähler potential K (z, z) and the symplectic, Kähler-covariantly holomor-
phic complex sections LΛ and MΛ of the U(1)-bundle over Mz,z, the dif-
ferential equations (4.4.2.34) and (4.4.2.35) output (if any) the

(
pΛ, qΛ

)
-

dependent extreme BH attractors
(
zi

susy (p, q) , zi
susy (p, q)

)
( 1
2 -BPS-SUSY)

and
(
zi

non−susy (p, q) , zi
non−susy (p, q)

)
(non-BPS-SUSY), respectively. Due to

the homogeneity of degree 1 (under a complex rescaling) in the BH charges,
the actual independent real degrees of freedom are 2nV , and not 2nV + 2.
This is perfectly consistent with the nV complex moduli configurations fixed
by the differential attractor equations (4.4.2.34) and (4.4.2.35) at the EH of
the BH.

A completely equivalent formulation of the attractor equations for extreme
BHs in N = 2, d = 4 nV -fold MESGT may be obtained by evaluating at the
attractor point(s) – to be found – some identities previously obtained in the
context of the SKG of Mz,z.

In order to determine the most general reformulation of the attractor equa-
tions, let us recall the fundamental SKG vector identity (3.2.104), by stressing
the moduli dependence of its terms

n− iεM (N (z, z))n

= −2iV (z, z)Z (z, z; p, q)− 2iGii (z, z) (DiV ) (z, z)
(
DiZ

)
(z, z; p, q) ,

(4.4.2.36)
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where the (2nV + 2)× 1 symplectic vectors V and n are respectively defined
by (3.1.23) and (3.2.35), and as above we renamed nΛ

m ≡ pΛ and ne
Λ ≡ qΛ.

Let us now evaluate such an identity at the most general critical points
of the effective BH potential function VBH (z, z; p, q) in Mz,z. In order to do
this, we recall the condition of criticality for VBH (z, z; p, q) in Mz,z, which
for Z 	= 0, is expressed by (4.4.2.6):

DiZ =
i

2
Z

|Z|2
CijkG

jjGkk (DjZ)DkZ, ∀i ∈ {1, . . . , nV } . (4.4.2.37)

By substituting the criticality condition (4.4.2.37) back into the Sp(2nV +2)-
covariant vector identity (4.4.2.36), one obtains

n − iε M (N )|∂V =0 n =

[
−2iV Z +

Z

|Z|2
CijkGiiGjjGkk (DiV ) (DjZ) DkZ

]

∂V =0

,

(4.4.2.38)

where “∂V = 0” denotes the evaluation at the critical points of VBH in Mz,z.
Equation (4.4.2.38) is the most general, Sp(2nV +2)-covariant formulation

of the attractor equations for the considered class of extreme BHs in N = 2,
d = 4, nV -fold MESGT. Once again, the counting of degrees of freedom is
consistent: due to the homogeneity of degree 1 (under a complex rescaling) in
the BH charges, the actual independent real degrees of freedom are 2nV , and
not 2nV + 2.

Here we shortly note that for critical points of VBH with Z = 0 Eqs. (4.4.2.4)
and (4.4.2.38) gets simplified respectively as follows:

CijkG
jmGkkDmZDkZ = 0 ; (4.4.2.39)

n− iεM (N )|∂V =0 n = −2i
[
GiiDiV DiZ

]
∂V =0

. (4.4.2.40)

Even though in what follows we will usually assume Z 	= 0, the critical points
of VBH with Z = 0 have been recently investigated in particular geometric
frameworks [209].

By recalling the symplectic-orthogonality relations (3.2.105) and using the
criticality condition (4.4.2.37), (4.4.2.38) may also be equivalently rewritten
as follows: 



〈V, n− iεM (N )n〉∂V =0 = −2 Z|∂V =0 ;

〈
V , n− iεM (N )n

〉
∂V =0

= 0;

〈DiV, n− iεM (N )n〉∂V =0 = 0;

〈
DiV, n− iεM (N )n

〉
∂V =0

= −2
(
DiZ

)
∂V =0

= −i
[

Z
|Z|2CijkG

jjGkk (DjZ)DkZ
]

∂V =0
.

(4.4.2.41)
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The real and imaginary parts of (4.4.2.38) respectively yield

n = 2

{
Im

[
ZV +

i

2
Z

|Z|2
CijkG

iiGjjGkk (DjZ) (DkZ)DiV

]}

∂V =0

= −2

{
Im

[
ZV − i

2
Z

|Z|2
CijkG

iiGjjGkk
(
DjZ

) (
DkZ

)
DiV

]}

∂V =0

;

(4.4.2.42)

ε M (N )|∂V =0 n| = 2

{
Re

[
ZV +

i

2

Z

|Z|2
CijkGiiGjjGkk (DjZ) (DkZ) DiV

]}

∂V =0

= 2

{
Re

[
ZV − i

2

Z

|Z|2
CijkGiiGjjGkk

(
DjZ

) (
DkZ

)
DiV

]}
∂V =0

,

(4.4.2.43)

implying, in turn
{

Re
[
ZV + i

2
Z

|Z|2 CijkGiiGjjGkk (DjZ) (DkZ) DiV
]}

∂V =0

= ε M (N )|∂V =0

{
Im

[
ZV + i

2
Z

|Z|2 CijkGiiGjjGkk (DjZ) (DkZ) DiV
]}

∂V =0
.

(4.4.2.44)

It is interesting to notice that, as it is evident by looking for instance at
(4.4.2.42), at the critical points of VBH the coefficients of V and DiV in the
attractor equations have the same holomorphicity in the central charge Z,
i.e., they may be expressed only in terms of Z and DiZ, without considering
Z and DiZ. Such a fact does not happen in a generic point of Mz,z, as it
is easy to realize by looking, e.g., at the identity (3.2.106). As it is evident,
the price to be paid in order to obtain the same holomorphicity in Z at the
critical points of VBH is the fact that the coefficient of DiV is not linear in
some Kähler-covariant derivative of Z any more, and now it also explicitly
depends on the rank-3 tensor Cijk.

The vector notation of (4.4.2.42) may be explicited as follows:
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pΛ

qΛ




= 2


Im


Z




L
Λ

MΛ


 + i

2
Z

|Z|2 CijkGiiGjjGkk (DjZ) (DkZ)




DiL
Λ

DiMΛ








∂V =0

= −2


Im


Z




LΛ

MΛ


 − i

2
Z

|Z|2 CijkGiiGjjGkk
(
DjZ

) (
DkZ

)



DiL
Λ

DiMΛ








∂V =0

.

(4.4.2.45)

We may now specialize such an expression for the two classes of extreme
BH attractors in N = 2, d = 4, nV -fold MESGT, namely for the 1

2 -BPS-SUSY
and non(-BPS)-SUSY ones.

At the 1
2 -BPS-SUSY extreme BH attractors (4.4.2.45) greatly simplifies

because DiZ = 0 ∀i, and one finally gets


 pΛ

qΛ


 = 2


Im


 ZL

Λ

ZMΛ





(zsusy(p,q),zsusy(p,q))

= i


 ZLΛ − ZL

Λ

ZMΛ − ZMΛ




(zsusy(p,q),zsusy(p,q))

.

(4.4.2.46)

This is an equivalent, purely algebraic form of the 1
2 -BPS-SUSY extreme BH

attractor equations (4.4.2.34). It may be fully explicited by writing


 pΛ

qΛ


 = 2


Im




[
qΣLΣ (z, z) − pΣMΣ (z, z)

]
L

Λ
(z, z)

[
qΣLΣ (z, z) − pΣMΣ (z, z)

]
MΛ (z, z)





(zsusy(p,q),zsusy(p,q))

.

(4.4.2.47)

By inserting as input the BH charge configuration
(
pΛ, qΛ

)
∈ Γ and the sym-

plectic, Kähler-covariantly holomorphic complex sections LΛ and MΛ of the
U(1)-bundle over Mz,z, (4.4.2.46) and (4.4.2.47) output (if any) the

(
pΛ, qΛ

)
-

dependent 1
2 -BPS-SUSY extreme BH attractors

(
zi

susy (p, q) , zi
susy (p, q)

)
. It

is worth pointing out that (4.4.2.46) and (4.4.2.47) are purely algebraic ones,
whereas (4.4.2.34) are differential equations, thus, in general, much more com-
plicated to be solved. Consequently, at least in the case of 1

2 -BPS-SUSY ex-
treme BH attractors, the use of the SKG identities allows one to greatly
simplify the search of fixed points in the radial evolution of the moduli con-
figurations.
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The situation is more complicated at the non(-BPS)-SUSY extreme BH
attractors, because at such points DiZ 	= 0 for some value(s) of the index i.
Equation (4.4.2.45) holds in its fully general form:


pΛ

qΛ




= 2




Im




Z


 L

Λ

MΛ




+ i
2

Z
|Z|2CijkG

iiGjjGkk

· (DjZ) (DkZ)


 DiL

Λ

DiMΛ










(znon−susy(p,q),znon−susy(p,q))

.

(4.4.2.48)

This is an equivalent form of the non-BPS-SUSY extreme BH attractor equa-
tions (4.4.2.35), which may be fully explicited by writing


 pΛ

qΛ




= 2




Im




[
qΣLΣ (z, z) − pΣMΣ (z, z)

]

 L

Λ
(z, z)

MΛ (z, z)




+ i
2

[
q∆L∆ (z, z) − p∆M∆ (z, z)

]−1

·Cijk (z, z) Gii (z, z) Gjj (z, z) Gkk (z, z)

·
[
∂j + 1

2
∂jK (z, z)

] [
qΞLΞ (z, z) − pΞMΞ (z, z)

]

·
[
∂k + 1

2
∂kK (z, z)

] [
qΘLΘ (z, z) − pΘMΘ (z, z)

]

·




[
∂i + 1

2
∂iK (z, z)

]
LΛ (z, z)

[
∂i + 1

2
∂iK (z, z)

]
MΛ (z, z)










(znon−susy(p,q),znon−susy(p,q))

.

(4.4.2.49)

In this case, beside the BH charge configuration
(
pΛ, qΛ

)
∈ Γ and the sym-

plectic, Kähler-covariantly holomorphic complex sections LΛ and MΛ of the
U(1)-bundle over Mz,z, the input of (4.4.2.48) and (4.4.2.49) also necessar-
ily includes the Kähler potential K (z, z) (and consequently the contravariant
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metric tensor Gij (z, z)) and the completely symmetric, Kähler-covariantly
holomorphic complex rank-3 tensor Cijk (z, z). The solutions of (4.4.2.48) and
(4.4.2.49) (if any) are the

(
pΛ, qΛ

)
-dependent non(-BPS)-SUSY extreme BH

attractors
(
zi

non−susy (p, q) , zi
non−susy (p, q)

)
. Differently from the previous

supersymmetric case, both (4.4.2.48), (4.4.2.49), and (4.4.2.35) are differen-
tial equations, in general hard to be solved.

Concerning the non-BPS, Z = 0 critical points of VBH (denoted by
(znon−susy,Z=0(p, q), znon−susy,Z=0(p, q))), here we just mention that the real
part of Eq. (4.4.2.40) yields the differential equation


pΛ

qΛ


 = 2


Im


GiiDiZ


 DiL

Λ

DiMΛ






(znon−susy,Z=0(p,q),znon−susy,Z=0(p,q))


 .

(4.4.2.50)



5

Black Hole Thermodynamics and Geometry

In the previous section we have seen that, in the context of nV -fold, N = 2,
d = 4 MESGT, the fundamental properties of 4-d extreme BHs may be de-
scribed by the “BH effective potential” function V (z, z; p, q), and in particular
by its critical points in the moduli space Mz,z, which is endowed with a (reg-
ular) special Kähler geometry. New insights can be gained by considering the
formalism of the geometric approach to the thermodynamical fluctuation the-
ory. Once again, we will mainly follow Ferrara, Gibbons, and Kallosh [55] (for
a complete review, see, e.g., [82]).

5.1 Geometric Approach to Thermodynamical
Fluctuation Theory

In the attempt to geometrize the fluctuations in thermodynamical theories,
the first metric to be encountered is Weinhold’s one. Weinhold suggested to use
as a metric the Hessian of the energy M , considered as a function of n+1 ex-
tensive variables Nµ = (S,Na), where S is the entropy and Na, a = 1, . . . , n,
are conserved numbers (lower Greek indices run 0, 1, . . . , n throughout, unless
otherwise indicated):

M = M (S,Na) = M (Nµ) . (5.1.1)

The (real) extensive variables Nµ’s may be considered as coordinates in the
(real) (n+ 1)-d extensive thermodynamical configuration space N . Notice
that in such a formulation, the volume of an ordinary gas should be included
as one of the Na’s. In the case of BHs, the Na’s include conserved charges,
angular momenta (in the nonstatic case), and also the values φi

∞ of the moduli
at spatial infinity.

Thus, in conventional thermodynamics the Weinhold metric Wµν is defined
as

Wµν (N) ≡ ∂2M (N)
∂Nµ∂Nν

. (5.1.2)

S. Bellucci et al.: Supersymmetric Mechanics – Vol. 2, Lect. Notes Phys. 701, 141–175 (2006)
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Since in conventional thermodynamics the energy is always the least among
the equilibrium configurations with a given entropy S and conserved total
numbers Na’s, the Weinhold metric Wµν is always (not necessarily strictly)
positive definite.

It should be pointed out that the (geo)metric structure of the (n+ 1)-d
extensive thermodynamical configuration space N and the metric structure
given by the covariant Weinhold metric Wµν are, in general, completely dif-
ferent. Usually, in conventional thermodynamics the space N of the (exten-
sively parameterized) thermodynamical configurations is flat, endowed with a
(n+ 1)-d Euclidean metric δµν , whereas Wµν (N), describing the (extensively
parameterized) thermodynamical fluctuations, is, in general, nontrivially flat
(see (5.1.2)).

By differentiating (5.1.1), one gets

dM (N) =
∂M (N)

∂S
dS +

∂M (N)
∂Na

dNa ≡ TdS + µadN
a, (5.1.3)

where the temperature T and the potentials µa’s are the intensive variables
µµ = (T, µa) canonically conjugated to the Nµ’s:

µµ (N) :



πS ≡ ∂M(N)

∂S ≡ T (N) ;

(πNa)Weinhold ≡ πa ≡ ∂M(N)
∂Na ≡ µa (N) .

(5.1.4)

The (real) intensive variables µµ’s may be considered as coordinates in the
(real) (n+ 1)-d intensive thermodynamical configuration space N̂ , which is
the intensive counterpart of N , i.e., the intensively parameterized space of
the thermodynamical configurations of the physical system being considered.
The space N̂ generally inherits the metric structure of N , and it is thus
flat, endowed with a (n+ 1)-d Euclidean (contravariant) metric δµν . System
(5.1.4), assumed to be determined, solvable and invertible, defines the change
of parametrization of the thermodynamical configuration space of the physical
system being considered: from extensive to intensive variables, and vice versa.

By Legendre-transforming the energy M w.r.t. the extensive variables
Nµ’s, one gets the (opposite of the) Gibbs free energy G (µ)

L (M) ≡ πSS + (πNa)Weinhold N
a −M

= TS (µ) + µaN
a (µ)−M (N (µ)) = −G (µ) , (5.1.5)

where system (5.1.4) has been inverted in order to give Nµ = Nµ (µ). Clearly,
(5.1.5) yields

M + L (M) = M −G = TS +Naµa = Nµµµ. (5.1.6)

By differentiating (5.1.5) and using (5.1.3), one gets
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dG = −d (L (M)) = dM − SdT − TdS − µadN
a −Nadµa

= TdS + µadN
a − SdT − TdS − µadN

a −Nadµa

= −SdT −Nadµa = −Nµdµµ. (5.1.7)

Thus, the inversion of definition (5.1.2) yields

Wµν (µ) ≡ ∂2 (L (M)) (µ)
∂µµ∂µν

= −∂2G (µ)
∂µµ∂µν

, (5.1.8)

with

Wµρ (µ (N))Wρν (N) = δµ
ν ⇐⇒

∂2G (µ (N))
∂µµ∂µρ

∂2M (N)
∂Nρ∂Nν

= −δµ
ν , ∀Nσ,

(5.1.9)

where µµ = µµ (N) is given by system (5.1.4). Once again, it is worth distin-
guishing the flat, Euclidean (geo)metric structure of the (n+ 1)-d intensive
thermodynamical configuration space N̂ and the metric structure, in general
nontrivially flat, given by the contravariant Weinhold metric Wµν (µ), de-
scribing the (intensively parameterized) thermodynamical fluctuations, and
defined by (5.1.8).

Notice also that the covariant Weinhold metric (5.1.2) and its contravariant
inverse (5.1.8) are symmetric, because both M (N) and G (µ), respectively as
functions of the Nµ’s and µµ’s, are assumed to satisfy the Schwarz lemma on
partial derivatives. Therefore, by recalling definitions (5.1.2) and (5.1.8), the
(n+ 1)× (n+ 1) matrix forms of Wµν and Wµν respectively read

Wµν (N) =




∂2M(N)

(∂S)2
∂2M(N)
∂Na∂S

∂2M(N)
∂S∂Na

∂2M(N)
∂Nb∂Na




=




∂T (N)
∂S

∂T (N)
∂Na

∂T (N)
∂Na

∂µb(N)
∂Na


 =




∂T (N)
∂S

∂µa(N)
∂S

∂µa(N)
∂S

∂µa(N)
∂Nb


 ;

(5.1.10)

Wµν (µ) = −




∂2G(µ)

(∂T )2
∂2G(µ)
∂µa∂T

∂2G(µ)
∂T∂µa

∂2G(µ)
∂µb∂µa


 = −




∂2G(µ)

(∂T )2
∂2G(µ)
∂T∂µa

∂2G(µ)
∂T∂µa

∂2G(µ)
∂µa∂µb


 .

(5.1.11)

In the second line of (5.1.10) we used the definition (5.1.4), implying
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∂T (N)
∂Na = ∂µa(N)

∂S ;

∂µb(N)
∂Na = ∂µa(N)

∂Nb .

(5.1.12)

Moreover, the inverting condition (5.1.9) yields



∂2G
(∂T )2

(µ (N)) ∂2Gµ
∂T∂µa

(µ (N))

∂2G
∂T∂µa

(µ (N)) ∂2G
∂µa∂µb

(µ (N))


⊗




∂2M(N)

(∂S)2
∂2M(N)
∂S∂Nc

∂2M(N)
∂S∂Nc

∂2M(N)
∂Nc∂Nd


 = −In+1,

(5.1.13)

where ⊗ denotes the usual row–column matrix product and In+1 stands for
the (n+ 1)-d unit matrix.

Some time after Weinhold, Ruppeiner proposed instead to focus on the
entropy S, seen as a function of the extensive charges Qµ = (M,Na),

S = S (M,Na) = S (Q) . (5.1.14)

As before, the (real) extensive variables Qµ’s may be considered as coordi-
nates in the (real) (n+ 1)-d extensive thermodynamical configuration space
V. Usually, in conventional thermodynamics such a space is flat, endowed with
a (n+ 1)-d Euclidean metric δµν .

The intensive variables canonically conjugated to the extensive charges
Qµ’s are the βµ =

(
1
T ,−

1
T µa

)
. This can be shown by using (5.1.3):

dM = TdS + µadN
a

�

dS (M,Na) =
dM

T
− µa

T
dNa =

∂S (Q)
∂M

+
∂S (Q)
∂Na

dNa (5.1.15)

�

βµ (Q) :

{
πM ≡ ∂S(Q)

∂M = 1
T (Q) ;

(πNa)Ruppeiner ≡
∂S(Q)
∂Na = −µa

T (Q) ≡ βa (Q) .
(5.1.16)

Once again, the (real) intensive variables βµ’s may be considered as coordi-
nates in the (real) (n+ 1)-d intensive thermodynamical configuration space
V̂, which is nothing but the intensive counterpart of V, i.e., the intensively
parameterized space of the thermodynamical configurations of the physical
system being considered (in Ruppeiner’s formalism). V̂ generally inherits the
metric structure of V, and it is thus flat, endowed with a (n+ 1)-d Euclid-
ean (contravariant) metric δµν . System (5.1.16), assumed to be determined,
solvable and invertible, defines the change of parametrization of the thermo-
dynamical configuration space of the physical system being considered: from
extensive to intensive variables, and vice versa.



5.1 Geometric Approach to Thermodynamical Fluctuation Theory 145

By Legendre-transforming the entropy S w.r.t. the extensive charges Qµ’s,
one gets

L (S) ≡ πMM + (πNa)Ruppeiner N
a − S

=
M (β)
T

− 1
T
µaN

a (β)− S (Q (β))

=
G (µ)
T

≡ Γ (β) , (5.1.17)

where we used (5.1.5) and system (5.1.16) has been inverted in order to give
Qµ = Qµ (β). Γ (β) is defined as the Legendre-transform of the entropy S (Q)
in Ruppeiner’s formalism.

Equation (5.1.17) then implies

S + L (S) = S + Γ =
M

T
− 1
T
µaN

a = Qµβµ . (5.1.18)

By differentiating (5.1.17) and using (5.1.15), one gets

dΓ = d (L (S)) =
dM

T
− M

T 2
dT +

1
T 2

µaN
adT − 1

T
µadN

a − 1
T
Nadµa − dS

=
dM

T
− M

T 2
dT +

1
T 2

µaN
adT − µa

T
dNa − 1

T
Nadµa −

dM

T
+
µa

T
dNa

= −M

T 2
dT +

1
T 2

µaN
adT − 1

T
Nadµa

= Md

(
1
T

)
+Nad

(
−µa

T

)
= Qµdβµ. (5.1.19)

The Ruppeiner metric is defined as

Sµν (Q) ≡ − ∂2S (Q)
∂Qµ∂Qν

. (5.1.20)

Since in conventional thermodynamics the entropy is always the biggest among
the equilibrium configurations with a given energy M and conserved total
numbers Na’s, the Ruppeiner metric Sµν is always (not necessarily strictly)
positive definite. Thus, the inversion of definition (5.1.20) yields

Sµν (β) ≡ −∂
2 (L (S)) (β)
∂βµ∂βν

= −∂
2Γ (β)

∂βµ∂βν
, (5.1.21)

with

Sµρ (β (Q))Sρν (Q) = δµ
ν ⇐⇒

∂2Γ (β (Q))
∂βµ∂βρ

∂2S (Q)
∂Qρ∂Qν

= δµ
ν , ∀Qσ, (5.1.22)

where βµ = βµ (Q) is given by system (5.1.16). Notice that the covariant
Ruppeiner metric (5.1.20) and its contravariant inverse (5.1.21) are symmetric,
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because both S (Q) and Γ (β), respectively as functions of the Qµ’s and βµ’s,
are assumed to satisfy the Schwarz lemma on partial derivatives. Therefore, by
recalling definitions (5.1.20) and (5.1.21), the (n+ 1)× (n+ 1) matrix forms
of Sµν and Sµν respectively read

Sµν (Q) = −




∂2S(Q)

(∂M)2
∂2S(Q)
∂Na∂M

∂2S(Q)
∂M∂Na

∂2S(Q)
∂Nb∂Na


 = −




∂2S(Q)

(∂M)2
∂2S(Q)
∂M∂Na

∂2S(Q)
∂M∂Na

∂2S(Q)
∂Na∂Nb




= −




∂( 1
T (Q))
∂M

∂( 1
T (Q))
∂Na

∂( 1
T (Q))
∂Na −∂(µb

T (Q))
∂Na


 = −




∂( 1
T (Q))
∂M −∂(µa

T (Q))
∂M

−∂(µa
T (Q))
∂M −∂(µa

T (Q))
∂Nb


 ;

(5.1.23)

Sµν (β) = −




∂2Γ (β)

(∂( 1
T ))2 − ∂2Γ (β)

∂(µa
T )∂( 1

T )

− ∂2Γ (β)

∂( 1
T )∂(µa

T )
∂2Γ (β)

∂(µb
T )∂(µa

T )




= −




∂2Γ (β)

(∂( 1
T ))2 − ∂2Γ (β)

∂( 1
T )∂(µa

T )

− ∂2Γ (β)

∂( 1
T )∂(µa

T )
∂2Γ (β)

∂(µa
T )∂(µb

T )


 .

(5.1.24)

In the second line of (5.1.23) we used definitions (5.1.16), implying



∂( 1
T (Q))
∂Na = −∂(µa

T (Q))
∂M ;

∂(µb
T (Q))
∂Na =

∂(µa
T (Q))
∂Nb .

(5.1.25)

Moreover, the inverting condition (5.1.22) yields




∂2Γ

(∂( 1
T ))2 (β (Q)) − ∂2Γ

∂( 1
T )∂(µa

T ) (β (Q))

− ∂2Γ

∂( 1
T )∂(µa

T ) (β (Q)) ∂2Γ

∂(µa
T )∂(µb

T ) (β (Q))


⊗




∂2S(Q)

(∂M)2
∂2S(Q)
∂M∂Nc

∂2S(Q)
∂M∂Nc

∂2S(Q)
∂Nc∂Nd


 = In+1.

(5.1.26)
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As done for Weinhold’s formalism, also for Ruppeiner’s formalism it should
be pointed out that the (geo)metric structure of the (n+ 1)-d thermodynam-
ical configuration spaces V (extensively parameterized) and V̂ (intensively
parameterized) and the metric structure given by the Ruppeiner metrics Wµν

and Wµν are, in general, completely different. While V and V̂ are Euclid-
ean (n+ 1)-d spaces, the Ruppeiner metrics, describing the thermodynami-
cal fluctuations of the physical system being considered, have, in general, a
nontrivially flat nature. Notice that in the adopted formalism the covariant
thermodynamical metrics are functions of extensive variables, whereas the
contravariant thermodynamical metrics are defined on the relevant space of
intensive variables.

In order to determine the relation between the Weinhold and the Rup-
peiner thermodynamical metrics, let us notice that (5.1.2) and (5.1.3) imply
that the infinitesimal square metric interval determined by Weinhold metric
in the space N reads

(dN)2 ≡ Wµν (N) dNµdNν =
∂2M (N)
∂Nµ∂Nν

dNµdNν

= dπS ⊗s dS + d (πNa)Weinhold ⊗s dN
a = dT ⊗s dS + dµa ⊗s dN

a,

(5.1.27)

where ⊗s denotes the (symmetric) product of the components of the dif-
ferential forms defined in the relevant thermodynamical configuration space.
Analogously, (5.1.20) and (5.1.15) imply that the infinitesimal square metric
interval determined by Ruppeiner metric in the space V reads

(dQ)2 ≡ Sµν (Q) dQµdQν = − ∂2S (Q)
∂Qµ∂Qν

dQµdQν

= −dπM ⊗s dM − d (πNa)Ruppeiner ⊗s dN
a

= −d
(

1
T

)
⊗s dM − d

(
−µa

T

)
⊗s dN

a. (5.1.28)

By using (5.1.15), (5.1.27) may be rewritten as

(dN)2 = dT ⊗s dS + dµa ⊗s dN
a

=
dT

T
⊗s dM − µa

T
dT ⊗s dN

a + dµa ⊗s dN
a

= −T
[
d

(
1
T

)
⊗s dM + d

(
−µa

T

)
⊗s dN

a

]
. (5.1.29)

Thus, (5.1.28) and (5.1.29) yield the simple and perhaps surprising result

(dN)2 = T (dQ)2 ⇐⇒Wµν (N) dNµdNν = TSµν (Q) dQµdQν , (5.1.30)

namely, the Weinhold and Ruppeiner thermodynamical metrics are confor-
mally related, and the conformal factor is the temperature T . Consequently,
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only the conformal level of the geometrization of fluctuations in (conventional)
thermodynamical systems is relevant; this implies that ratios of specific heats
should be conformally invariant.

Finally, let us note that the Euclidean, flat nature of the (n+ 1)-d real
thermodynamical configuration spaces N , N̂ (in Weinhold’s formalism) and
V, V̂ (in Ruppeiner’s formalism), usually assumed as default in conventional
thermodynamical systems, may be modified depending on the physical system
being considered. As we will see in the next subsection, that this happens
in BH thermodynamics, since the (asymptotical) moduli space Mφ (or its
complexification Mz,z) is generally nonflat, and also not necessarily with a
global regular (geo)metric structure (even though in the presentation given
above we restricted ourselves to the regular “geometric regime”).

5.2 Geometrization of Black Hole Thermodynamics

We will now apply the concepts and results exposed above to BH thermody-
namics.

5.2.1 Weinhold Black Hole Thermodynamics

Let us start from the Weinhold’s geometrizing formalism. In general, the Wein-
hold metric is defined by (5.1.2) and (5.1.1):



Wµν (N) ≡ ∂2M(N)

∂Nµ∂Nν ;

Nµ = (S,Na) , a = 1, . . . , n.
(5.2.1.1)

Thence, the corresponding definition for BH physics reads



Wµν,BH (NBH) ≡ DNµ
BH

DNν
BH

MBH (NBH) ;

Nµ
BH =

(
SBH = 1

4AH , p
Λ, qΛ, φ

a
∞
)
,

Λ = 0, 1, . . . , nV , a = 1, . . . ,mφ∞ , |{µ}| = 2nV +mφ∞ + 3,

(5.2.1.2)

where MBH , SBH , and AH respectively are the BH mass, entropy, and
horizon area, and the leading-order, (semi)classical BHEA law has been ap-
plied.

(
pΛ, qΛ

)
denotes the Sp (2nV + 2,Z)-covariant vector of BH conserved

magnetic and electric charges (related to the (U(1))nV +1 gauge invariance
of the considered theory), whereas φa

∞’s are the spatial-asymptotical val-
ues of the mφ∞ real scalar fields of the theory. Thus, in the case at hand
n = 2nV + mφ∞ + 2. The choice of extensive BH thermodynamical variables
Nµ

BH ’s is consistent with the previous treatment; of course, we do not consider
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BH angular momenta because we are dealing with static BH metric back-
grounds. In the conventional thermodynamics of static (spherically symmet-
ric, asymptotically flat, 4-d) BHs, since the energy is always the least among
the equilibrium configurations with a given entropy SBH , conserved magnetic-
electric charges

(
pΛ, qΛ

)
, and asymptotical scalar configurations φa

∞’s, the BH
Weinhold metric Wµν,BH is always (not necessarily strictly) positive definite.

DNµ
BH

stands for the covariant derivative in the (2nV +mφ∞ + 3)-d (real)
extensive BH thermodynamical configuration space NBH , of which the Nµ

BH ’s
may be considered as (real) local coordinates. NBH is assumed to be given by
the direct product

NBH ≡ A
2nV +3 ×Mφ∞ . (5.2.1.3)

A
2nV +3 is the flat (2nV + 3)-d thermodynamical configuration space related to

the extensive variables SBH , pΛ, and qΛ. In the electric–magnetic sector of pΛ’s
and qΛ’s, such a space is endowed with a symplectic metric structure, given by
the (2nV + 2)-d symplectic metric ε (see (3.1.24)); at the quantum level such
a sector gets discretized in the (2nV + 2)-d BH charge symplectic lattice Γ .
Mφ∞ instead is the (real parametrization of) the asymptotical moduli space
(dimRMφ∞ = mφ∞), generally assumed to be endowed with a Riemannian
metric, given by the metric tensor Gab (φ∞). Consequently, when deriving
w.r.t. the variables φa

∞’s, in order to be consistent with the overall covariance
in NBH , one will have to consider covariant – rather than “flat,” ordinary –
derivatives, determined by the affine structure given by a (linear) connection
in Mφ∞ .

Summarizing, the factorized Ansatz (5.2.1.3) for the BH extensive ther-
modynamical configuration space NBH yields the following expression for the
covariant differential operator in NBH :

DNµ
BH

=
(
∂SBH

, ∂pΛ , ∂qΛ
,Dφa

∞

)
; (5.2.1.4)

in other words, the only nontrivially ordinary derivatives are those w.r.t. the
variables φa

∞’s.
Thus, since MBH is a scalar function in NBH and thus inMφ∞ , the Wein-

hold metric related to the asymptotical moduli spaceMφ∞ (i.e., the covariant
Weinhold metric Wµν,BH restricted to the asymptotical moduli configurations
φa
∞’s) reads

Wab,BH (NBH) ≡ Dφa
∞Dφb

∞
MBH (NBH) = Dφa

∞

∂MBH (NBH)
∂φb

∞

=
∂2MBH (NBH)

∂φa
∞∂φb

∞
− Γ c

ab (φ∞)
∂MBH (NBH)

∂φc
∞

,

(5.2.1.5)

where Γ c
ab (φ∞) is the (linear) connection determining the affine structure of

the mφ∞ -d real manifold Mφ∞ . Since the function MBH is assumed to satisfy
the Schwarz lemma in NBH w.r.t. flat, ordinary derivatives, it is clear that the
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Weinhold metric Wµν,BH defined by (5.2.1.2) is symmetric in all NBH , except
eventually in the sector “Mφ∞ ,Mφ∞” of the φa

∞’s, where the symmetry of
Wab,BH strictly depends on the symmetry of the (linear) connection Γ c

ab (φ∞)
of Mφ∞ :

Γ c
[ab] (φ∞) = 0 ⇐⇒W[ab],BH (NBH) = 0. (5.2.1.6)

Notice that, in general, the affine and metric structures of the asymptotical
moduli spaceMφ∞ , respectively, determined by the connection Γ c

ab (φ∞) and
the metric tensor Gab (φ∞), are a priori completely independent one from the
other. If, as done above, a generic, real Riemannian geometry is assumed for
Mφ∞ , then

Γ c
ab (φ∞) = Γ c

(ab) (φ∞) = { c
ab} (φ∞) , (5.2.1.7)

where { c
ab} are the Christoffel symbols of the second kind of the metric

Gab (φ∞)

Γ c
ab (φ∞) = { c

ab} (φ∞) =
{

c
(ab)

}
(φ∞)

=
1
2
Gcd (φ∞) [∂aGdb (φ∞) + ∂bGda (φ∞)− ∂dGab (φ∞)] .

(5.2.1.8)

Consequently, the affine and metric structures of the Riemannian asymptotical
moduli spaceMφ∞ are compatible and strictly related by the “metrization” of
the affine parallel-transporting connection expressed by (5.2.1.8). Therefore,
in this case W[ab],BH (NBH) = 0 and Wµν,BH is symmetric in all NBH .

On the other hand, if Mφ∞ is assumed to be endowed with more gen-
eral (geo)metric structures, such as Einstein–Cartan (commutative) ones or
noncommutative ones, in general, no relation exists between the affine and
metric structures, and Γ c

[ab] (φ∞) 	= 0, generally implying that Mφ∞ is a
nontrivial, torsionful real mφ-d manifold. While the complexification of the
Riemannian structure of Mφ∞ may (of course not necessarily) generate a
(torsionless) Kähler metric structure (in nV -fold, N = 2, d = 4 MESGT this
is actually a regular special Kähler one), it is clear that the complexification
of more general (geo)metric structures of Mφ∞ with nonsymmetric (linear)
connection will not generate (torsionless) Kähler metric structures, since the
following theorem holds for the complex connection Θ i

jk of a Hermitian man-
ifold H [37]:

Θ i
jk = Θ i

kj ⇐⇒ H is (torsionless) Kähler. (5.2.1.9)

Thence, by assuming the asymptotical moduli space Mφ∞ to be an mφ-d
real Riemannian manifold, the BH covariant Weinhold thermodynamical met-
ric Wµν,BH (NBH) defined by (5.2.1.2) has the following (2nV +mφ∞ + 3)×
(2nV +mφ∞ + 3) matrix form:



5.2 Geometrization of Black Hole Thermodynamics 151

Wµν,BH (NBH) ≡ DNµ
BH

DNν
BH

MBH (NBH)

=




DSBH
DSBH

MBH DpΛDSBH
MBH DqΛ

DSBH
MBH Dφa

∞DSBH
MBH

DSBH
DpΛMBH DpΣDpΛMBH DqΣ

DpΛMBH Dφa
∞DpΛMBH

DSBH
DqΛ

MBH DpΣDqΛ
MBH DqΣ

DqΛ
MBH Dφa

∞DqΛ
MBH

DSBH
Dφa

∞MBH DpΛDφa
∞MBH DqΛ

Dφa
∞MBH Dφb

∞
Dφa

∞MBH




=




∂2MBH(NBH)

(∂SBH)2
∂2MBH(NBH)

∂pΛ∂SBH

∂2MBH(NBH)
∂qΛ∂SBH

∂2MBH(NBH)
∂φa

∞∂SBH

∂2MBH(NBH)
∂SBH∂pΛ

∂2MBH(NBH)
∂pΣ∂pΛ

∂2MBH(NBH)
∂qΣ∂pΛ

∂2MBH(NBH)
∂φa

∞∂pΛ

∂2MBH(NBH)
∂SBH∂qΛ

∂2MBH(NBH)
∂pΣ∂qΛ

∂2MBH(NBH)
∂qΣ∂qΛ

∂2MBH(NBH)
∂φa

∞∂qΛ

∂2MBH(NBH)
∂SBH∂φa

∞

∂2MBH(NBH)
∂pΛ∂φa

∞

∂2MBH(NBH)
∂qΛ∂φa

∞

∂2MBH(NBH)
∂φa

∞∂φb
∞

−{ c
ab} (φ∞) ∂MBH(NBH)

∂φc
∞




=




∂2MBH(NBH)

(∂SBH)2
∂2MBH(NBH)

∂pΛ∂SBH

∂2MBH(NBH)
∂qΛ∂SBH

∂2MBH(NBH)
∂φa

∞∂SBH

∂2MBH(NBH)
∂pΛ∂SBH

∂2MBH(NBH)
∂pΣ∂pΛ

∂2MBH(NBH)
∂qΣ∂pΛ

∂2MBH(NBH)
∂φa

∞∂pΛ

∂2MBH(NBH)
∂qΛ∂SBH

∂2MBH(NBH)
∂qΛ∂pΣ

∂2MBH(NBH)
∂qΣ∂qΛ

∂2MBH(NBH)
∂φa

∞∂qΛ

∂2MBH(NBH)
∂φa

∞∂SBH

∂2MBH(NBH)
∂φa

∞∂pΛ

∂2MBH(NBH)
∂φa

∞∂qΛ

∂2MBH(NBH)
∂φa

∞∂φb
∞

−{ c
ab} (φ∞) ∂MBH(NBH)

∂φc
∞




.

(5.2.1.10)

We may now introduce the BH heat capacity, defined as

CBH ≡
[
DN1

BH
DN1

BH
MBH (NBH)

]
(pΛ,qΛ,φa

∞) fixed

= [DSBH
DSBH

MBH (NBH)](pΛ,qΛ,φa
∞) fixed

=

(
∂2MBH (NBH)

(∂SBH)2

)

(pΛ,qΛ,φa
∞) fixed

= 16

(
∂2MBH (NBH)

(∂AH)2

)

(pΛ,qΛ,φa
∞) fixed

= W11,BH (NBH) , (5.2.1.11)
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where SBH = 1
4AH has been defined to be the BH extensive variable N1

BH .
In [83, 84], and [85] it was found that CBH changes its sign for nonextreme,
dilatonic BHs. Indeed, as explicitly shown in [85] at least for the case nV = 1,
during the process of BH “evaporation” the temperature increases, reaches its
maximum, and rapidly drops to zero when the BH mass reaches the value of
the central charge. The change of sign of CBH happens at nonvanishing tem-
perature, and this implies that the corresponding component W11,BH (NBH)
of the Weinhold metric also changes its sign. It can be concluded that, in
general, for nonextreme BHs the Weinhold metric (and therefore, through
(5.1.30), also the Ruppeiner metric) is positive definite, but not everywhere
in NBH .

Let us now reconsider the BH mass

MBH = MBH (NBH) = MBH

(
SBH , p

Λ, qΛ, φ
a
∞
)
; (5.2.1.12)

by differentiating it, we get

dMBH = ∂MBH(NBH)
∂SBH

dSBH + ∂MBH(NBH)
∂pΛ dpΛ

+ ∂MBH(NBH)
∂qΛ

dqΛ +Dφa
∞MBH (NBH) dφa

∞,

(5.2.1.13)

where Dφa
∞ denotes the Riemann-covariant derivative inMφ∞ . By canonically

conjugating the extensive variables Nµ
BH , we may introduce the intensive vari-

ables (πBH)µ ≡
(
TBH , ψ

Λ, χΛ,−Σa

)
as follows:

(πBH)µ (NBH) :




πSBH
≡ ∂MBH(NBH)

∂SBH
≡ TBH (NBH) ;

(
πΛ

q

)
Weinhold

≡ ∂MBH(NBH)
∂qΛ

≡ ψΛ (NBH) ;

(πpΛ)Weinhold ≡
∂MBH(NBH)

∂pΛ ≡ χΛ (NBH) ;

(πφ∞)a,Weinhold ≡ Dφa
∞MBH (NBH) = ∂MBH(NBH)

∂φa
∞

≡ −Σa (NBH) ,
(5.2.1.14)

where TBH is the BH temperature and ψΛ and χΛ are the BH horizon elec-
tric and magnetic potentials, respectively. In the definition of the canonical
momenta (πφ∞)a,Weinhold’s, conjugated to the φa

∞’s in the Weinhold’s formal-
ism, we exploited the scalarity of the function MBH in Mφ∞ , and, in order
to introduce the “scalar charges” Σa’s associated with the scalars φa

∞’s, we
used the result of [59], in which it was shown that (see also (4.1.47))

limτ→0−
dφa (τ)
dτ

=
dφa (τ)
dτ

∣∣∣∣
τ→0−

≡ Σa = −Gab (φ∞)
∂MBH (NBH)

∂φb
∞

.

(5.2.1.15)
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The (real) intensive variables (πBH)µ’s may be considered as coordinates in
the (real) (2nV +mφ∞ + 3)-d intensive thermodynamical configuration space
N̂BH , which is the intensive counterpart of NBH , i.e., the intensively parame-
terized space of the thermodynamical configurations of the physical system
being considered in Weinhold’s formalism. System (5.2.1.14), assumed to be
determined, solvable, and invertible, defines the change of parametrization
of the BH thermodynamical configuration space of the physical system being
considered in Weinhold’s formalism: from extensive to intensive variables, and
vice versa.

Hence, by definitions (5.2.1.14), the total differential of MBH given by
(5.2.1.13) may be rewritten as

dMBH = TBHdSBH + χΛdp
Λ + ψΛdqΛ −Σadφ

a
∞. (5.2.1.16)

Also, by using definitions (5.2.1.14), the (2nV +mφ∞+ 3)×(2nV +mφ∞+ 3)
matrix expression (5.2.1.10) of the covariant Weinhold metric Wµν,BH may
be further elaborated as follows:

Wµν,BH (NBH) ≡ DNµ
BH

DNν
BH

MBH (NBH)

=




∂TBH(NBH)
∂SBH

∂TBH(NBH)
∂pΛ

∂TBH(NBH)
∂qΛ

∂TBH(NBH)
∂φa

∞

∂TBH(NBH)
∂pΛ

∂χΛ(NBH)
∂pΣ

∂χΛ(NBH)
∂qΣ

∂χΛ(NBH)
∂φa

∞

∂TBH(NBH)
∂qΛ

∂χΣ(NBH)
∂qΛ

∂ψΛ(NBH)
∂qΣ

∂ψΛ(NBH)
∂φa

∞

∂TBH(NBH)
∂φa

∞

∂χΛ(NBH)
∂φa

∞

∂ψΛ(NBH)
∂φa

∞

−∂Σb(NBH)
∂φa

∞

+ { c
ab} (φ∞)Σc (NBH)




=




∂TBH(NBH)
∂SBH

∂χΛ(NBH)
∂SBH

∂ψΛ(NBH)
∂SBH

−∂Σa(NBH)
∂SBH

∂χΛ(NBH)
∂SBH

∂χΛ(NBH)
∂pΣ

∂ψΣ(NBH)
∂pΛ −∂Σa(NBH)

∂pΛ

∂ψΛ(NBH)
∂SBH

∂ψΛ(NBH)
∂pΣ

∂ψΛ(NBH)
∂qΣ

−∂Σa(NBH)
∂qΛ

−∂Σa(NBH)
∂SBH

−∂Σa(NBH)
∂pΛ −∂Σa(NBH)

∂qΛ

−∂Σb(NBH)
∂φa

∞

+ { c
ab} (φ∞)Σc (NBH)




,

(5.2.1.17)

where in the last line we exploited the fact that the scalar functionMBH (NBH)
is assumed to satisfy the Schwarz lemma in NBH w.r.t. flat, ordinary deriva-
tives, which by using definitions (5.2.1.14) implies
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∂TBH(NBH)
∂pΛ = ∂χΛ(NBH)

∂SBH
,

∂TBH(NBH)
∂qΛ

= ∂ψΛ(NBH)
∂SBH

,

∂TBH(NBH)
∂φa

∞
= −∂Σa(NBH)

∂SBH
,

∂χΛ(NBH)
∂qΣ

= ∂ψΣ(NBH)
∂pΛ ,

∂χΛ(NBH)
∂φa

∞
= −∂Σa(NBH)

∂pΛ ,

∂ψΛ(NBH)
∂φa

∞
= −∂Σa(NBH)

∂qΛ
.

(5.2.1.18)

Consequently, by using definitions (5.2.1.14), also (5.2.1.11) may be rewritten
as

CBH =

(
∂2MBH (NBH)

(∂SBH)2

)

(pΛ,qΛ,φa
∞) fixed

=
(
∂TBH (NBH)

∂SBH

)
(pΛ,qΛ,φa

∞) fixed

= W11,BH (NBH) .

(5.2.1.19)

The fact that the asymptotical moduli space Mφ∞ (here assumed to be a
Riemannian mφ-d manifold) is not flat complicates, but clearly does not inval-
idate, the usual thermodynamical formalism involving Legendre transforms.
In this case, one should rigorously consider Legendre submanifolds in the
“φa

∞’s sector,” etc., but in what follows we will not deal with such subtleties;
nevertheless, such a simplification will not invalidate the exposed results at
all.

Thus, by Legendre-transforming the BH energy MBH w.r.t. the Weinhold
extensive BH variables Nµ

BH ’s, one gets

L (MBH) ≡ πSBH
SBH +

(
πΛ

q

)
Weinhold

qΛ

+ (πpΛ)Weinhold p
Λ + (πφ∞)a,Weinhold φ

a
∞ −MBH

= TBHSBH (πBH) + ψΛqΛ (πBH) + χΛp
Λ (πBH)

−Σaφ
a
∞ (πBH)−MBH (NBH (πBH))

= −GBH (πBH) ,

(5.2.1.20)

where system (5.2.1.14) has been inverted in order to give Nµ
BH = Nµ

BH (πBH).
GBH (πBH) is the BH Gibbs free energy function of the BH intensive thermo-
dynamical variables (πBH)µ’s. Clearly, (5.2.1.20) yields
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MBH + L (MBH) = MBH −GBH =
= TBHSBH + ψΛqΛ + χΛp

Λ −Σaφ
a
∞ = Nµ

BH (πBH)µ .

(5.2.1.21)

By differentiating (5.2.1.20) and using (5.2.1.16), one gets

dGBH = −d (L (MBH))

= −TBHdSBH − SBHdTBH − ψΛdqΛ − qΛdψ
Λ

−χΛdp
Λ − pΛdχΛ +Σadφ

a
∞ + φa

∞dΣa + dMBH

= −SBHdTBH − qΛdψ
Λ − pΛdχΛ + φa

∞dΣa

= −Nµ
BHd (πBH)µ .

(5.2.1.22)

The Legendre transform corresponds to the switching from the (2nV +mφ∞+
3)-d (real) space of the BH thermodynamical configurations

NBH ≡ A
2nV +3 ×Mφ∞ , (5.2.1.23)

parameterized by the Weinhold’s BH extensive variables Nµ
BH = (SBH , p

Λ, qΛ,
φa
∞), to the canonically conjugated space

N̂BH ≡ Â
2nV +3 ×MΣ , (5.2.1.24)

parameterized by the Weinhold’s BH intensive variables (πBH)µ = (TBH , ψ
Λ,

χΛ,−Σa) defined by (5.2.1.14). Correspondingly, we obtain that the inversion
of definition (5.2.1.2) yields the contravariant BH Weinhold metric

Wµν
BH (πBH) ≡ D(πBH)µ

D(πBH)ν
(L (MBH)) (πBH)

= −D(πBH)µ
D(πBH)ν

GBH (πBH) , (5.2.1.25)

with

Wµρ
BH (πBH (NBH))Wρν,BH (NBH) = δµ

ν , ∀Nσ
BH , (5.2.1.26)

where (πBH)µ = (πBH)µ (NBH) is given by system (5.2.1.14).
Particular attention should be paid to distinguish the metric structure

of the extensive and intensive BH thermodynamical configuration spaces in
Weinhold’s formalism, namely NBH and N̂BH (whose factorized structure is
respectively given by (5.2.1.23) and (5.2.1.24)), from the Weinhold covariant
and contravariant BH thermodynamical metrics, namely Wµν,BH (NBH) and
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Wµν
BH (πBH), defined on such spaces. Indeed, the (geo)metric structure of the

(2nV +mφ∞ + 3)-d real space NBH is given by the metric.

Gµν (φ∞) =


 1

εnV +1

Gab (φ∞)


 , (5.2.1.27)

where the unwritten components vanish, and εnV +1 denotes the (2nV + 2)-d
symplectic metric. Gab (φ∞) is the covariant Riemann metric tensor of the
asymptotical moduli space Mφ∞ . Thus, it is clear that Gµν (φ∞) is com-
pletely different from the covariant Weinhold metric Wµν,BH (NBH), whose
matrix form is given by (5.2.1.10) and (5.2.1.17). Analogously, the (geo)metric
structure of the (2nV +mφ∞ + 3)-d real space N̂BH is given by the metric

Gµν (φ∞) =


 1

−εnV +1

Gab (φ∞)


 , (5.2.1.28)

which is the inverse of Gµν (φ∞) given by (5.2.1.27). Gab (φ∞) is the con-
travariant Riemann metric tensor of the asymptotical moduli space Mφ∞ , or
equivalently the metric tensor of the canonically conjugated space MΣ of the
“scalar charges” asymptotically associated with the scalars φa’s. Thus, it is
clear that Gµν (φ∞) is completely different from the contravariant Weinhold
metric Wµν

BH (πBH), which is defined by (5.2.1.25); indeed, through (5.2.1.26),
Wµν

BH (πBH) is the inverse of Wµν,BH (NBH), and thus its matrix form is given
by the inversion of (5.2.1.10) and (5.2.1.17). Clearly, since the scalar function
GBH is assumed to satisfy the Schwarz lemma on partial derivatives in the
space N̂BH , in the formulated hypothesis of Riemann structure of Mφ∞ (and
therefore of MΣ) the contravariant BH Weinhold metric is symmetric in all
N̂BH .

5.2.2 Ruppeiner Black Hole Thermodynamics

Let us now consider the Ruppeiner’s geometrizing formalism. In general, the
Ruppeiner metric is defined by (5.1.20) and (5.1.14):



Sµν (Q) ≡ − ∂2S(Q)

∂Qµ∂Qν ;

Qµ = (M,Na) , a = 1, . . . , n.
(5.2.2.1)

Thence, the corresponding definition for BH physics reads


Sµν,BH (QBH) ≡ −DQµ
BH

DQν
BH

SBH (QBH) ;

Qµ
BH =

(
MBH , p

Λ, qΛ, φ
a
∞
)
,

Λ = 0, 1, . . . , nV , a = 1, . . . ,mφ, |{µ}| = 2nV +mφ∞ + 3.

(5.2.2.2)
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In conventional thermodynamics of static (spherically symmetric, asymptoti-
cally flat, 4-d) BHs, since the entropy is always the biggest among the equi-
librium configurations with a given energy MBH , conserved magnetic–electric
charges

(
pΛ, qΛ

)
and asymptotical scalar configurations φa

∞’s, the BH Rup-
peiner metric Sµν,BH is always (not necessarily strictly) positive definite.

DQµ
BH

stands for the covariant derivative in the (2nV +mφ∞ + 3)-d (real)
Ruppeiner’s extensive BH thermodynamical configuration space VBH , of
which the Qµ

BH ’s may be considered as (real) local coordinates. VBH is as-
sumed to be given by the direct product

VBH ≡ B
2nV +3 ×Mφ∞ . (5.2.2.3)

B
2nV +3 here denotes the flat (2nV + 3)-d Ruppeiner’s thermodynamical con-

figuration space related to the extensive variables MBH , pΛ, and qΛ. For what
concerns its electric–magnetic sector of pΛ’s and qΛ’s, identical considerations
to those made in Weinhold’s formalism hold here, too.

Summarizing, the factorized Ansatz (5.2.2.3) for the BH Ruppeiner’s ex-
tensive thermodynamical configuration space VBH yields the following expres-
sion for the covariant differential operator in VBH :

DQµ
BH

=
(
∂MBH

, ∂pΛ , ∂qΛ
,Dφa

∞

)
; (5.2.2.4)

as above, the only nontrivially ordinary derivatives are those w.r.t. the vari-
ables φa

∞’s.
Thus, since SBH is a scalar function in VBH and thus in Mφ∞ , the Rup-

peiner metric related to the asymptotical moduli space Mφ∞ (i.e., the covari-
ant Ruppeiner metric Sµν,BH restricted to the asymptotical moduli configu-
rations φa

∞’s) reads

Sab,BH (QBH) ≡ −Dφa
∞Dφb

∞
SBH (QBH) = −Dφa

∞

∂SBH (QBH)
∂φb

∞

= −∂
2SBH (QBH)
∂φa

∞∂φb
∞

+ Γ c
ab (φ∞)

∂SBH (QBH)
∂φc

∞
, (5.2.2.5)

where Γ c
ab (φ∞) is the (linear) connection determining the affine structure of

the mφ-d real manifold Mφ∞ . Since the function SBH is assumed to satisfy
the Schwarz lemma in VBH w.r.t. flat, ordinary derivatives, it is clear that the
Ruppeiner metric Sµν,BH defined by (5.2.2.2) is symmetric in all VBH , except
eventually in the sector “Mφ∞ ,Mφ∞” of the φa

∞’s, where the symmetry of
Sab,BH strictly depends on the symmetry of the connection Γ c

ab (φ∞) ofMφ∞

Γ c
[ab] (φ∞) = 0 ⇐⇒ S[ab],BH (QBH) = 0. (5.2.2.6)

As above, if a real Riemannian geometry is assumed for Mφ∞ , then the affine
and metric structures of the Riemannian moduli space Mφ∞ are compati-
ble and strictly related by the metrization of the affine parallel-transporting
connection expressed by (5.2.1.8). Therefore, in this case
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S[ab],BH (QBH) = 0, (5.2.2.7)

and Sµν,BH is symmetric in all VBH .
Thence, by assuming the asymptotical moduli space Mφ∞ to be a mφ-

d real Riemannian manifold, the BH covariant Ruppeiner thermodynamical
metric Sµν,BH (QBH) defined by (5.2.2.2) has the following (2nV + mφ∞+
3)× (2nV +mφ∞ + 3) matrix form:

Sµν,BH (QBH) ≡ −DQ
µ
BH

DQν
BH

SBH (QBH)

= −




DMBH
DMBH

SBH DpΛDMBH
SBH DqΛDMBH

SBH Dφa
∞DMBH

SBH

DMBH
DpΛSBH DpΣ DpΛSBH DqΣ DpΛSBH Dφa

∞DpΛSBH

DMBH
DqΛSBH DpΣ DqΛSBH DqΣ DqΛSBH Dφa

∞DqΛSBH

DMBH
Dφa

∞SBH DpΛDφa
∞SBH DqΛDφa

∞SBH Dφb
∞

Dφa
∞SBH




= −




∂2SBH(QBH )

(∂MBH )2
∂2SBH(QBH )

∂pΛ∂MBH

∂2SBH(QBH )
∂qΛ∂MBH

∂2SBH(QBH )
∂φa

∞∂MBH

∂2SBH(QBH )

∂MBH∂pΛ
∂2SBH(QBH )

∂pΣ∂pΛ
∂2SBH(QBH )

∂qΣ∂pΛ
∂2SBH(QBH )

∂φa
∞∂pΛ

∂2SBH(QBH )
∂MBH∂qΛ

∂2SBH(QBH )

∂pΣ∂qΛ

∂2SBH(QBH )
∂qΣ∂qΛ

∂2SBH(QBH )
∂φa

∞∂qΛ

∂2SBH(QBH )
∂MBH∂φa

∞

∂2SBH(QBH )

∂pΛ∂φa
∞

∂2SBH(QBH )
∂qΛ∂φa

∞

∂2SBH (QBH )

∂φa
∞∂φb

∞

−
{

c
ab

}
(φ∞)

∂SBH (QBH )
∂φc

∞




= −




∂2SBH(QBH )

(∂MBH )2
∂2SBH(QBH )

∂pΛ∂MBH

∂2SBH(QBH )
∂qΛ∂MBH

∂2SBH (QBH )
∂φa

∞∂MBH

∂2SBH(QBH )

∂pΛ∂MBH

∂2SBH(QBH )

∂pΣ∂pΛ
∂2SBH(QBH )

∂qΣ∂pΛ
∂2SBH (QBH )

∂φa
∞∂pΛ

∂2SBH(QBH )
∂qΛ∂MBH

∂2SBH(QBH )

∂qΛ∂pΣ
∂2SBH(QBH )

∂qΣ∂qΛ

∂2SBH (QBH )
∂φa

∞∂qΛ

∂2SBH(QBH )
∂φa

∞∂MBH

∂2SBH(QBH )

∂φa
∞∂pΛ

∂2SBH(QBH )
∂φa

∞∂qΛ

∂2SBH (QBH )

∂φa
∞∂φb

∞

−
{

c
ab

}
(φ∞)

∂SBH (QBH )
∂φc

∞




.

(5.2.2.8)

Let us now consider the BH entropy in the Ruppeiner’s formalism:

SBH = SBH (QBH) = SBH

(
MBH , p

Λ, qΛ, φ
a
∞
)
. (5.2.2.9)



5.2 Geometrization of Black Hole Thermodynamics 159

Equation (5.2.1.16) implies

dSBH =
dMBH

TBH
− χΛ

TBH
dpΛ − ψΛ

TBH
dqΛ +

Σa

TBH
dφa

∞. (5.2.2.10)

On the other hand, by differentiating (5.2.2.9), we get

dSBH =
∂SBH (QBH)

∂MBH
dMBH

+
∂SBH (QBH)

∂pΛ
dpΛ +

∂SBH (QBH)
∂qΛ

dqΛ +Dφa
∞SBH (QBH) dφa

∞,

(5.2.2.11)

where Dφa
∞ denotes the Riemann-covariant derivative inMφ∞ . From the com-

parison of the two expressions (5.2.2.10) and (5.2.2.11) of the total differential
of the BH entropy in Ruppeiner’s formalism, we obtain the definitions of the
Ruppeiner’s intensive variables (βBH)µ’s (canonically conjugated to the Rup-
peiner’s extensive variables Qµ

BH ’s):

(βBH)µ (QBH) :




πMBH
≡ ∂SBH (QBH)

∂MBH
≡ 1

TBH
(QBH) ;

(
πΛ

q

)
Ruppeiner

≡ ∂SBH (QBH)
∂qΛ

≡ − ψΛ

TBH
(QBH) ;

(
πpΛ

)
Ruppeiner

≡ ∂SBH (QBH)

∂pΛ ≡ − χΛ
TBH

(QBH) ;

(
πφ∞

)
a,Ruppeiner

≡ Dφa
∞SBH (QBH) =

∂SBH (QBH)
∂φa

∞
≡ Σa

TBH
(QBH) .

(5.2.2.12)

As before, in the definition of the canonical momenta (πφ∞)a,Ruppeiner’s, con-
jugated to the φa

∞’s in the Ruppeiner’s formalism, we exploited the scalarity
of the function SBH in Mφ∞ .

The (real) Ruppeiner’s intensive variables (βBH)µ’s may be considered as
coordinates in the (real) (2nV +mφ∞ + 3)-d Ruppeiner intensive thermody-
namical configuration space V̂BH , which is nothing but the intensive counter-
part of VBH , i.e., the intensively parameterized space of the thermodynamical
configurations of the physical system being considered in Ruppeiner’s formal-
ism. System (5.2.2.12), assumed to be determined, solvable, and invertible,
defines the change of parametrization of the BH thermodynamical configura-
tion space of the physical system being considered in Ruppeiner’s formalism:
from extensive to intensive variables, and vice versa.

Also, by using definitions (5.2.2.12), the (2nV +mφ∞ + 3) × (2nV +
mφ∞+3) matrix expression (5.2.2.8) of the covariant Ruppeiner metric Sµν,BH

may be further elaborated as follows:
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Sµν,BH (QBH) ≡ −DQ
µ
BH

DQν
BH

SBH (QBH)

= −




∂

(
1

TBH
(QBH)

)

∂MBH

∂

(
1

TBH
(QBH)

)

∂pΛ

∂

(
1

TBH
(QBH)

)

∂qΛ

∂

(
1

TBH
(QBH)

)

∂φa∞

∂

(
1

TBH
(QBH)

)

∂pΛ −
∂

(
χΛ

TBH
(QBH)

)

∂pΣ −
∂

(
χΛ

TBH
(QBH)

)

∂qΣ
−

∂

(
χΛ

TBH
(QBH)

)

∂φa∞

∂

(
1

TBH
(QBH)

)

∂qΛ
−

∂

(
χΣ

TBH
(QBH)

)

∂qΛ
−

∂

(
ψΛ

TBH
(QBH)

)

∂qΣ
−

∂

(
ψΛ

TBH
(QBH)

)

∂φa∞

∂

(
1

TBH
(QBH)

)

∂φa∞
−

∂

(
χΛ

TBH
(QBH)

)

∂φa∞
−

∂

(
ψΛ

TBH
(QBH)

)

∂φa∞

∂

(
Σb

TBH
(QBH)

)

∂φa∞

−{ c
ab} (φ∞) Σc

TBH
(QBH)




= −




∂

(
1

TBH
(QBH)

)

∂MBH
−

∂

(
χΛ

TBH
(QBH)

)

∂MBH
−

∂

(
ψΛ

TBH
(QBH)

)

∂MBH

∂

(
Σa

TBH
(QBH)

)

∂MBH

−
∂

(
χΛ

TBH
(QBH)

)

∂MBH
−

∂

(
χΛ

TBH
(QBH)

)

∂pΣ −
∂

(
ψΣ

TBH
(QBH)

)

∂pΛ

∂

(
Σa

TBH
(QBH)

)

∂pΛ

−
∂

(
ψΛ

TBH
(QBH)

)

∂MBH
−

∂

(
ψΛ

TBH
(QBH)

)

∂pΣ −
∂

(
ψΛ

TBH
(QBH)

)

∂qΣ

∂

(
Σa

TBH
(QBH)

)

∂qΛ

∂

(
Σa

TBH
(QBH)

)

∂MBH

∂

(
Σa

TBH
(QBH)

)

∂pΛ

∂

(
Σa

TBH
(QBH)

)

∂qΛ

∂

(
Σb

TBH
(QBH)

)

∂φa∞

−{ c
ab} (φ∞) Σc

TBH
(QBH)




,

(5.2.2.13)

where in the last line we exploited the fact that the scalar function SBH (QBH)
is assumed to satisfy the Schwarz lemma in VBH w.r.t. flat, ordinary deriva-
tives, which by using definitions (5.2.2.12) implies




∂
(

1
TBH

(QBH)
)

∂pΛ = −
∂
(

χΛ
TBH

(QBH)
)

∂MBH
,

∂
(

1
TBH

(QBH)
)

∂qΛ
= −

∂
(

ψΛ

TBH
(QBH)

)
∂MBH

,

∂
(

1
TBH

(QBH)
)

∂φa
∞

=
∂
(

Σa
TBH

(QBH)
)

∂MBH
,

∂
(

χΛ
TBH

(QBH)
)

∂qΣ
=

∂
(

ψΣ

TBH
(QBH)

)
∂pΛ ,

−
∂
(

χΛ
TBH

(QBH)
)

∂φa
∞

=
∂
(

Σa
TBH

(QBH)
)

∂pΛ ,

−
∂
(

ψΛ

TBH
(QBH)

)
∂φa

∞
=

∂
(

Σa
TBH

(QBH)
)

∂qΛ
.

(5.2.2.14)

Now, by Legendre transforming the BH entropy SBH w.r.t. the Ruppeiner
extensive BH variables Qµ

BH ’s, one gets
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L (SBH) ≡ πMBH
MBH +

(
πΛ

q

)
Ruppeiner

qΛ

+ (πpΛ)Ruppeiner p
Λ + (πφ∞)a,Ruppeiner φ

a
∞ − SBH

= MBH (βBH) 1
TBH

− qΛ (βBH) ψΛ

TBH

−pΛ (βBH) χΛ

TBH
+ φa

∞ (βBH) Σa

TBH
− SBH (QBH (βBH))

= GBH(πBH)
TBH

≡ ΓBH (βBH) ,

(5.2.2.15)

where system (5.2.2.12) has been inverted in order to give Qµ
BH = Qµ

BH (βBH).
ΓBH (βBH) is defined as the Legendre transform of the BH entropy SBH (QBH)
in Ruppeiner’s formalism.

Clearly, (5.2.2.15) yields

SBH + L (SBH) = SBH + ΓBH

=MBH
1

TBH
−qΛ

ψΛ

TBH
−pΛ χΛ

TBH
+ φa

∞
Σa

TBH
= Qµ

BH (βBH)µ .

(5.2.2.16)

By differentiating (5.2.2.15) and using (5.2.2.10), one gets

dΓBH = d (L (SBH))
= 1

TBH
dMBH +MBHd

(
1

TBH

)
− ψΛ

TBH
dqΛ + qΛd

(
− ψΛ

TBH

)
− χΛ

TBH
dpΛ + pΛd

(
− χΛ

TBH

)
+ Σa

TBH
dφa

∞ + φa
∞d

(
Σa

TBH

)
− dSBH

= MBHd
(

1
TBH

)
+ qΛd

(
− ψΛ

TBH

)
+ pΛd

(
− χΛ

TBH

)
+ φa

∞d
(

Σa

TBH

)
= Qµ

BHd (βBH)µ .

(5.2.2.17)

The Legendre transform corresponds to the switching from the (2nV +
mφ∞ +3)-d (real) Ruppeiner space of the BH thermodynamical configurations

VBH ≡ B
2nV +3 ×Mφ∞ , (5.2.2.18)

parameterized by the Ruppeiner’s BH extensive variables Qµ
BH = (MBH , p

Λ,
qΛ, φ

a
∞), to the canonically conjugated space

V̂BH ≡ B̂
2nV +3 ×M Σ

TBH

, (5.2.2.19)

parameterized by the Ruppeiner’s BH intensive variables (βBH)µ =(
1

TBH
,− ψΛ

TBH
,− χΛ

TBH
, Σa

TBH

)
defined by (5.2.2.12). Correspondingly, we obtain

that the inversion of definition (5.2.2.2) yields the contravariant BH Ruppeiner
metric

Sµν
BH (βBH) ≡ −D(βBH)µ

D(βBH)ν
(L (SBH)) (βBH)

= −D(βBH)µ
D(βBH)ν

ΓBH (βBH) , (5.2.2.20)

with
Sµρ

BH (βBH (QBH))Sρν,BH (QBH) = δµ
ν , ∀Qσ

BH , (5.2.2.21)

where (βBH)µ = (βBH)µ (QBH) is given by system (5.2.2.12).
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Once again, particular attention should be paid to distinguish the met-
ric structure of the extensive and intensive BH thermodynamical configu-
ration spaces in Ruppeiner’s formalism, namely VBH and V̂BH (whose fac-
torized structure is respectively given by (5.2.2.18) and (5.2.2.19)), from
the Ruppeiner covariant and contravariant BH thermodynamical metrics,
namely Sµν,BH (QBH) and Sµν

BH (βBH), defined on such spaces. Indeed, the
(geo)metric structure of the (2nV +mφ∞ + 3)-d real space VBH is given by
the metric Gµν (φ∞) specified by (5.2.1.27), which is completely different
from the covariant Ruppeiner metric Sµν,BH (QBH), whose matrix form is
given by (5.2.2.8) and (5.2.2.13). Analogously, the (geo)metric structure of
the (2nV +mφ∞ + 3)-d real space V̂BH is given by the metric Gµν (φ∞) spec-
ified by (5.2.1.28), which is the inverse of (5.2.1.27). In Ruppeiner’s formalism
the metric Gab (φ∞) of (5.2.1.28) is the contravariant Riemann metric tensor
of the asymptotical moduli space Mφ∞ , or equivalently the metric tensor of
the canonically conjugated space M Σ

TBH

. As above, it is clear that Gµν (φ∞)

is completely different from the contravariant Ruppeiner metric Sµν
BH (βBH),

which is defined by (5.2.2.20); through (5.2.2.21), Sµν
BH (βBH) is the inverse of

Sµν,BH (QBH), and thus its matrix form is given by the inversion of (5.2.2.8)
and (5.2.2.13). Clearly, since the scalar function ΓBH is assumed to satisfy
the Schwarz lemma on partial derivatives in the space V̂BH , in the formu-
lated hypothesis of Riemann structure of Mφ∞ (and therefore of M Σ

TBH

) the

contravariant BH Ruppeiner metric is symmetric in all V̂BH .
Let us now show that the conformal relation (5.1.30) between the Wein-

hold and the Ruppeiner thermodynamical metrics continues to hold also for
(conventional) BH thermodynamics, where the thermodynamical configura-
tion spaces are no longer Euclidean ones, but instead have been previously
assumed to be Riemannian ones, with flat symplectic sectors (see (5.2.1.27)
and (5.2.1.28)).

Let us start by noticing that (5.2.1.2), (5.2.1.13), and (5.2.1.14) imply that
the infinitesimal square metric interval determined by BH Weinhold metric in
the space NBH reads

(dNBH)2 ≡Wµν,BH (NBH) dNµ
BHdN

ν
BH

=
[
DNµ

BH
DNν

BH
MBH (NBH)

]
dNµ

BHdN
ν
BH

= dπSBH
⊗s dSBH + d (πpΛ)Weinhold ⊗s dp

Λ

+d
(
πΛ

q

)
Weinhold

⊗s dqΛ +D (πφ∞)a,Weinhold ⊗s dφ
a
∞

= dTBH ⊗s dSBH + dχΛ ⊗s dp
Λ + dψΛ ⊗s dqΛ −DΣa ⊗s dφ

a
∞

= dTBH ⊗s dSBH + dχΛ ⊗s dp
Λ + dψΛ ⊗s dqΛ

−dΣa ⊗s dφ
a
∞ + { c

ab} (φ∞)Σcdφ
b
∞ ⊗s dφ

a
∞,

(5.2.2.22)

where we recall that ⊗sis the (symmetric) product of the components of the
differential forms defined in the relevant BH thermodynamical configuration
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space. Moreover, D stands for the Riemann-covariant differential in Mφ∞

(and MΣ), and (5.2.1.7) and (5.2.1.8) have been used in the last line.
Analogously, (5.2.2.2), (5.2.2.11), and (5.2.2.12) imply that the infinitesi-

mal square metric interval determined by BH Ruppeiner metric in the space
VBH reads

(dQBH)2 ≡ Sµν,BH (QBH) dQµ
BHdQ

ν
BH

= −
[
DQµ

BH
DQν

BH
SBH (QBH)

]
dQµ

BHdQ
ν
BH

= −dπMBH
⊗s dMBH − d (πpΛ)Ruppeiner ⊗s dp

Λ

−d
(
πΛ

q

)
Ruppeiner

⊗s dqΛ −D (πφ∞)a,Ruppeiner ⊗s dφ
a
∞

= −d
(

1
TBH

)
⊗s dMBH + d

(
χΛ

TBH

)
⊗s dp

Λ

+d
(

ψΛ

TBH

)
⊗s dqΛ −D

(
Σa

TBH

)
⊗s dφ

a
∞

= −d
(

1
TBH

)
⊗s dMBH + d

(
χΛ

TBH

)
⊗s dp

Λ + d
(

ψΛ

TBH

)
⊗s dqΛ

−d
(

Σa

TBH

)
⊗s dφ

a
∞ + { c

ab} (φ∞)
(

Σc

TBH

)
dφb

∞ ⊗s dφ
a
∞.

(5.2.2.23)

Here D stands for the Riemann-covariant differential in Mφ∞ (and M Σ
TBH

),

and once again (5.2.1.7) and (5.2.1.8) have been used in the last line. By using
(5.2.2.10), (5.2.2.22) may be rewritten as

(dNBH)2 = dTBH

TBH
⊗s dMBH + dχΛ ⊗s dp

Λ − χΛ

TBH
dTBH ⊗s dp

Λ

+ dψΛ ⊗s dqΛ − ψΛ

TBH
dTBH ⊗s dqΛ

− dΣa ⊗s dφ
a
∞ + Σa

TBH
dTBH ⊗s dφ

a
∞ + { c

ab} (φ∞)Σcdφ
b
∞ ⊗s dφ

a
∞.

(5.2.2.24)

Thus, (5.2.2.23) and (5.2.2.24) yield

(dNBH)2 = TBH (dQBH)2

�
Wµν,BH (NBH) dNµ

BHdN
ν
BH = TBHSµν,BH (QBH) dQµ

BHdQ
ν
BH ,

(5.2.2.25)

namely the BH Weinhold and Ruppeiner thermodynamical metrics are con-
formally related by the BH temperature TBH .

5.2.3 c2-parameterization and c2-extremization

Now, in order to study the thermodynamics of extreme (4-d, static, spherically
symmetric, and asymptotically flat) BHs, it is useful to introduce the so-called
c2-parametrization. By recalling (4.1.9), we have
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c2 ≡ κsAH

8π
= 2SBHTBH . (5.2.3.1)

By considering Weinhold’s formalism, we thus obtain that the extensive
BH thermodynamical variables Nµ

BH ’s get modified as follows:

Nµ
BH =

(
c2

2TBH
, pΛ, qΛ, φ

a
∞

)
. (5.2.3.2)

Consequently, (5.2.1.16) now reads

dMBH =
c2

2SBH
dSBH + χΛdp

Λ + ψΛdqΛ −Σadφ
a
∞, (5.2.3.3)

yielding

πSBH
≡ ∂MBH (NBH)

∂SBH
≡ TBH (NBH) =

c2

2SBH
, (5.2.3.4)

�

MBH (NBH) =
c2

2
ln

(
SBH

c2

)
+ M̂BH

(
pΛ, qΛ, φ

a
∞
)

= MBH

(
NBH ; c2

)
;

(5.2.3.5)

thus, c2 may be interpreted as a new parameter, determining the lift of
the function MBH (NBH) to a whole family of c2-parameterized functions
MBH

(
NBH ; c2

)
by expliciting the dependence on SBH .

Analogously, by using (5.2.1.20), (5.2.3.1), and (5.2.3.4), we get that the
BH Gibbs free energy now reads

GBH = MBH −
c2

2
− ψΛqΛ − χΛp

Λ +Σaφ
a
∞; (5.2.3.6)

⇓
∂GBH (πBH)

∂TBH
=

∂MBH (NBH)
∂SBH

∂SBH

∂TBH
= − c2

2TBH
; (5.2.3.7)

�

GBH (πBH) = −c2

2
ln (TBH) + ĜBH

(
ψΛ, χΛ,−Σa

)
= GBH

(
πBH ; c2

)
;

(5.2.3.8)

once again, c2 determines the lift of the function GBH (πBH) to a whole family
of c2-parameterized functions GBH

(
πBH ; c2

)
, by expliciting the dependence

on πSBH
≡ TBH . Consequently, the thermodynamical configuration spaces

NBH and N̂BH remain unchanged, but they acquire a c2-dependent parame-
trization

NBH −→
{
NBH

(
c2

)}
; (5.2.3.9)

N̂BH −→
{
N̂BH

(
c2

)}
. (5.2.3.10)
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By considering definition (5.2.1.11) of BH heat capacity and using Equa-
tions (5.2.3.4) and (5.2.1.14), we obtain

CBH = W11,BH (NBH) =
∂2MBH (NBH)

(∂SBH)2
=

∂πSBH
(NBH)

∂SBH

=
∂

∂SBH

(
c2

2SBH

)
= − c2

2S2
BH

� 0; (5.2.3.11)

analogously (5.2.1.25) and (5.2.3.7) yield

∂2GBH (πBH)
(∂TBH)2

=
∂2GBH (πBH)

(∂πSBH
)2

= −W 11
BH (πBH)

=
∂

∂TBH

(
− c2

2TBH

)
=

c2

2T 2
BH

� 0, (5.2.3.12)

where we denoted πSBH
≡ TBH ≡ π1

BH .
Let us now consider the effects of the introduction of c2 in Ruppeiner’s

geometrizing formalism. The extensive (real) Ruppeiner BH thermodynamical
variables Qµ

BH ’s are not modified, but the first of the definitions of (5.2.2.12)
yields

πMBH
≡ ∂SBH (QBH)

∂MBH
≡ 1

TBH
=

2
c2
SBH ; (5.2.3.13)

this is a partial differential equation for SBH (QBH), which can be solved by
a separation of variables

∂SBH(QBH)
∂MBH

= 2
c2SBH

�
∂SBH(QBH)

SBH
= 2

c2 ∂MBH

�
ln

[
SBH(QBH)

c2

]
= 2

c2MBH + Φ
(
pΛ, qΛ, φ

a
∞
)

�
SBH (QBH) = c2exp

[
Φ
(
pΛ, qΛ, φ

a
∞
)]
exp

[
2
c2MBH

]
+ŜBH

(
pΛ, qΛ, φ

a
∞
)

= SBH

(
QBH ; c2

)
.

(5.2.3.14)

Thus, the effect of the introduction of the parameter c2 is the lift of the func-
tion SBH (QBH) to a whole family of c2-parameterized functions
SBH

(
QBH ; c2

)
by expliciting the dependence on MBH .

Analogously, by recalling (5.2.2.15) and using (5.2.3.8), we get
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ΓBH (βBH) =
GBH (πBH)

TBH
= −c2

2
ln (TBH)
TBH

+
ĜBH

(
ψΛ, χΛ,−Σa

)
TBH

=
c2

2
1

TBH
ln

(
1

TBH

)
+
ĜBH

(
ψΛ, χΛ,−Σa

)
TBH

=
c2

2
1

TBH
ln

(
1

TBH

)
+

1
TBH

Ĝ′
BH

(
− ψΛ

TBH
,− χΛ

TBH
,
Σa

TBH

)

= ΓBH

(
βBH ; c2

)
, (5.2.3.15)

where we defined

ĜBH

(
ψΛ, χΛ,−Σa

)
≡ Ĝ′

BH

(
− ψΛ

TBH
,− χΛ

TBH
,
Σa

TBH

)
; (5.2.3.16)

once again, c2 determines the lift of the function ΓBH (βBH) to a whole family
of c2-parameterized functions ΓBH

(
βBH ; c2

)
, by expliciting the dependence

on πMBH
≡ 1

TBH
. Consequently, the Ruppeiner thermodynamical configura-

tion spaces VBH and V̂BH remain unchanged, but they acquire a c2-dependent
parametrization

VBH −→
{
VBH

(
c2

)}
; (5.2.3.17)

V̂BH −→
{
V̂BH

(
c2

)}
. (5.2.3.18)

Moreover, (5.2.2.2), (5.2.2.12), and (5.2.3.13) yield

− ∂2SBH (QBH)
(∂MBH)2

= S11,BH (QBH) = −∂πMBH
(QBH)

∂MBH

= − ∂

∂MBH

(
2
c2
SBH

)
= − 2

c2

∂SBH (QBH)
∂MBH

− 4
c4
SBH � 0,

(5.2.3.19)

where we denoted MBH ≡ Q1
BH . Analogously, (5.2.2.20) and (5.2.3.15) imply

− ∂2ΓBH (βBH)(
∂
(

1
TBH

))2 = − ∂2ΓBH (βBH )(
∂πMBH

)2 = S11
BH (βBH)

= − ∂2(
∂πMBH

)2




c2

2
πMBH

ln
(
πMBH

)

+πMBH
Ĝ′

BH

((
πΛ

q

)
Ruppeiner

,
(
πpΛ

)
Ruppeiner

,
(
πφ∞

)
a,Ruppeiner

)



= − ∂
∂πMBH




c2

2
ln

(
πMBH

)
+ c2

2

+Ĝ′
BH

((
πΛ

q

)
Ruppeiner

,
(
πpΛ

)
Ruppeiner

,
(
πφ∞

)
a,Ruppeiner

)



= − c2

2πMBH
= − c2

2

(
1

TBH

)−1
� 0,

(5.2.3.20)
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where we denoted πMBH
≡ 1

TBH
≡ β1

BH and used the notations defined in
(5.2.2.12).

It should be noticed that neither (5.2.3.11) and (5.2.3.12) nor (5.2.3.19)
and (5.2.3.20) imply that the c2-parameterized BH Weinhold and Ruppeiner
metrics are (not necessarily strictly) negative definite, respectively. We re-
ported (5.2.3.11), (5.2.3.12), (5.2.3.19), and (5.2.3.20) in order to point out
that the c2-parametrization of the relevant BH thermodynamical configura-
tion spaces allows one to explicitly get some functional dependences of the
thermodynamical functions, and consequently to explicitly estimate the sign
of some components of the BH Weinhold and Ruppeiner metrics (but clearly
their – not necessarily strict – positive definiteness does not get changed).

Finally, through the introduction of c2 (5.2.2), which conformally relates
Weinhold’s and Ruppeiner’s approaches to the geometrization of BH thermo-
dynamics, may be rewritten as

(dNBH)2 =
c2

2SBH
(dQBH)2

�

Wµν,BH (NBH) dNµ
BHdN

ν
BH =

c2

2SBH
Sµν,BH (QBH) dQµ

BHdQ
ν
BH .

(5.2.3.21)

Let us now “c2-extremize” all the previously presented formalism, i.e., let
us put

c2 ≡ κAH

8π
= 2SBHTBH = 0. (5.2.3.22)

Such a choice corresponds to the 4-d extreme (or extremal) BHs, whose spheri-
cally symmetric, static, and asymptotically flat cases have been treated above.
The vanishing of c2 in extreme BHs is usually understood as the vanishing of
the surface gravity κs = 4πTBH (and thus of the temperature TBH) with fi-
nite (nonzero) horizon area AH and entropy SBH , which at the (semi)classical,
leading order of large BH charges are related by the BHEA law SBH = 1

4AH

(see the discussion at the beginning of Sect. 2):

c2 = 0 =⇒



κs = 4πTBH = 0;

SBH = 1
4AH 	= 0.

(5.2.3.23)

By considering Weinhold’s formalism, we obtain that the (real) Weinhold
c2-extremized extensive BH thermodynamical variables Nµ

BH,c2=0’s are (here
and below the lower Greek indices have cardinality 2nV +mφ∞ + 2)

Nµ
BH,c2=0 =

(
pΛ, qΛ, φ

a
∞
)
, (5.2.3.24)

i.e., SBH does not belong to such a set of variables any more. Indeed, by
recalling (5.2.3.3), (5.2.3.4) and (5.2.3.5), the energy of a (static) extreme BH
turns out to be independent of SBH :
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dMBH |c2=0 = χΛdp
Λ + ψΛdqΛ −Σadφ

a
∞; (5.2.3.25)

�
∂MBH (NBH)

∂SBH

∣∣∣∣
c2=0

=
c2

2SBH

∣∣∣∣
c2=0

= 0; (5.2.3.26)

�
MBH

(
NBH ; c2 = 0

)
= M̂BH

(
pΛ, qΛ, φ

a
∞
)
. (5.2.3.27)

Such a result directly implies that (4-d) extreme BHs have vanishing heat
capacity; indeed, the c2-extremization of (5.2.3.11) yields

CBH

(
c2 = 0

)
=

∂2MBH (NBH)
(∂SBH)2

∣∣∣∣∣
c2=0

= 0; (5.2.3.28)

analogously, the c2-extremization of (5.2.3.12) gives

∂2GBH (πBH)
(∂TBH)2

∣∣∣∣∣
c2=0

= 0. (5.2.3.29)

Thence, by recalling (5.2.3.6)–(5.2.3.8), we get that the Gibbs free energy
of extreme BHs reads

GBH

(
c2 = 0

)
= MBH

(
c2 = 0

)
− ψΛqΛ − χΛp

Λ +Σaφ
a
∞; (5.2.3.30)

⇓

∂GBH (πBH)
∂TBH

∣∣∣∣
c2=0

=
(
∂MBH (NBH)

∂SBH

∂SBH

∂TBH

)
c2=0

= 0; (5.2.3.31)

�
GBH

(
πBH ; c2 = 0

)
= ĜBH

(
ψΛ, χΛ,−Σa

)
. (5.2.3.32)

Summarizing, the c2 = 0 elements of the c2-parameterized families of
(real) (2nV +mφ∞ + 3)-d thermodynamical configuration spaces

{
NBH

(
c2

)}
(extensive) and {N̂BH

(
c2

)
} (intensive) are actually (2nV +mφ∞ + 2)-d

spaces, since the dependence respectively on SBH and TBH drops out; by
recalling (5.2.1.23) and (5.2.1.24), we respectively get

NBH

(
c2 = 0

)
≡ W

2nV +2 ×Mφ∞ , coords. Nµ
BH,c2=0 =

(
pΛ, qΛ, φ

a
∞
)
;

(5.2.3.33)

N̂BH

(
c2 = 0

)
≡ Ŵ

2nV +2 ×MΣ , coords.
(
πBH,c2=0

)
µ

=
(
χΛ, ψ

Λ,−Σa

)
,

(5.2.3.34)
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where W
2nV +2 and Ŵ

2nV +2 are (2nV + 2)-d symplectic spaces (respectively
discretized in the lattices Γ and Γ̂ at the quantized level) with the metric ε
defined in (3.1.24). Consequently, the Weinhold covariant metric for extreme
BHs is given by the c2-extremization of (5.2.1.2):



Wµν,extreme BH

(
NBH,c2=0

)
≡ DNµ

BH,c2=0
DNν

BH,c2=0
M̂BH

(
NBH,c2=0

)
;

Nµ
BH,c2=0 =

(
pΛ, qΛ, φ

a
∞
)
,

Λ = 0, 1, . . . , nV , a = 1, . . . ,mφ∞ , |{µ}| = 2nV +mφ∞ + 2.
(5.2.3.35)

Correspondingly, the Weinhold contravariant metric for extreme BHs is given
by the c2-extremization of (5.2.1.25):




W µν
extreme BH

(
πBH,c2=0

)
≡ D(

π
BH,c2=0

)
µ

D(
π

BH,c2=0

)
ν

(
L
(
M̂BH

)) (
πBH,c2=0

)

= −D(
π

BH,c2=0

)
µ

D(
π

BH,c2=0

)
ν

ĜBH

(
πBH,c2=0

)
;

(
πBH,c2=0

)
µ

=
(
χΛ, ψΛ,−Σa

)
,

Λ = 0, 1, . . . , nV , a = 1, . . . , mφ∞ , |{µ}| = 2nV + mφ∞ + 2.

(5.2.3.36)

Let us now consider the c2-extremization of Ruppeiner’s geometrizing ap-
proach to BH thermodynamics. It can be immediately seen that such a for-
malism yields a divergent metric for c2 = 0; indeed, from the c2-parameterized
conformal relation (5.2.3) we get

limc2→0+ (dQBH)2 = limc2→0+

[
2SBH

c2
(dNBH)2

]
= +∞ (5.2.3.37)

�
limc2→0+Sµν,BH (QBH) dQµ

BHdQ
ν
BH

= limc2→0+

[
2SBH

c2 Wµν,BH (NBH) dNµ
BHdN

ν
BH

]
= +∞,

(5.2.3.38)

where we used the previously assumed nonzero finiteness of the entropy of
extreme BHs and also the fact that, as seen above, the c2-extremization of
Weinhold’s metric (and consequently of the square metric interval defined by
such a metric in the space NBH) yields a finite, usually nonvanishing result.

The divergence of (dQBH)2 is actually consistent with some results in the
literature (see, e.g., [84] and [85]), pointing out that near the extreme c2 → 0+

the BH thermodynamics breaks down, at least in the conventional sense here
understood. Nevertheless, by making use of the BHEA law (given by (2.4)
and rigorously holding true only in the semi-classical, leading-order limit of
large BH charges), we may still define a “renormalized” Ruppeiner metric
Sµν,extreme BH for extreme BHs
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Sµν,extreme BH

(
NBH,c2=0

)
≡ − 1

4DNµ

BH,c2=0
DNν

BH,c2=0
AH

(
NBH,c2=0

)
;

Nµ
BH,c2=0 =

(
pΛ, qΛ, φ

a
∞
)
,

Λ = 0, 1, . . . , nV , a = 1, . . . ,mφ∞ , |{µ}| = 2nV +mφ∞ + 2.
(5.2.3.39)

Notice that, for nonzero c2 the two previously defined sets of extensive
variables Nµ

BH ’s (Weinhold’s ones, see (5.2.1.2)) and Qµ
BH ’s (Ruppeiner’s ones,

see (5.2.2.2)) are different (they actually differ only by their first element,
respectively SBH and MBH), but they do coincide for c2 = 0:

Nµ
BH,c2=0 =

(
pΛ, qΛ, φ

a
∞
)

= Qµ
BH,c2=0. (5.2.3.40)

At the level of corresponding thermodynamical configuration spaces, we may
thus complete (5.2.3.33) as follows:

{
NBH

(
c2 = 0

)
≡ W

2nV +2 ×Mφ∞ ≡ VBH

(
c2 = 0

)
,

coords. Nµ
BH,c2=0 = Qµ

BH,c2=0 =
(
pΛ, qΛ, φ

a
∞
)
,

(5.2.3.41)

clearly denoting with VBH

(
c2 = 0

)
the thermodynamical configuration space

related to the renormalized Ruppeiner’s formalism based on Sµν,extreme BH

of (5.2.3.39).
In Ruppeiner’s renormalized formalism for extreme BHs, we may thus de-

fine the intensive variablesΞµ,R.r.’s, canonically conjugated to theNµ
BH,c2=0 =

Qµ
BH,c2=0, as follows (the subscript “R.r.” stands for “Ruppeiner renormal-

ized”)

Ξµ,R.r.

(
NBH,c2=0

)
:




(
πΛ

q

)
R.r.

≡ 1
4

∂AH(NBH,c2=0)
∂qΛ

;

(πpΛ)R.r. ≡
1
4

∂AH(NBH,c2=0)
∂pΛ ;

(πφ∞)a,R.r.≡
1
4Dφa

∞AH

(
NBH,c2=0

)
= 1

4

∂AH(NBH,c2=0)
∂φa

∞
.

(5.2.3.42)

By Legendre-transforming 1
4AH w.r.t. the Nµ

BH,c2=0’s, we obtain

L
(

1
4AH

)
≡ (πpΛ)R.r. p

Λ +
(
πΛ

q

)
R.r.

qΛ + (πφ∞)a,R.r. φ
a
∞ − 1

4AH

(
NBH,c2=0 (ΞR.r.)

)
= 1

4 (L (AH)) (ΞR.r.) ,
(5.2.3.43)

where system (5.2.3.42), assumed to be determined, solvable, and invertible,
has been inverted in order to give NBH,c2=0 = NBH,c2=0 (ΞR.r.); the last
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line of (5.2.3.43) has been obtained by exploiting the linearity of the Legen-
dre transform, holding also in curved backgrounds and in the renormalized
extreme formalism being considered.

Clearly, the set of 2nV + mφ∞ + 2 intensive variables Ξµ,R.r. =(
(πpΛ)R.r. ,

(
πΛ

q

)
R.r.

, (πφ∞)a,R.r.

)
is the renormalized c2 → 0+ limit of the

previously defined set of 2nV +mφ∞ +3 Ruppeiner intensive variables βµ,BH ’s
(in this case the index µ recovers a cardinality 2nV + mφ∞ + 3), defined by
(5.2.2.12):

(
(πpΛ)R.r. ,

(
πΛ

q

)
R.r.

, (πφ∞)a,R.r.

)
= limc2→0+

(
1

TBH
,− χΛ

TBH
,− ψΛ

TBH
,
Σa

TBH

)
.

(5.2.3.44)

Since the βµ,BH ’s may be considered as coordinates in the (real) (2nV +
mφ∞ + 3)-d BH Ruppeiner intensive thermodynamical configuration space
V̂BH , we may conclude that the variables Ξµ,R.r.’s can be seen as coordi-
nates of the (2nV +mφ∞ + 2)-d real space V̂BH,R.r., given by the renormalized
c2 → 0+ limit of V̂BH . Consequently, the Ruppeiner’s, renormalized extreme
counterpart of (5.2.3.34) may be written as



V̂BH,R.r. ≡ limc2→0+ V̂BH

(
c2

)
= Ŵ

2nV +2
R.r. ×M(πφ∞ )

R.r.
,

coords. Ξµ,R.r. =
(
(πpΛ)R.r. ,

(
πΛ

q

)
R.r.

, (πφ∞)a,R.r.

)
,

(5.2.3.45)

where, in general, Ŵ
2nV +2
R.r. is a (2nV + 2)-d symplectic space, and M(πφ∞ )

R.r.

is the mφ∞ -d real space canonically conjugated (in the renormalized c2 → 0+

limit) to the space Mφ∞ .
Finally, we may define the renormalized extreme contravariant Ruppeiner

metric as


Sµν
extreme BH (Ξµ,R.r.) ≡ − 1

4DΞµ,R.r.
DΞν,R.r.

(L (AH)) (ΞR.r.) ;

Ξµ,R.r. =
(
(πpΛ)R.r. ,

(
πΛ

q

)
R.r.

, (πφ∞)a,R.r.

)
,

Λ = 0, 1, . . . , nV , a = 1, . . . ,mφ∞ , |{µ}| = 2nV +mφ∞ + 2,

(5.2.3.46)

satisfying the condition

Sµρ
extreme BH

(
Ξµ,R.r.

(
NBH,c2=0

))
Sρν,extreme BH

(
NBH,c2=0

)
= δµ

ν , ∀Nµ
BH,c2=0,

(5.2.3.47)

where Ξµ,R.r. = Ξµ,R.r.

(
NBH,c2=0

)
is given by system (5.2.3.42).

It should be clearly pointed out that the “reduced” form Sab,extreme BH (φ∞)
of the renormalized Ruppeiner metric Sµν,extreme BH for extreme BHs (de-
fined by (5.2.3.39)), obtained by fixing the BH charge configuration

(
pΛ, qΛ

)
∈
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Γ , vanishes. Indeed, as pointed out by (4.2.54) and (4.2.55), by the attractor
mechanism the horizon area of (the considered class of 4-d static, spherically
symmetric, asymptotically flat) extreme BHs is purely charge-dependent, and,
in general, independent of the asymptotical moduli configurations:

AH (p, q) = 4πVBH (φH (p, q) ; p, q) = 4SBH (p, q) ; (5.2.3.48)
⇓

Dφa
∞AH =

∂AH

∂φa
∞

= 0, ∀a ∈ {1, . . . ,mφ∞} ; (5.2.3.49)

⇓

Sab,extreme BH ≡ −1
4
Dφa

∞Dφb
∞
AH = 0, ∀ (a, b) ∈ {1, . . . ,mφ∞}

2
. (5.2.3.50)

The only case with nontrivially vanishing renormalized, reduced Ruppeiner
metric Sab,extreme BH is given by the double-extreme BHs, defined by

φa (r) = φa
∞ = φa

H (p, q) , ∀r ∈ [rH ,+∞) , ∀a = 1, . . . ,mφ, (5.2.3.51)

where the φa
H (p, q)’s are the (horizon), “attracted,” purely charge-dependent

values of the moduli. In such a case, we thus have

∂

∂φa
∞

=
∂

∂φa
H (p, q)

, (5.2.3.52)

and thus, by using (5.2.3.48), we get

Sab,double−extreme BH (p, q) ≡ − 1
4Dφa

∞Dφb
∞
AH (p, q)

= − 1
4Dφa

H(p,q)Dφb
H(p,q)AH (p, q)

= −πDφa
H(p,q)Dφb

H(p,q)VBH (φH (p, q) ; p, q)
= −πDφa

H(p,q)∂φb
H(p,q)VBH (φH (p, q) ; p, q)

= −π∂φa
H(p,q)∂φb

H(p,q)VBH (φH (p, q) ; p, q)
−Γ c

ab (φH (p, q)) ∂φc
H(p,q)VBH (φH (p, q) ; p, q) ,

∀ (a, b) ∈ {1, . . . ,mφ}2 .

(5.2.3.53)

By switching to the complex parametrizationMz,z of the constant moduli
space of the considered double-extreme BHs (by assuming mφ = 2nφ, nφ ∈ N),
and moreover by considering the context of nV -fold, N = 2, d = 4 MESGT
(in which nφ = nV and Mz,z is endowed with a – regular – SKG), we get that

Sı̂̂,double−extreme BH (p, q) = −πDı̂D̂VBH (φH (p, q) ; p, q) ≡ −πHVBH

ı̂̂ (p, q) ,
(5.2.3.54)

where we also used the definition in the second line of (4.4.1.28), and the
“hatted” indices are defined as
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ı̂, ̂ =
holomorphic indices

1, . . . , nφ,
anti-holomorphic indices

nφ + 1, . . . ,mφ . (5.2.3.55)

Consequently, beside the general expression (4.4.1.28) (depending on the 1
2 -

BPS or non-BPS nature of the constant, purely charge-dependent “attrac-
tor” moduli configurations considered in the moduli space of the 4-d double-
extreme BHs), Sı̂̂,double−extreme BH (p, q) will be nonvanishing, but rather
given by −π times the expressions of HVBH

ı̂̂ given by (4.4.1.29) and (4.4.2.10)
and (4.4.2.11), respectively.

In general, for a generic thermodynamic substance or for a generic (4- d)
BH, one expects to be able to say very little about the thermodynamical Wein-
hold and Ruppeiner metrics. Instead, by exploiting the particular features of
the (regular) SKG of the (complex parametrizationMz,z of the) moduli space
of nV -fold, N = 2, d = 4 MESGT, we have been able to obtain rather precise
results in the Weinhold’s and Ruppeiner’s thermodynamical formalism of 4-d
(static, spherically symmetric, and asymptotically flat) extreme and double-
extreme BHs.

The study of the thermodynamical Weinhold and Ruppeiner metrics re-
lated to s-t singularities in SUGRA theories is not a mere academic exercise.
As correctly pointed out by Ferrara, Gibbons, and Kallosh in [55], the main
motivation for investigating such metrics is the following one.

In an exact quantum theory of gravity, where (presumably) the s-t geome-
try would not play a preeminent role as it does in classical (and semi-classical)
general relativity, one might nevertheless still be able to characterize the s-t
singularities, such as the 1-d one we called “black holes,” by their thermody-
namical properties, of course at a more abstract level w.r.t. the usual, classical
one. The Weinhold and Ruppeiner metrics might provide such a generalized
thermodynamical framework, in which the full quantum equation of state of
the considered systems might be determined.

Thus, in theories based on an underlying geometric structure, such as the
previously considered N = 2, d = 4, nV -fold MESGT, which is based on
the special Kähler–Hodge geometry of the space MnV

of the complex scalars
coming from nV Abelian vector supermultiplets (see Sect. 3), it is not unrea-
sonable to hope that the (regular) metric of the relevant moduli space and
the Weinhold (and properly renormalized Ruppeiner) metric continue to be
(closely) related in the full quantum regime.

In the previous treatment we dealt only with 4-d, static, spherically sym-
metric, asymptotically flat extreme (and double-extreme) BHs. Generaliza-
tions, corresponding to the removal of such working hypotheses, would be
very interesting. Extension of the previous treatment and results to nonsta-
tic, rotating BHs should be immediate, given by the enlargement of the ther-
modynamical configuration spaces to the angular momenta. Recent investiga-
tions [86] have focused on the Ruppeiner metric of Reissner–Nördstrom BHs
(in asymptotically flat and asymptotically adS backgrounds), and also of the
corresponding rotating counterparts, given by the Kerr BHs.
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In general, it would be very interesting to see if the whole treatment of
Sects. 4 and 5 may be generalized to include the nonextreme BHs.1 (c2 	= 0),
even though recent works seem to point out that for such BHs the attractor
mechanism does not hold (see, e.g., [66] and [61]).

1 For some results on nonextreme BHs along the last years, see, e.g., [87] and [88]



6

N > 2-extended Supergravity,
U -duality and the Orbits
of Exceptional Lie Groups

In previous sections we considered the N = 2, d = 4 Maxwell–Einstein su-
pergravity theory (MESGT) coupled to nV Abelian vector supermultiplets,
and we have seen explicitly how the attractor mechanism works in the moduli
space MnV

of such a theory, in relation to the (covariant derivatives of the)
central charge of the N = 2 superalgebra. We mainly used a fundamental
feature of N = 2, d = 4, nV -fold MESGT, namely the symplectic, special
Kähler–Hodge geometry exhibited by MnV

.
At this point, one should ask: what about N > 2-extended SUGRAs, in

which more than one central charge operator may arise?
In this section we will try to answer such a question, in a sketchy, but

as exhaustive as possible, way1. In order to illustrate the main features of
the attractor mechanism in N > 2-extended SUGRAs, we will consider two
explicit cases, corresponding to the maximal N = 8, d = 4 and 5 SUGRAs. In
particular, we will deal with the versions of such theories obtained by a toroidal
compactification of string and M theories respectively down to d = 4 and 5
dimensions, preserving N = 8 SUSY. In such cases, the U -duality symmetry
group of the resulting SUGRAs is given by the noncompact, exceptional Lie
groups E7(7) and E6(6), respectively.

A peculiar feature, which distinguishes the N > 2 cases from the N = 2
one, is the possibility to have different degrees of BPS soliton solutions. For
example, in N = 8, beside the maximally SUSY-preserving 1

2 -BPS case, also
the 1

4 -BPS and 1
8 -BPS cases are possible.

We will see that the entropy of the metric backgrounds having a regu-
lar horizon geometry (which will turn out to be only the minimally SUSY-

1 An alternative, complementary approach w.r.t. the one adopted in the present
section has been briefly outlined in Sect. 5 of [55]. It investigates the critical
points of the BH effective potential function in the moduli space of N > 2-
extended (d = 4) SUGRAs by using a geometric formalism in which the duality
symmetries are manifest [92]
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preserving, i.e., the 1
8 -BPS, ones) may be determined by using only group-

theoretical arguments.
Indeed, we will see how the different degrees of SUSY-preservation ex-

hibited by the BPS interpolating metric solutions may be classified in a U -
invariant way, using some constraints involving the quartic invariant I4 of
E7(7) and the cubic invariant I3 of E6(6), respectively for the N = 8, d = 4
and 5 SUGRAs. Then, it will turn out that such a U -invariant classification
of BPS states may be interpreted in terms of orbits in the fundamental repre-
sentation spaces of the U -duality groups E7(7) and E6(6), respectively. In such
a framework, a deep connection with the classification of the little groups and
the orbits of timelike, lightlike, and spacelike vectors in Minkowski space will
be established.

We will essentially give a merged, pedagogical exposition of the two pa-
pers [15] and [89], to whom we address the interested reader for references
and further elucidations (see also [90], and [209–213] for recent advances).
Very recent and interesting developments concerning BPS BHs and quantum
attractor flows are contained in [91].

6.1 Attractor Mechanism in N = 8, d = 5 Supergravity

Let us start by considering the N = 8, d = 5 maximal SUGRA obtained by
a N = 8 SUSY-preserving toroidal compactification from 11-d M-theory or
10-d superstring theory.

The essential feature is the presence of a (manifestly realized) additional
internal, noncompact symmetry, namely the U -duality symmetry. In this case
such a symmetry is given by the exceptional Lie group E6(6), whose fun-
damental representation (fundamental representation) has dimension 27. It
may be shown that the 27-d fundamental representation space of E6(6) may
be described in terms of the symplectic (and therefore antisymmetric and
traceless) tensor representation of the group USp(8), which is, at the same
time, the maximal compact subgroup of E6(6) and the R-symmetry (i.e., the
automorphism) group of the N = 8, d = 5 SUSY algebra. The resulting (as-
ymptotical) moduli space is a real 42-d symmetric space with coset structure
E6(6)/USp(8).

Similarly to its maximal compact subgroup USp(8), E6(6) has a twofold
role: it is the U -group, classifying the generalized electric–magnetic transfor-
mations of the internal d.o.f.s of the theory represented by the (quantized)
conserved charges; but, at the same time, it is also the isometry group of the
42-d manifold related to the nonlinear sigma model of the scalars of the gravity
supermultiplet (the only possible in the case at hand, due to the maximality
of N = 8, d = 5 SUGRA).

By the action of USp(8), every element in the fundamental representation
space of E6(6) may be put in a skew-diagonal form, called normal form, reading
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ς1
ς2
ς3
ς4


⊗ ε, ςµ ∈ R, ∀µ = 1, 2, 3, 4, (6.1.1)

where ⊗ stands for the tensor product, ε is the 2-d symplectic metric
(

0 −1
1 0

)
,

and the unwritten components vanish. Therefore, the suitable action of the
R-symmetry group of the N = 8, d = 5 SUSY algebra is equivalent to the
choice of the so-called normal frame in the 27-d fundamental representation
space of E6(6).

On the other hand, the central charge matrix ZAB , determining the central
extension of the N = 8, d = 5 SUSY algebra, is in general, given by an 8× 8
complex antisymmetric matrix (here and in the following uppercase Latin
indices will run from 1 to the number of supercharges N = 8). Also in this
case, it is always possible, by suitably acting with USp(8), to choose the
normal frame.

Stressing the complete functional dependence of ZAB and of its USp(8)-
transformed version, we thus have

Generic frame : ZAB (q, ϕ∞)
↓ USp(8)

Normal frame:

eAB (q, ϕ∞) ≡



λ1 (q, ϕ∞)

λ2 (q, ϕ∞)
λ3 (q, ϕ∞)

λ4 (q, ϕ∞)


⊗ ε,

λµ (q, ϕ∞) ∈ R, ∀µ = 1, 2, 3, 4, (6.1.2)

where the q’s are the charges, the ϕ∞’s are the asymptotical moduli, and
the λµ (q, ϕ∞)’s are usually named the “skew-diagonal” eigenvalues of the
central charge matrix ZAB . Beside being “ordinarily” traceless (because sym-
plectic and therefore antisymmetric), eAB is also “skew-diagonally” traceless,
because, in general, it holds

λ1 + λ2 + λ3 + λ4 = 0. (6.1.3)

Therefore, it is clear that eAB may be considered as an element of the nor-
mal frame of the 27-d fundamental representation space of E6(6), constrained
by the “skew-diagonal” tracelessness condition (6.1.3).

Since the U -duality symmetry is nothing but the generalization of the
electric–magnetic duality, in general the set of charges (usually denoted with{
qi
}

i∈I
) characterizing a given configuration of the considered theory will fit

a vector in the fundamental representation of the U -duality symmetry group.
Therefore, the cardinality of the set I will be equal to the dimension of such
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a group. In the case at hand, the set of charges
{
qi
}

i=1,...,27
will fit a vector

in the 27 of E6(6), i being a vector index in such a representation.
Thus, it may be stated that the tracelessness condition (6.1.3) should hold

∀ qi ∈ 27 of E6(6) (Z) and ∀ϕ∞ ∈ E6(6)/USp(8), which is the (asymptotical)
moduli space of the theory. E6(6) (Z) is the “discrete version” of the U -duality
group, determined by the quantization of the conserved charges

{
qi
}

i∈I
.

Since the lowest order product of fund. reprs. 27’s of E6(6) containing the
singlet in its symmetric part is the cubic one, the lowest order invariant in
the fundamental representation 27 of E6(6) is cubic in the qi’s, and will be
therefore given by

I3(27) (q) ≡ Tijkq
iqjqk (6.1.4)

=
1
8

(λ1 (q, ϕ∞) + λ2 (q, ϕ∞)) ·

· (λ1 (q, ϕ∞) + λ3 (q, ϕ∞)) (λ2 (q, ϕ∞) + λ3 (q, ϕ∞)) ,

where Tijk is a particular completely symmetric covariant rank-3 tensor in the
27 of E6(6). By defining2

s1 ≡
1
2

(λ1 + λ2) , s2 ≡
1
2

(λ1 + λ3) , s3 ≡
1
2

(λ2 + λ3) , (6.1.5)

we may finally write

I3(27) (q) = s1 (q, ϕ∞) s2 (q, ϕ∞) s3 (q, ϕ∞) . (6.1.6)

One of the main features of the cubic invariant I3(27) of E6(6) is its dependence
only on the charges. Indeed, despite the fact that the s’s and the λ’s are
functions of the charges and of the asymptotical moduli, I3(27) is moduli-
independent. As we will see, the property of moduli independence will play a
key role in the use of such a purely charge-dependent, U -invariant quantity
in order to describe the SUSY-preservation features and the entropy in the
physics of extremal BHs.

Also, it may be shown that the sign of I3(27) is not relevant, because it
may change under CPT, which instead is an exact symmetry of the theory.

It is, in general, possible to give a U -invariant classification of the BPS
extremal BH solutions in the N = 8, d = 5 SUGRA having E6(6) as U -
duality symmetry, by using the lowest order (namely cubic) invariant of such
an exceptional Lie group.

The relevant steps to perform are

1. Formulating some suitable constraints on the cubic invariant I3(27) of the
fundamental representation 27 of E6(6).

2 Up to irrelevant renamings, we may choose λ1, λ2 and λ3 as the independent
“skew-diagonal” eigenvalues of the central charge matrix ZAB .
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2. Interpreting such constraints as the defining equations of the orbits in the
27-d fundamental representation space of E6(6).
In general, such orbits admit a “coset expression,” i.e., a reformulation
as a coset of the starting 27-d space. Indeed, they may be considered as
particular nonlinear realizations (NLRs) of the U -duality symmetry group
E6(6) in its 27-d fundamental representation space. The “stabilizer” in the
coset expression (i.e., the group appearing in the denominator) is called
the “little group” of the considered orbit.

3. Counting the independent (real) parameters associated with the considered
orbit, and thus calculate its dimension, by looking only at the central charge
matrix. The key point is to find the so-called little group of the normal form
of the properly constrained central charge matrix, which, in general, will
be a (proper) subgroup of the previously mentioned “little group of the
orbit”3.

The dimension of the orbit will be given by adding the number of inde-
pendent real skew-diagonal eigenvalues of the central charge matrix ZAB to
the dimension of the coset space R/K, where:

1. R = USp(8), which, as already pointed out, is, at the same time, the
maximal compact subgroup of E6(6) and the R-symmetry group of the
N = 8, d = 5 SUSY algebra,
and

2. K stands for the maximal compact subgroup of the previously mentioned
little group of the normal form of the properly constrained central charge
matrix.

3 Another, alternative procedure may be used in order to calculate the dimensions
of the orbits in the considered exceptional Lie group describing the U -duality
symmetry of the theory at hand.

Such a procedure is based on the various symmetry groups and the different
gradings of JO

3,split, i.e., of the exceptional Jordan algebra of 3 × 3 Hermitian
matrices over the split form of the composition algebra of octonions O. Indeed, it
may be shown that the cubic invariant I3 of the fundamental representation 27
of E6(6) can be identified with the cubic norm of JO

3,split.
Such an identification is based on the noteworthy result

St0
(
JO

3,split

)
= E6(6),

namely, the invariance group of the norm form (called reduced structure group
and denoted by St0) of the exceptional Jordan algebra JO

3,split is nothing but
E6(6).

By the way, the procedure mentioned at point 3 allows one to better relate
the set of constraints, defining the orbit in the fundamental representation space
of E6(6), with the various degrees of SUSY-preservation exhibited by the BPS
extremal BH solutions in the considered N = 8, d = 5 SUGRA.
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Clearly, dim (USp(8)/K) expresses the number of independent (real) an-
gles in the relevant R-symmetry rotation subgroup related to the considered,
properly constrained central charge matrix.

As previously pointed out, for N = 8 we have three different BPS degrees
of SUSY-preservation, corresponding to 1

8 -BPS (minimally preserving), 1
4 -

BPS and 1
2 -BPS (maximally preserving) stable interpolating soliton solutions.

Correspondingly, there are, in general, 3 sets of invariant constraints on
I3(27) which allow one to perform an U -invariant classification. In the remain-
ing part of this Subsection we will consider such constraints, expliciting the 3
steps of the algorithm presented above.

I] U-invariant characterization of 1
8 -BPS (minimally SUSY-pres-

erving) solutions.
I.1) “Timelike–spacelike”4 E6(6)-invariant constraint on the cubic norm of

27

I3(27) (q) = s1 (q, ϕ∞) s2 (q, ϕ∞) s3 (q, ϕ∞) 	= 0
�

s1 (q, ϕ∞) , s2 (q, ϕ∞) , s3 (q, ϕ∞) ∈ R0, (6.1.7)

∀qi ∈ 27 of E6(6) (Z) , ∀ϕ∞ ∈ E6(6)/USp(8),

which therefore corresponds to three independent skew-diagonal eigenvalues
of the central charge matrix ZAB

λ1 (q, ϕ∞) , λ2 (q, ϕ∞) , λ3 (q, ϕ∞) ∈ R. (6.1.8)

As mentioned above, in d = 5 the sign of I3(27) (q) does not matter,
because it actually changes under a CPT transformation.

Moreover, in order to calculate the entropy of the 1
8 -BPS (minimally

SUSY-preserving) extremal BHs in d = 5, the choice of the “timelike” or
“spacelike” determination of disequality (6.1.7) is not relevant. This is due to
the existence of the following noteworthy relation in the considered framework
of the N = 8, d = 5 SUGRA with E6(6) as U -group:

M3
BR (q) = M3

ADM (q, ϕH (q)) = |I3(27) (q)| . (6.1.9)

This amounts to say that the mass of the “near-horizon” Bertotti–Robinson
(BR) geometry (given by the ADM mass of the BPS interpolating metric
solution, evaluated at the “attracted,” purely charge-dependent, “horizon”
configurations of the moduli) is equal to the third root of the absolute value
of the cubic invariant I3(27) (q) of the 27 fundamental representation of E6(6).

4 We use the nomenclature of the classification of the orbits in the Minkowski space,
but obviously in a slightly generalized sense. Nevertheless, as we will see at the
end of this subsection, the performed classification of orbits strongly resembles
the Minkowskian one
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Moreover, we may assume to have the following ordering of the absolute
values of the three real independent skew-diagonal eigenvalues of the central
charge matrix ZAB :

|λ1 (q, ϕ∞)| � |λ2 (q, ϕ∞)| � |λ3 (q, ϕ∞)| . (6.1.10)

Such an assumption does not imply any loss of generality, up to irrelevant
renamings5 of the λ’s.

Since I3(27) (q) depends only on the charges, it can be equivalently evalu-
ated at any point in the asymptotical moduli space E6(6)/USp(8). In particu-
lar, one may choose to evaluate it at {ϕ∞} = {ϕH (q)}, i.e., at the asymptot-
ical configuration(s) coinciding with the “near-horizon,” “attracted” one(s).
Consequently, it may be shown that the following result holds true:

I3(27) (q) = s1 (q, ϕ∞ = ϕH (q)) s2 (q, ϕ∞ = ϕH (q)) s3 (q, ϕ∞ = ϕH (q))
= λ3

1 (q, ϕ∞ = ϕH (q)) ≡ λ3
1,H (q) . (6.1.11)

By using relation (6.1.9), one obtains

M3
BR (q) = M3

ADM (q, ϕh (q)) = |I3(27) (q)| = |λ1,H (q)|3 . (6.1.12)

It should be now mentioned that in d = 5, (3.2.131) may be shown to be
generalized as it follows:

SBH =
AH

4
∼M

3/2
BR . (6.1.13)

By specializing it to the case at hand and using (6.1.12), one finally gets

SBH =
AH

4
∼M

3/2
BR (q) = M

3/2
ADM (q, ϕH (q))

=
√
|I3(27) (q)| = |λ1,H (q)|3/2

> 0. (6.1.14)

Thus, the 1
8 -BPS BH solutions described by the “timelike–spacelike” U -

invariant constraint (6.1.7) have a physically consistent, purely charge-depend-
ent, strictly positive entropy.

The fundamental relation

SBH ∼
√
|I3(27) (q)| (6.1.15)

5 A priori, it might happen that such an ordering of the absolute values of the
skew-diagonal eigenvalues of ZAB actually changes, depending on the considered
value of the formal couple:

(q, ϕ∞) ∈
(
27 of E6(6) (Z)

)
×

(
E6(6)/USp(8)

)
.

Such a possibility is strictly related to the functional dependence of the λ’s on
the couple (q, ϕ∞).

For further explanations (given in the treatment of the d = 4 case in next
subsection), the reader is addressed to Footnote 8
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formally holds for all existing orbits, and it gives a U -invariant expression
for the BH entropy in the considered N = 8, d = 5 SUGRA with E6(6) as
U -duality symmetry.

The attractor mechanism fixes a model-independent criterion for deter-
mining the “near-horizon,” “attractor” point(s). Indeed, such points are crit-
ical points of the highest absolute-valued skew-diagonal eigenvalue of ZAB ,
seen as a function of the asymptotical moduli, which may continuously and
unconstrainedly vary in the asymptotical moduli space E6(6)/USp(8):

E6(6)/USp(8) � ϕH (q) :
∂ |λ1 (q, ϕ∞)|

∂ϕ∞

∣∣∣∣
ϕ∞=ϕH(q)

= 0; (6.1.16)

such an extremization at the “near-horizon,” “attractor” configuration(s)
ϕH (q) defines the extremum

|λ1 (q, ϕ∞ = ϕH (q))| ≡ |λ1,H (q)| ∈ R
+
0 . (6.1.17)

I.2) The little group related to the corresponding timelike–spacelike orbit
in the 27-d fundamental representation space of E6(6) is F4(4), admitting as
proper subgroup O(4, 4), which is the little group of the skew-diagonal ma-
trix eAB , properly constrained by the invariant condition (6.1.7). Finally, the
maximal compact subgroup of O(4, 4) is (SU(2))4.

Thus, the timelike–spacelike case is characterized by the following chain
of group inclusions:

(SU(2))4 ⊂ O(4, 4) ⊂ F4(4) ⊂ E6(6), (6.1.18)

and the corresponding coset expression of the timelike–spacelike orbit reads

E6(6)

F4(4)
. (6.1.19)

The general form of the coset expression of an orbit is given by the starting
fundamental representation space coset by the little group of the orbit itself
(stabilizer of the orbit).

I.3) As pointed out above, in general the dimension of the orbit is given
by the number of independent skew-diagonal eigenvalues of the properly con-
strained central charge matrix ZAB , + the dimension of the maximal compact
subgroup of the U -duality symmetry group coset by the maximal compact
subgroup of the little group of the skew-diagonal matrix eAB , i.e., of the “nor-
mal frame” form of ZAB .

In the case at hand, such a proper subspace of the fundamental represen-
tation space of E6(6) reads

USp(8)
(SU(2))4

, (6.1.20)

with dimension 36− 4 · 3 = 24.
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Consequently, the dimension of the timelike–spacelike orbit is 3+24 = 27.
The BPS, nonminimally SUSY-preserving solutions in N = 8, d = 5

SUGRA (with U -group given by E6(6)) will all correspond to different kinds
of “lightlike” orbits in the 27-d fundamental representation space of the ex-
ceptional Lie group E6(6).

The degenerate, i.e., lightlike, orbits correspond to invariant constraints
imposed on the “generalized lightcone” (defined by the vanishing of the lowest
order norm form) in the considered fund. repr. space.

The presence of such a kind of orbit is strictly related to the noncompact
nature of E6(6), and, since the lowest order norm form is cubic, we obtain two
different “degrees of degeneration.” The U -invariant condition for the 27 of
E6(6) to be a null vector (with respect to the cubic norm) suffices to guarantee
the enhancement of the SUSY (i.e., the 1

4 -BPS nature of the corresponding
solution). As reported below, the further enhancement of the extremal BPS
SUSY-preservation from the intermediate 1

4 -BPS (case II) to the maximal 1
2 -

BPS (case III) degree may be obtained only by also requesting the criticality
of the orbit (see the defining constraint (6.1)).

II] U-invariant characterization of 1
4 -BPS (intermediate SUSY-

preserving) solutions.
II.1) “Lightlike noncritical” E6(6)-invariant constraint on the cubic norm

of 27 (up to irrelevant renamings of si, i = 1, 2, 3):


I3(27) (q) = s1 (q, ϕ∞) s2 (q, ϕ∞) s3 (q, ϕ∞) = 0,

∂I3(27)(q)
∂qi 	= 0,∀i = 1, . . . , 27.

�

s1 (q, ϕ∞) , s2 (q, ϕ∞) ∈ R0,

s3 (q, ϕ∞) = 0,
(6.1.21)

∀qi ∈ 27 of E6(6) (Z) , ∀ϕ∞ ∈ E6(6)/USp(8),

which, in general, therefore corresponds to two independent (in absolute value)
eigenvalues out of the three a priori independent skew-diagonal eigenvalues of
the central charge matrix ZAB .

II.2) The little group related to the corresponding degenerate lightlike
noncritical orbit in the 27-d fundamental representation space of E6(6) is
O(5, 4)⊗s T16, where ⊗s stands for the semidirect group product, and T16 is
the group of translations corresponding to the spinor representation of O(5, 4).
In this case the little group of the skew-diagonal matrix eAB , properly con-
strained by the invariant condition (6.1.21), is O(5, 4).

Building up a chain of group inclusions similar to the previous case, one fi-
nally obtains that the coset expression of the degenerate “lightlike noncritical”
orbit reads

E6(6)

O(5, 4)⊗s T16
. (6.1.22)
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II.3) Following the approach introduced in the previous case, the di-
mension of the degenerate lightlike noncritical orbit can be calculated to be
2 + 24 = 26.

III] U-invariant characterization of 1
2 -BPS (maximally SUSY-

preserving) solutions.
III.1) “Lightlike critical” E6(6)-invariant constraint on the cubic norm of

27 (up to irrelevant renamings of si, i = 1, 2, 3):


I3(27) (q) = s1 (q, ϕ∞) s2 (q, ϕ∞) s3 (q, ϕ∞) = 0,

∂I3(27)(q)
∂qi = 0,∀i = 1, . . . , 27.

�

s1 (q, ϕ∞) ∈ R0,

s2 (q, ϕ∞) = 0 = s3 (q, ϕ∞) .

(6.1.23)

∀qi ∈ 27 of E6(6) (Z) , ∀ϕ∞ ∈ E6(6)/USp(8),

which, in general, corresponds to only one independent (in absolute value)
eigenvalue out of the three a priori independent skew-diagonal eigenvalues of
the central charge matrix ZAB .

III.2) The little group related to the corresponding degenerate lightlike
critical orbit in the 27-d fundamental representation space ofE6(6) is O(5, 5)⊗s

T16, where now T16 denotes a proper Abelian subgroup corresponding to the
spinor representation of O(5, 5). In this case the little group of the skew-
diagonal matrix eAB , properly constrained by the invariant condition (6.1),
is O(5, 5). It admits O(5) ⊗ O(5) = USp(4) ⊗ USp(4) as maximal compact
subgroup (⊗ now stands for the direct group product).

Thus, the lightlike critical case is characterized by the following chain of
group inclusions:

O(5)⊗O(5) = USp(4)⊗ USp(4) ⊂ O(5, 5) ⊂ O(5, 5)⊗s T16 ⊂ E6(6),

(6.1.24)

and the corresponding coset expression of the degenerate lightlike critical orbit
reads

E6(6)

O(5, 5)⊗s T16
. (6.1.25)

III.3) In this case, the relevant subspace of the 27-d fund. repr. space of
E6(6) we have to consider is

USp(8)
USp(4)⊗ USp(4)

, (6.1.26)

with dimension 36− 2 · 10 = 16.
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Consequently, the dimension of the degenerate lightlike critical orbit is
1 + 16 = 17.

The orbits described by cases 2 and 3 correspond to the two possible
degrees of degeneration of an orbit in the 27-d fundamental representation
space of E6(6). Therefore, they all give rise to the unphysical result of zero
BH entropy.

Indeed, (6.1.15) formally holds true also in these cases, yielding

SBH =
AH

4
∼

√
|I3(27) (q)| = 0. (6.1.27)

This implies that actually the famous Bekenstein–Hawking entropy-area
(BHEA) formula may not be consistently applied in cases II and III.

From this point of view, the only physically consistent case is case I. Con-
sequently, the only BPS solution (in N = 8, d = 5 SUGRA with E6(6) as U -
duality group) having a regular horizon geometry and strictly positive, physi-
cally consistent, purely charge-dependent entropy is the extremal 1

8 -BPS (and
therefore minimally SUSY- preserving) soliton solution, with entropy given by
(6.1.14).

In general, it can be stated that, for the d = 4 and 5 cases, the only
extremal, singular interpolating soliton metric solutions of the N -extended
SUGRAs which have a properly regular horizon geometry and a physically
consistent, finite (nonzero) entropy are the 1

N -BPS solutions, which preserve
the minimal number of supersymmetries (namely 4 in d = 4 and 5).

In the previously performed analysis of the orbits, which will be continued
in the next subsection for the d = 4 case, we used a Minkowskian nomencla-
ture, speaking of timelike, spacelike, and lightlike orbits, but this is obviously
meant in a generalized sense, since the lowest order norm forms of E6(6) and
E7(7), instead of being quadratic, are respectively cubic and quartic.

Nevertheless, the used nomenclature is well-grounded, because an interest-
ing connection to the Minkowskian case exists. In what follows, we are going
to briefly describe such a connection, which hopefully will make the physical
meaning of the analysis of Subsects. 6.1 and 6.2 clearer.

Therefore, let us consider the 4-d Minkowski spaceM4. As it is well known,
a four-vector in such a manifold may be represented by 2× 2 matrices in the
following way:

M4 � x = xµσ
µ, (6.1.28)

where σµ =
(
I, σi

)
, with I now denoting the 2×2 unit matrix, and σi standing

for the three Pauli sigma matrices.
Consequently, seen as 2 × 2 complex matrices, the coordinates x of a 4-d

Minkowskian manifold may be considered as elements of the Jordan algebra
JC

2 of the Hermitian matrices over C:

M4 � x→ x = xµσµ =


 x0 + x3 x1 − ix2

x1 + ix2 x0 − x3


 ∈ JC

2 , (6.1.29)
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with the symmetric Jordan product ◦ [214–220].

x ◦ y = y ◦ x, (x, y) ∈
(
JC

2

)2
(6.1.30)

that satisfies the fundamental Jordan identity

x ◦
(
y ◦ x2

)
= (x ◦ y) ◦ x2, (6.1.31)

and preserves Hermiticity.
It can be proved that the automorphism group of JC

2 is SU(2), i.e., the
covering group of the rotation group SO(3) in M4. The analog of the formal
couple

(
JC

2 , SU(2)
)

for the previously considered case of the N = 8, d = 5

SUGRA (with E6(6) as U -group) is the couple
(
JO

3,split, F4(4)

)
, where JO

3,split is
the exceptional Jordan algebra over the split form of the composition algebra
of the octonions O.

The lowest order norm form in JC
2 is quadratic, and it is denoted by I2. It

corresponds to the ordinary determinant of the Hermitian matrix representa-
tion of the elements of the Jordan algebra, and it is immediate to realize from
(6.1.29) that it is nothing but the Minkowskian norm of the related 4-vector,

I2 (x) ≡ det (x) = det


 x0 + x3 x1 − ix2

x1 + ix2 x0 − x3




=
(
x0

)2 −
(
x1

)2 −
(
x2

)2 −
(
x3

)2
= ηµνx

µxν , (6.1.32)

ηµν being the 4-d Minkowski metric.
The reduced structure group for JC

2 , i.e., the invariance group of the
quadratic norm form I2 defined in the 2 × 2 Hermitian matrix representa-
tion of such an algebra, is given by SL(2,C), which is the covering group of
the homogeneous component of the maximal Killing group ofM4, namely the
Lorentz group SO(3, 1):

St0
(
JC

2

)
= SL(2,C). (6.1.33)

The analog of the formal triplet
(
JC

2 , I2, St0
(
JC

2

)
= SL(2,C)

)
, (6.1.34)

for the N = 8, d = 5SUGRA (with E6(6) as U -group) is the triplet
(
JO

3,split, I3, St0

(
JO

3,split

)
= E6(6)

)
. (6.1.35)

Such a result allows one to connect the cubic norm form I3 defined in the 3×3
Hermitian matrix representation of JO

3,split with the lowest order, unique, cubic
invariant I3(27) in the fund. repr. 27 of E6(6).
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Thus, as the 27-d fundamental representation space of the exceptional,
noncompact Lie group E6(6) may be described by JO

3,split, in the same way it is
possible to realize the 4-d fundamental representation space of the noncompact
Lie group SL(2,C) by the elements of JC

2 . By using (6.1.29) we finally obtain
that the 4-d Minkowski manifold M4 is nothing but the real realization of the
4-d fundamental representation space of SL(2,C), i.e., of the covering group
of the homogeneous part of its (maximal) Killing group of isometries.

Consequently, in M4 a 4-vector will be characterized by its Minkowskian
quadratic norm and by the parameters of the corresponding orbit.

As previously mentioned, in the (fund.) repr. space of a noncompact (Lie)
group G, in general, the orbits, defined by suitable constraints on some invari-
ant(s) of the fundamental representation of G, always admit a coset expression
as NLRs G/H, where the stabilizer H is called the little group of the orbit.

In the case of Minkowski, that is to say in the case of the noncompact Lie
group SL(2,C) and of the related 4-d fundamental representation space, we
obtain three independent typologies of orbits:

1. Timelike orbit, defined by I2 (x) > 0, with little group SU(2), and thus
expressed by the 4-d coset-space SL(2,C)

SU(2) (yielding that the automorphism
of JC

2 , corresponding to the covering of the 3-d rotations SO(3), is linearly
realized).

2. Spacelike orbit, defined by I2 (x) < 0, with little group SU(1, 1), and thus
expressed by the 4-d coset-space SL(2,C)

SU(1,1) .
3. Lightlike orbit, corresponding to the Minkowski lightcone, defined by

I2 (x) = 0, with little group E2, and thus expressed by the 3-d coset-space
SL(2,C)

E2
.

As it may be seen from the previous points 1–3, in the case of E6(6) with
norm form I3, the total number of independent orbits is the same as that
of the Minkowski case, but, different from this latter one, the timelike and
spacelike orbits do coincide, and there are two kinds of degenerate, lightlike
orbits. This is due to the fact that the lowest order norm form I3 is cubic,
and not quadratic, as in Minkowski.

As we will see in the next subsection, the classification of the orbits is still
richer for the case of the exceptional, noncompact Lie group E7(7), because
its lowest order norm is defined by a quartic form.

6.2 Attractor Mechanism in N = 8, d = 4 Supergravity

Let us now consider the N = 8, d = 4 SUGRA obtained by a N = 8 SUSY-
preserving toroidal compactification from the 11-d M-theory or 10-d super-
string theory.

Once again, the fundamental feature is the presence of a (manifestly re-
alized) additional internal, noncompact symmetry, corresponding to the U -
duality symmetry. In this case such a symmetry is given by the exceptional
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Lie group E7(7), whose fundamental representation has dimension 56. It can
be shown that the 56-d fundamental representation space of E7(7) may be
described in terms of the symplectic (and therefore antisymmetric and trace-
less) tensor representation of the group SU(8), which is, at the same time,
the maximal compact subgroup of E7(7) and the R-symmetry group of the
N = 8, d = 4 SUSY algebra.

The asymptotical moduli space is a real 70-d symmetric space with coset
structure E7(7)/SU(8).

As it is evident, bothN = 8, d = 4, and d = 5 SUGRA theories, considered
in this and in the previous subsection, share the same property: the manifold of
the nonlinear sigma model related to the scalar fields has the structure G/H,
where G is the U -duality symmetry group and H is its (maximal) compact
subgroup6.

E7(7) plays a double role: it encodes the U -duality symmetry properties
of the theory but, at the same time, it is also the isometry group of the 70-d
manifold related to the nonlinear sigma model of the scalars of the gravity
supermultiplet (the only possible in the case at hand, due to the maximality
of the considered N = 8, d = 4 theory).

By the action of SU(8), every element in the fundamental representation
space of E7(7) may be put in a skew-diagonal form, called normal form, reading



τ1

τ2
τ3

τ4


⊗ ε,



τµ = υµe

iϑµ ∈ C,

υµ, ϑµ ∈ R

∀µ = 1, 2, 3, 4, (6.2.1)

where as before the unwritten components vanish. Thus, the action of the
automorphism group of the N = 8, d = 4 SUSY algebra may be made equiv-
alent to the choice of the so-called normal frame in the 56-d fundamental
representation space of E7(7).

By further using the symmetry subgroup (U(1))3 ⊂ SU(8), the relative
phases of the τµ’s can be changed, thus letting just an overall phase ϑ ≡∑4

µ=1 ϑµ and four real positive skew-diagonal eigenvalues υµ’s. Therefore, we
may say that, without loss of generality, the general form of the elements of
the 56-d fundamental representation space of E7(7) in the so-called improved
normal frame reads


υ1

υ2

υ3

υ4


 eiϑ ⊗ ε, υµ ∈ R

+, ϑ ∈ R, ∀µ = 1, 2, 3, 4. (6.2.2)

On the other hand, the central charge matrix ZAB , determining the central
extension of the N = 8, d = 4 SUSY algebra is, in general, given by an 8× 8
6 Actually, this is a common feature to all maximally extended SUGRAs, which

correspond to the low-energy limit of type II superstrings toroidally compactified
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complex antisymmetric matrix. Also in this case, it is always possible, by
suitably acting with SU(8) and its proper subgroup (U(1))3, to choose the
“improved normal frame.” Stressing the complete functional dependence of
ZAB and of its SU(8)-transformed version, we thus have

Generic frame : ZAB (q, ϕ∞)
↓ SU(8)

“Normal frame”:

êAB (q, ϕ∞) ≡



z1 (q, ϕ∞)

z2 (q, ϕ∞)
z3 (q, ϕ∞)

z4 (q, ϕ∞)


⊗ ε,

{
zµ = ρµe

iκµ ∈ C,
ρµ, κµ ∈ R,

∀µ = 1, 2, 3, 4,

↓ (U(1))3 ⊂ SU(8)
Improved normal frame:

eAB (q, ϕ∞) ≡



ρ1 (q, ϕ∞)

ρ2 (q, ϕ∞)
ρ3 (q, ϕ∞)

ρ4 (q, ϕ∞)


 eiκ ⊗ ε,

{
ρµ ∈ R

+,∀µ = 1, 2, 3, 4,
κ ≡

∑4
µ=1 κµ ∈ R,

(6.2.3)

where the q’s are the charges and the ϕ∞’s are the asymptotical moduli.
As for the d = 5 case, the zµ (q, ϕ∞)’s are usually called the skew-diagonal

eigenvalues of the central charge matrix ZAB , whereas the set made by the
ρµ (q, ϕ∞)’s and the overall phase κ (q, ϕ∞) is usually referred to as the set
of the improved normal frame parameters. Notice that, differently from the
case d = 5, now eAB , beside being “ordinarily” traceless, is not also “skew-
diagonally” traceless.

Therefore, it is clear that eAB may be considered as an element of the
improved normal frame of the 56-d fundamental representation space of E7(7),
without any additional constraint (differently from the case d = 5, in which
the skew-diagonal tracelessness condition (6.1.3) must hold).

From the considerations previously made in the case d = 5, it is clear that
the set of charges

{
qi
}

i=1,...,56
will fit a vector in the 56 of E6(6), i being a

vector index in such a representation.
Thus, it may be stated that the formal couple (q, ϕ∞) belongs to the direct

product of the 56 of E7(7) (Z) and of the 70-d moduli space E7(7)/SU(8) of
the theory. E7(7) (Z) is the “discrete version” of the U -duality group, since
the conserved charges qi’s are quantized.
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Since the lowest order product of fund. reprs. 56 of E7(7) containing the
singlet in its symmetric part is the quartic one, the lowest order invariant in
the fundamental representation 56 of E7(7) is quartic in the qi’s, and will be
therefore given by

I4(56) (q) ≡ Tijklq
iqjqkql, (6.2.4)

where Tijkl is a particular completely symmetric rank-4 covariant tensor in
the 56 of E7(7).

It may be shown that an equivalent expression in the normal frame of the
56-d fundamental representation space of E7(7) reads as follows:

I4(56) (q) =
4∑

µ=1

|zµ (q, ϕ∞)|4 − 2
4∑

µ<ν=1

|zµ (q, ϕ∞)|2 |zν (q, ϕ∞)|2

+4


 z1 (q, ϕ∞) z2 (q, ϕ∞) z3 (q, ϕ∞) z4 (q, ϕ∞)

+z1 (q, ϕ∞) z2 (q, ϕ∞) z3 (q, ϕ∞) z4 (q, ϕ∞)


 .

By passing to the improved normal frame, we get

I4(56) (q) = [ρ1 (q, ϕ∞) + ρ2 (q, ϕ∞) + ρ3 (q, ϕ∞) + ρ4 (q, ϕ∞)]

· [ρ1 (q, ϕ∞) + ρ2 (q, ϕ∞)− ρ3 (q, ϕ∞)− ρ4 (q, ϕ∞)]

· [ρ1 (q, ϕ∞)− ρ2 (q, ϕ∞) + ρ3 (q, ϕ∞)− ρ4 (q, ϕ∞)]

· [ρ1 (q, ϕ∞)− ρ2 (q, ϕ∞)− ρ3 (q, ϕ∞) + ρ4 (q, ϕ∞)]

+ρ1 (q, ϕ∞) ρ2 (q, ϕ∞) ρ3 (q, ϕ∞) ρ4 (q, ϕ∞) [cos (κ (q, ϕ∞))− 1] .

(6.2.5)

In the particular case in which cos (κ (q, ϕ∞)) = 1, by defining



η1 ≡ ρ1 + ρ2 + ρ3 + ρ4,

η2 ≡ ρ1 + ρ2 − ρ3 − ρ4,

η3 ≡ ρ1 − ρ2 + ρ3 − ρ4,

η4 ≡ ρ1 − ρ2 − ρ3 + ρ4,

(6.2.6)

we may rewrite a much simpler expression in the improved normal frame

I4(56) (q) = η1 (q, ϕ∞) η2 (q, ϕ∞) η3 (q, ϕ∞) η4 (q, ϕ∞) . (6.2.7)

As for I3(27) of E6(6), one of the main features of the quartic invariant
I4(56) of E7(7) is its dependence only on the charges. Indeed, despite the fact
that the z’s, the ρ’s, the η’s, and κ are functions of the charges and of the
moduli, I4(56) is moduli independent. It is worth mentioning once again that



6.2 Attractor Mechanism in N = 8, d = 4 Supergravity 191

the property of moduli independence is the key feature in order to use such
a U - invariant quantity to describe the SUSY-preservation features and the
entropy in the physics of extremal BHs.

Differently from the d = 5 case, it may be shown that in the considered
N = 8, d = 4 SUGRA (with E7(7) as U -group) the sign of I4(56) is important,
because it is conserved under CPT, which is an exact symmetry of the theory.

It is, in general, possible to give a U -duality invariant classification of
the BPS extremal BH solutions in the N = 8, d = 4 SUGRA (with E7(7)

as U -group) by using the lowest order (namely quartic) invariant of such an
exceptional Lie group.

Similarly to the d = 5 case, the relevant steps are

1. Formulating some suitable constraints on the quartic invariant I4(56) of
the fundamental representation 56 of E7(7).

2. Interpreting such constraints as the defining equations of the orbits in the
56-d fundamental representation space of E7(7). Such orbits, in general,
admit a coset expression, i.e., a formulation in terms of a suitable coset of
the starting 56-d space; indeed, they can be considered as particular NLRs
of the U -duality symmetry group E7(7) in its 56-d fundamental represen-
tation space. As above, the little groups of the orbits are defined as the
stabilizers in the coset expression.

3. Counting the independent (real) parameters associated with the considered
orbit, and thus calculating its dimension, by looking only at the central
charge matrix. The key point is finding the so-called little group of the
normal form of the properly constrained central charge matrix, which, in
general, will be a (proper) subgroup of the so-called little group of the
orbit7.

7 Similarly to the d = 5 case, an alternative procedure may be used in order to
calculate the dimensions of the orbits in the considered exceptional Lie group
E7(7).

Such a procedure is based on the various symmetry groups and the different
gradings of JO

3,split, i.e., of the exceptional Jordan algebra of 3 × 3 Hermitian
matrices over the split form of the composition algebra of octonions O, but in a
slightly generalized sense w.r.t. to the d = 5 case.

Indeed, it may be shown that the quartic invariant I4 of the fundamental
representation 56 of E7(7) can be identified with the quartic norm of the so-
called exceptional Freudhental triple system �, which offers a realization of the
56-d fund. repr. space of E7(7) in terms of 2 × 2 “generalized matrices” of the
form

�  q ≡
(

α j1
j2 β

)
,

where α, β ∈ R and j1, j2 ∈ JO

3,split.
With a slight abuse of notation, we may say that such an identification is based

on the result
St0 (�) = E7(7),
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As for the d = 5 case, the dimension of the orbit will be obtained by
adding the number of independent real improved normal frame parameters
of the central charge matrix ZAB to the dimension of the coset space R/K,
where

(i) R = SU(8), which is, at the same time, the maximal compact subgroup
of E7(7) and the R-symmetry group of the N = 8, d = 4 SUSY algebra,
and

(ii) as for the d = 5 case, K is the maximal compact subgroup of the lit-
tle group of the normal form of the properly constrained central charge
matrix.

Clearly, dim (SU(8)/K) expresses the number of independent (real) an-
gles in the relevant R-symmetry rotation subgroup related to the considered
properly constrained central charge matrix.

As already mentioned, for N = 8, 3 different BPS degrees of SUSY-
preservation exist: 1

8 -BPS (minimally preserving), 1
4 -BPS and 1

2 -BPS (maxi-
mally preserving).

Differently from d = 5, in the d = 4 case there are more than three sets
of invariant constraints on I4(56); this is clearly due to the richer algebraic
structure of set of constraints imposed on a quartic norm form w.r.t. the ones
coming from a cubic norm.

In the remaining part of this Subsection we will consider such constraints,
expliciting the three steps of the above presented algorithm.

I] U-invariant characterization of 1
8 -BPS (minimally SUSY-prese-

rving) solutions.
I.1) Timelike E7(7)-invariant constraint on the quartic norm of 56:

I4(56) (q) > 0. (6.2.8)

In d = 4 the sign of such a disequality matters, because, as previously
reported, sgn (I4(56) (q)) is a CPT-invariant quantity. The choice of a time-
like constraint instead of a spacelike one is due to the following noteworthy
relation, which may be rigorously obtained in the considered framework of
N = 8, d = 4 SUGRA with E7(7) as U -group:

M4
BR (q) = M4

ADM (q, ϕH (q)) = I4(56) (q) . (6.2.9)

namely, the invariance group of the quartic norm form of the exceptional Freud-
hental triple system � (defined in terms of the trace operator, of the cubic norm
form, and of the quadratic adjoint map of JO

3,split) is nothing but E7(7).
By the way, it is worth pointing out that the procedure mentioned at point

3 allows one to better relate the set of constraints, defining the orbit in the
fundamental representation space of E7(7), with the various degrees of SUSY-
preservation exhibited by the extremal BPS BH solutions in the considered N = 8,
d = 4 SUGRA
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This amounts to say that the mass of the near-horizon BR geometry (given
by the ADM mass of the BPS stable interpolating soliton metric solution,
evaluated at the purely charge-dependent near-horizon moduli configuration)
is equal to the fourth root of the quartic invariant I4(56) (q) of the 56 of E7(7).
Thus, in order to obtain a real (strictly positive) mass for the BR geometry,
it is mandatory to choose a strictly positive I4(56) (q), or, in other words, a
timelike defining constraint.

Moreover, nothing forbids to consider the following ordering of the absolute
value of the complex skew-diagonal eigenvalues of the central charge matrix
ZAB :

|z1 (q, ϕ∞)| � |z2 (q, ϕ∞)| � |z3 (q, ϕ∞)| � |z4 (q, ϕ∞)| . (6.2.10)

Such a situation does not imply any loss of generality, up to irrelevant renam-
ings8 of the z’s. Thence, it may be shown that the following near-horizon limit
holds:

z1 (q, ϕ∞ = ϕH (q)) ≡ z1,H (q) ∈ C0,

zi (q, ϕ∞ = ϕH (q)) ≡ zi,H (q) = 0,∀i = 1, 2, 3.
(6.2.11)

Consequently, by looking at the expression (6.2.5) of I4(56) (q) in the improved
normal frame of the 56-d fundamental representation space of E7(7), it turns
out that choosing cos (κ (q, ϕ∞)) = 1 does not yield any loss of generality.

Therefore, at least in the near horizon limit, the timelike U -invariant con-
straint characterizing the 1

8 -BPS (minimally SUSY-preserving) solutions may
be rewritten as follows:

8 Actually, nothing a priori forbids that, once fixed, such an ordering in absolute
value of the skew-diagonal eigenvalues of ZAB may change, depending on the
considered value of the formal couple

(q, ϕ∞) ∈
(
56 of E7(7) (Z)

)
×

(
E7(7)/SU(8)

)
.

Such a possibility depends on the functional dependence of the z’s on the couple
(q, ϕ∞).

Thus, in order to make (6.2.10) and (6.2.11) compatible, we should always con-
jecture that the ordering expressed by (6.2.10) is “stable” in a suitable neighbor-
hood of the discrete attractor point in the (asymptotical) moduli space (remind
also that more than one of such attractors might exist).

Otherwise speaking, a minimal hypothesis of consistence for (6.2.10) and
(6.2.11) is the stability of the ordering (6.2.10) in

(
56 of E7(7) (Z)

)
× I (ϕH (q)) ,

where I (ϕH (q)) is a suitable neighborhood of the considered attractor point
ϕH (q) in the moduli space

(
E7(7)/SU(8)

)
of the theory.

The fulfilling of such a request, which might appear as an irrelevant subtlety,
is instead strictly dependent on the topological properties of the moduli space,
considered as an attractor variety (see, e.g., [31]– [33]).
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I4(56) (q) = η1 (q, ϕ∞) η2 (q, ϕ∞) η3 (q, ϕ∞) η4 (q, ϕ∞) > 0, (6.2.12)

at least implying that all η’s are not vanishing for every value of the formal
couple (q, ϕ∞).

Since I4(56) (q) depends only on the charges, it can be equivalently evalu-
ated at any point in the asymptotical moduli space E7(7)/SU(8). In particular,
one may choose to evaluate it at {ϕ∞} = {ϕH (q)}, i.e., at the asymptot-
ical configuration(s) coinciding with the near-horizon, attracted one(s). By
the limit expressed by (6.2.11), it is therefore possible to conclude that the
timelike U -invariant constraint characterizing the 1

8−BPS (minimally SUSY-
preserving) solutions reads as

I4(56) (q) = |z1,H (q)|4 = (ρ1,H (q))4 . (6.2.13)

By using relation (6.2.9), one obtains

M4
BR (q) = M4

ADM (q, ϕH (q)) = I4(56) (q) = |z1,H (q)|4 = (ρ1,H (q))4 .
(6.2.14)

Finally, by recalling (3.2.131), one gets

SBH =
AH

4
= πM2

BR (q) = πM2
ADM (q, ϕH (q))

= π
√
I4(56) (q) = π |z1,H (q)|2 = π (ρ1,H (q))2 > 0. (6.2.15)

Therefore, the 1
8 -BPS soliton metric solutions described by the timelike

U -invariant constraint (6.2.8) have a physically consistent, purely charge-
dependent, strictly positive entropy.

The fundamental relation

SBH = π
√
I4(56) (q) (6.2.16)

formally holds for all existing orbits, and it gives a U -invariant expression for
the BH entropy in the considered N = 8, d = 4 SUGRA with E7(7) as U -
duality symmetry. Indeed, as its d = 5 counterpart given by (6.1.15), (6.2.16)
relates the dynamical internal symmetries encoded in the U -duality group
E7(7) with the near-horizon Bertotti–Robinson BH geometry, and therefore
with its entropy.

In this sense, d = 4 and d = 5 seem to be quite special cases, because for
d � 3 and d � 6 no U -invariant expressions for the entropy, i.e., no U -invariant
formulations of the BHEA formula, exist at all. This is the reason why the
attractor mechanism yields a vanishing (or physically inconsistent constant)
result for the entropy of p (< d− 3)-d extremal (asymptotically flat) “black
branes” in d � 3 and d � 6 s-t dimensions.

As mentioned above, the attractor mechanism shows up by determining
the near-horizon configuration(s) , which “attract” the dynamics in the moduli
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space. Indeed, the attractor points are critical points of the highest absolute-
valued skew-diagonal eigenvalue of ZAB , seen as a function of the asymptotical
moduli, which may continuously and unconstrainedly vary in the asymptotical
moduli space E7(7)/SU(8):

E7(7)/SU(8) � ϕH (q) :
∂ |z1 (q, ϕ∞)|

∂ϕ∞

∣∣∣∣
ϕ∞=ϕH(q)

=
∂ρ1 (q, ϕ∞)

∂ϕ∞

∣∣∣∣
ϕ∞=ϕH(q)

= 0;

(6.2.17)

such an extremization at the near-horizon, attractor configuration(s) ϕH (q)
defines the extremum

|z1,H (q)| = ρ1,H (q) ∈ R
+
0 . (6.2.18)

As we will see below in point III, there actually exists another 1
8 -BPS ex-

tremal solution constrained in a different way, but it gives rise to zero entropy,
and therefore it does not yield a sufficiently regular geometry of the EH (no-
tice that such a “degeneration” of the 1

8 -BPS solutions does not happen in
the previously treated d = 5 case).

Similarly to the d = 5 case, also in N = 8, d = 4 SUGRA (with E7(7) as U -
group) only the (timelike constrained) 1

8 -BPS (minimally SUSY-preserving)
soliton metric background will have a physically consistent, purely charge-
dependent, strictly positive entropy.

I.2) The little group related to the corresponding timelike orbit in the
56-d fundamental representation space of E7(7) is E6(2), admitting as proper
subgroup O(4, 4), which is the little group of the skew-diagonal matrix eAB ,
properly constrained by the invariant condition (6.2.8). Finally, the maximal
compact subgroup of O(4, 4) is (USp(2))4.

Thus, the timelike case is characterized by the following chain of group
inclusions:

(USp(2))4 ⊂ O(4, 4) ⊂ E6(2) ⊂ E7(7), (6.2.19)

and the corresponding coset expression of the timelike orbit reads

E6(6)

E6(2)
. (6.2.20)

I.3) In this case the proper subspace of the 56-d fundamental representa-
tion space of E7(7) to be considered is9

SU(8)
(USp(2))4

, (6.2.21)

with dimension 63− 4 · 3 = 51.
Consequently, the dimension of the timelike orbit is 5 + 51 = 56.

9 We use group-theoretical conventions such that USp(2) = SU(2)
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II] U-invariant characterization of non-BPS solutions.
II.1) The E7(7)-invariant constraint on the cubic norm of 56 is nothing

but the spacelike counterpart of constraint (6.2.8)

I4(56) (q) < 0, (6.2.22)

at least implying, in the case in which cos (κ (q, ϕ∞)) = 1, that all η’s are not
vanishing for every value of the formal couple

(q, ϕ∞) ∈
(
56 of E7(7) (Z)

)
×

(
E7(7)/SU(8)

)
. (6.2.23)

II.2) The little group related to the corresponding lightlike orbit in the
56-d fundamental representation space of E7(7) is E6(6), i.e., nothing but the
U -duality group of the d = 5 counterpart of the considered SUGRA theory
(see Subsect. 6.1) .

Building up a chain of group inclusions similar to the case I, one finally
obtains that the coset expression of the spacelike orbit reads

E7(7)

E6(6)
. (6.2.24)

II.3) Following the approach introduced in the case I, the dimension of
the lightlike orbit can be calculated to be still 56.

Now, since the norm form defined in the 56-d fundamental representation
space of E7(7) is quartic, one obtains three different degrees of degeneration
of lightlike orbits.

It should also be pointed out that, differently from the d = 5 case, the
U -invariant condition for the 56 of E7(7) to be a null vector (with respect to
the quartic norm) is not enough to guarantee the SUSY enhancement (i.e.,
the 1

4 -BPS nature of the corresponding solution). This can easily be seen in
the normal frame (reached by performing a suitable SU(8) transformation),
where it may be explicitly shown that for a null vector there are not, in general,
coinciding (at least in absolute value) “skew-diagonal eigenvalues.

As reported below, the enhancement of the BPS SUSY-preservation from
the minimal 1

8 -BPS to the intermediate 1
4 -BPS degree may be obtained only by

also requesting the criticality feature for the orbit (see the defining constraint
(6.2.33)).

Thus, beside the 1
4 -BPS “critical” degenerate orbit (case IV), the triplet

of degenerate orbits in N = 8, d = 4 SUGRA (with U -group given by E7(7))
will be completed by a “noncritical” orbit (case III, related to the additional
1
8 -BPS state with vanishing entropy) and by a 1

2 -BPS (i.e., maximally SUSY-
preserving) “doubly critical” orbit (case V).

III] U-invariant characterization of 1
8 -BPS (minimally SUSY-

preserving) solutions with vanishing entropy.
III.1) Lightlike noncritical E7(7)-invariant constraint on the quartic norm

of 56:
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I4(56) (q) = 0,

∂I4(56)(q)
∂qi 	= 0,∀i = 1, . . . , 56.

(6.2.25)

The set of lightlike noncritical constraints (6.2.25) implies that there are four
independent improved normal frame parameters out of the possible five ones
and, (at least) in the case in which cos (κ (q, ϕ∞)) = 1, that (up to irrelevant
renamings of the η’s)



η1 (q, ϕ∞) , η2 (q, ϕ∞) , η3 (q, ϕ∞) ∈ R0,

η4 (q, ϕ∞) = 0,
(6.2.26)

∀qi ∈ 56 of E7(7) (Z) , ∀ϕ∞ ∈ E7(7)/SU(8).

III.2) The little group related to the corresponding degenerate lightlike
noncritical orbit in the 56-d fundamental representation space of E7(7) is
F4(4) ⊗s T26, where T26 is a 26-d Abelian subgroup of E7(7).

Building up the relevant chain of group inclusions, one finally obtains that
the coset expression of the degenerate lightlike noncritical orbit reads

E7(7)

F4(4) ⊗s T26
. (6.2.27)

III.3) Following the previously introduced approach, the dimension of the
degenerate lightlike noncritical orbit can be calculated to be 55.

IV] U-invariant characterization of 1
4 -BPS (intermediate SUSY-

preserving) solutions.
IV.1) Lightlike critical E7(7)-invariant constraint on the quartic norm of

56:

∀i, j = 1, . . . , 56




I4(56) (q) = 0,

∂I4(56)(q)
∂qi = 0,

∂2I4(56)(q)
∂qi∂qj

∣∣∣
Adj(E7(7))

= Tijklq
kql

∣∣
Adj(E7(7)) 	= 0.

(6.2.28)

The symmetric quadratic polynomials in the charges Tijklq
kql

∣∣
Adj(E7(7)) ap-

pearing in the third constraint of the lightlike critical set (6.2.28) correspond
to the projection of the Hessian matrix of I4(56) (q) on the adjoint represen-
tation 133 of the U -group E7(7).
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Actually, the whole set of lightlike critical constraints may be more rigor-
ously formulated in the following way (up to irrelevant renamings of the z’s
and therefore of the ρ’s):



η1 (q, ϕ∞) , η2 (q, ϕ∞) ∈ R0,

η3 (q, ϕ∞) = 0 = η4 (q, ϕ∞) .
(6.2.29)

�


κ (q, ϕ∞) = 0,

ρ1 (q, ϕ∞) = ρ2 (q, ϕ∞) ,

ρ3 (q, ϕ∞) = ρ4 (q, ϕ∞) ,

(6.2.30)

⇓{ |z1 (q, ϕ∞)| = |z2 (q, ϕ∞)| ,

|z3 (q, ϕ∞)| = |z4 (q, ϕ∞)| .
(6.2.31)

�
∂I4(56) (z)

∂zµ
= 0,∀µ = 1, 2, 3, 4. (6.2.32)

�

∀i, j = 1, . . . , 56




I4(56) (q) = 0,

∂I4(56)(q)
∂qi = 0,

∂2I4(56)(q)
∂qi∂qj

∣∣∣
Adj(E7(7))

= Tijklq
kql

∣∣
Adj(E7(7)) 	= 0.

(6.2.33)

All constraints must hold ∀qi ∈ 56 of E7(7) (Z) and ∀ϕ∞ ∈ E7(7)/SU(8).
In general, when there is no extra overall phase κ (q, ϕ∞) in the improved

normal frame of the 56-d fund. repr. space of E7(7), or better, when there is no
extra term ∼ [cos (κ (q, ϕ∞))− 1] in the explicit expression (6.2.5) of I4(56)
in such a frame, then the related extremal BPS solution is at least 1

4 -BPS,
i.e., it preserves at least 8 supersymmetries out of the 32 preserved by the
maximally supersymmetric N = 8, d = 4 backgrounds.

IV.2) The little group related to the corresponding degenerate light-
like critical orbit in the 56-d fundamental representation space of E7(7) is
O(6, 5)⊗s (T32 ⊗ T1). The little group of the skew-diagonal matrix eAB , prop-
erly constrained by the invariant conditions (6.2.29)–(6.2.33), is O(5, 5), cor-
responding to the simple part of O(6, 5)⊗s (T32 ⊗ T1). Finally, the maximal
compact subgroup of O(5, 5) is (USp(4))2.

Thus, the lightlike critical case is characterized by the following chain of
group inclusions:

(USp(4))2 ⊂ O(5, 5) ⊂ O(6, 5)⊗s (T32 ⊗ T1) ⊂ E7(7), (6.2.34)
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and the corresponding coset expression of the degenerate lightlike critical orbit
reads

E6(6)

O(6, 5)⊗s (T32 ⊗ T1)
. (6.2.35)

IV.3) In the case at hand the proper subspace of the 56-d fund. repr.
space of E7(7) to be considered is

SU(8)
(USp(4))2

, (6.2.36)

with dimension 63− 2 · 10 = 43.
Thus, the dimension of the degenerate lightlike critical orbit is 2+43 = 45.
V] U-invariant characterization of 1

2 -BPS (maximally SUSY-
preserving) solutions.

V.1) Lightlike doubly critical E7(7)-invariant constraint on the quartic
norm of 56 (up to irrelevant renamings of the z’s and therefore of the ρ’s)10:



η1 (q, ϕ∞) ∈ R0,

η2 (q, ϕ∞) = η3 (q, ϕ∞) = η4 (q, ϕ∞) = 0.
(6.2.37)

�

κ (q, ϕ∞) = 0,

ρ1 (q, ϕ∞) = ρ2 (q, ϕ∞) = ρ3 (q, ϕ∞) = ρ4 (q, ϕ∞) ,
(6.2.38)

⇓
10 Notice that the “intermediate” situation between cases IV and V, corresponding

to three coinciding (in absolute value) skew-diagonal eigenvalues out of four, is
missing (or better, it corresponds to non-BPS states).

Actually, such a case should be considered in the classification of the possible
extremal BPS states, but it is forbidden by the noncompact U -duality symmetry
expressed by E7(7) (Z).

This is due to the remarkable fact that the E7(7)-duality gives additional re-
strictions on the BPS states, other than the ones merely implied by the SUSY
algebra.

The analysis of the (double) extremal BHs yields that the quartic invariant
I4(56) is positive definite for BPS states. Such a result implies that

1. configurations preserving 1
4

of the maximal number of supersymmetries must
have eigenvalues equal (in absolute value) in pairs (see constraining condition
(6.2.31));

2. the above-mentioned intermediate configurations, which, up to irrelevant renam-
ings of the z’s, may be expressed by the condition (holding ∀qi ∈ 56 of E7(7) (Z)
and ∀ϕ∞ ∈ E7(7)/SU(8))

|z1 (q, ϕ∞)| = |z2 (q, ϕ∞)| = |z3 (q, ϕ∞)| 	= |z4 (q, ϕ∞)| ,
are not BPS.
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|z1 (q, ϕ∞)| = |z2 (q, ϕ∞)| = |z3 (q, ϕ∞)| = |z4 (q, ϕ∞)| . (6.2.39)
�


∂I4(56)(z)

∂zµ
= 0,∀µ = 1, 2, 3, 4,

|z2 (q, ϕ∞)| = |z3 (q, ϕ∞)| .
(6.2.40)

�

∀i, j = 1, . . . , 56




I4(56) (q) = 0,

∂I4(56)(q)
∂qi = 0,

∂2I4(56)(q)
∂qi∂qj

∣∣∣
Adj(E7(7))

= Tijklq
kql

∣∣
Adj(E7(7)) = 0.

(6.2.41)

All constraints must hold ∀qi ∈ 56 of E7(7) (Z) and ∀ϕ∞ ∈ E7(7)/SU(8).
Performing the decomposition of the U -group E7(7) in its T -symmetry and

S-symmetry components, we obtain

E7(7) → SL(2,R)⊗O(6, 6), (6.2.42)

yielding, at the level of fundamental representations

56→ (2,12) + (1,32). (6.2.43)

Consequently, the charges of the system, which transform in the fund. repr.
of E7(7), will undergo the following decomposition (i = 1, . . . , 56):

{
qi
}
→

{
vα

î

}
∪ {sa} , (6.2.44)

where α = 1, 2, î = 1, . . . , 12 is a vector index and a = 1, . . . , 32 is a spinor
index.

Concerning the adjoint representations, the example of “U → T ⊗ S”
duality decomposition expressed by (6.2.42) yields

133→ (3,1) + (1,66) + (2,32) . (6.2.45)

Due to such a decomposition of the representations, the condition of (ad-
joint) “double-criticality” of the degenerate orbit corresponding to the ex-
tremal maximally SUSY-preserving 1

2 -BPS solutions, namely

∂2I4(56) (q)
∂qi∂qj

∣∣∣∣
Adj(E7(7))

= Tijklq
kql

∣∣
Adj(E7(7)) = 0, (6.2.46)

may be decomposed in three distinct conditions, namely
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(3,1) -term : ∂2I4(56)

∂vα
î

∂vβ

ĵ

η̂iĵ = 0 ,

(1,66) -term : ∂2I4(56)
∂sa∂sb

(
γ îĵ

)
ab

+ ∂2I4(56)

∂vα
î

∂vβ

ĵ

εαβ = 0 ,

(2,32) -term : ∂2I4(56)
∂sa∂vα

î

(
γ̂i

)
a

= 0 ,

(6.2.47)

where η̂iĵ is the (6, 6)-pseudoEuclidean metric, and
(
γ̂i

)
a

stands for the 12

32 × 32 gamma-matrices in O(6, 6), whereas
(
γ îĵ

)
ab

denotes their related
commutators.

V.2) The little group related to the corresponding degenerate lightlike
doubly critical orbit in the 56-d fundamental representation space of E7(7) is
E6(6) ⊗s T27. In this case the little group of the skew-diagonal matrix eAB ,
properly constrained by the invariant conditions (6.2.37)–(6.2.41), is nothing
but E6(6), i.e., the U -duality symmetry group of the case d = 5 treated in
Subsect. 6.1.

From the previous treatment, we know that E6(6) admits USp(8) as maxi-
mal compact subgroup. Thus, the lightlike doubly critical case is characterized
by the following chain of group inclusions:

USp(8) ⊂ E6(6) ⊂ E6(6) ⊗s T27 ⊂ E7(7), (6.2.48)

and the corresponding coset expression of the degenerate lightlike doubly crit-
ical orbit reads

E6(6)

E6(6) ⊗s T27
. (6.2.49)

V.3) In this case, the relevant subspace of the 56-d fund. repr. space of
E7(7) we have to consider is

SU(8)
USp(8)

, (6.2.50)

with dimension 63− 36 = 27.
Consequently, the dimension of the degenerate lightlike doubly critical

orbit is 1 + 27 = 28.
The orbits described by cases III, IV, and V are all corresponding to

different degrees of degenerate, lightlike orbits in the fund. repr. space of
E7(7). Therefore, they all give rise to the unphysical result of zero BH entropy.
Indeed, by recalling (3.2.131) and specializing it to such cases, one gets

SBH =
AH

4
= π

√
I4(56) (q) = 0. (6.2.51)

Thus, the application of the Bekenstein–Hawking entropy-area formula is in-
consistent in these cases.
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Finally, disregarding the case II corresponding to non-BPS solutions, the
remaining case is case I. As previously announced, in the context of N = 8,
d = 4 SUGRA with E7(7) as U -duality group, it corresponds to the only
extremal 1

8 -BPS (and therefore minimally SUSY-preserving) solution with
regular horizon geometry and strictly positive, physically consistent, purely
charge-dependent entropy (given by (6.2.15)).



7

Microscopic Description.
The Calabi–Yau Black Holes

In this section we will briefly consider the issue of the microscopic, statisti-
cal interpretation of the BH entropy, in which string theory plays a crucial
role. Critical superstring theory lives in 10 dimensions, and usually the 4-d
framework is reached by a compactification of the extra dimensions.

The standard compactification scenario is the Kaluza–Klein (KK) one,
which leads to effective 4-d field theories. In such a context, the original n-d
s-t is locally a product M4×Y , where M4 (with coordinates xµ, µ = 0, 1, 2, 3)
denotes the 4-d s-t and Y (with coordinates ym, m = 4, . . . , n − 1) stands
for the (n–4)-d “internal” manifold of extra dimensions. At every point of M4

corresponds a space Y , with a size compactified to a nondirectly detectable
scale. Usually, Y belongs to a certain fixed topological class, parameterized
by a set of parameters called moduli, which will appear as fields in the 4-
d effective theory. When moving in M4, the corresponding “internal” space
Y may vary in such a way that the trajectory in M4 will correspond to a
trajectory of configurations inside the space of the moduli. In the general case
of a nonconstant solution of the 4-d theory, each patch in M4 corresponds to
a nontrivial image in the moduli space of Y .

Such a scenario yields an higher dimensional interpretation of the singular
BH solution. Indeed, the 4-d BH metric will vary in nontrivial way over M4,
and correspondingly in Y . When the gravitational fields become stronger and
stronger near the center of the BH, the KK scenario loses any predictive
power: we can only say that the local product structure M4 × Y may break
down in such regions, where the 4-d solution may be lifted to a genuine higher
dimensional one.

The field-theoretical approach does not allow one to consider the global
degrees of freedom of extended objects which may arise in this context, such
as strings and branes. The higher dimensional wrapping properties of these
objects determine the string description of the 4-d metric singularity repre-
sented by the BH. Indeed, strings and branes can wrap themselves around
nontrivial cycles in the manifold Y , and such a phenomenon will occur at a
corresponding point in M4, such that a pointlike object will arise in the 4-d
effective field theory. This object is nothing but the BH itself.

S. Bellucci et al.: Supersymmetric Mechanics – Vol. 2, Lect. Notes Phys. 701, 203–210 (2006)
DOI 10/1007/3-540-34157-9 7 c© Springer-Verlag Berlin Heidelberg 2006
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Thus, two different approaches to BHs (and, in general, also to spatially
extended s-t singularities) exist. In the macroscopic approach, which is the
one related to GR and SUGRA theories, a BH is described by a singular
global metric, and the gravitational fields may vary enormously from spatial
infinity to the actual singularity, and also in time. The microscopic approach
is instead related to string and brane theory, and expresses the pointlike s-t
singularity of the BH as the result of a wrapping process taking place in the
higher dimensional manifold of extra (compactified) dimensions, previously
named Y . In such a context, gravitational fields are not immediately involved,
and generally the string description is based on the 4-d flat s-t. Indeed, we
will understand the previously introduced notation M4 as standing for the 4-d
Minkowskian s-t.

At this point a crucial question naturally arises: can the microscopic and
macroscopic descriptions be related in some way? Are they equivalent or not?

Well, of course a priori one would expect that some kind of connection
between these two ways of thinking about s-t singularities should exist, since
gravitons can consistently be interpreted as closed string states interacting
with wrapped branes. Essentially, one is led to a problem of interpolation in
the string coupling constant gs, which is the fundamental parameter governing
the interactions. In general, such an interpolation is very hard to perform, but
in the special case of supersymmetric extremal BHs precise and consistent
predictions can be formulated, and comparisons between the above-mentioned
two alternative approaches can be made, yielding new insights about BHs.

In what follows we will sketchily overview the string, microscopic approach
to BHs, mainly relying on the nice review by De Wit [93], to whom we ad-
dress the reader for the original relevant literature. (Here we just mention the
seminal paper by Maldacena, Strominger and Witten [221]).

Let us start by recalling the fundamental relation between the massless
4-d fields and the harmonic forms on Y . Roughly speaking, we may say that
harmonic forms are in one-to-one correspondence with the cohomology groups
Hp (Y ), consisting of equivalence classes of closed but not exact forms on
Y . In the KK scenario, a generic higherdimensional tensor field Φ (x, y) will
schematically decompose as

Φ (x, y) = φA(x)ωA(y) , (7.1)

where ωA(y) stands for the relevant basis of independent harmonic forms on
Y , and therefore for a basis of the relevant p-th cohomology Hp (Y ). The car-
dinality of the set of indices {A}, corresponding to the number of independent
harmonic forms of degree p, is a topological invariant named Betti number,
depending only on the topology of Y . By substituting the KK decomposition
(7.1) into the higher dimensional action, we obtain interactions of the 4-d fields
φA’s with coupling constants given by the so-called intersection numbers

CABC... ∝
∫

Y

ωA ∧ ωB ∧ ωC . . . . (7.2)
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Notice that for a 6-d manifold Y , the ωA’s are harmonic two-forms, and the in-
tersection numbers CABC are completely symmetric, since the wedge product
of two-forms is symmetric.

In general, the p-branes are p-d (1 � p � n−4) submanifolds of the (n−4)-
d internal space Y , but they are not themselves the boundary of a (p + 1)-d
submanifold of Y , because otherwise they could collapse to a point. Thus, they
can be related to the homological structure of Y . Now, by Poincarè duality, a
p-brane is related to an harmonic (n− 4− p)-form, and viceversa. Therefore,
for example the wrapping of a brane may be expressed by decomposing its
corresponding (n− 4− p)-d cycle P in the relevant basis of Hn−4−p (Y ):

P = pAςA, pA ∈ Z. (7.3)

The pA’s are called winding numbers (along the considered homology basis),
and they express the number of times the extended object is wrapped around
the cycle P. They are nothing but magnetic charges in the resulting 4-d effec-
tive field theory. Since the pA’s are integer (quantized), one has to deal with
the integer homology and cohomology of the topological manifold Y . A topo-
logically invariant characterization of the wrapping of the considered brane
around the (n− 4− p)-d cycle P on Y may be expressed by

p · p · p · . . . ≡ CABC...p
ApBpC . . . . (7.4)

In general, such a (co)homological composition law of the winding numbers
by the Poincarè dual “metric” defined by the intersection numbers CABC...

allows one to invariantly express the number of intersections, and therefore
the wrapping configuration, of an extended object embedded in a topological
manifold.

As an example of a microscopic approach to BHs and BH entropy, we
will now briefly describe the BHs in N = 2, d = 4 SUGRA obtained by the
compactification of 11-d M-theory on a 7-d manifold Y = CY3 × S1, where
CY3 denotes a 3-d complex Calabi–Yau (CY) manifold.

Let us briefly introduce the CY manifolds.
From a mathematical point of view, a CY manifold is a Kähler manifold

with vanishing first Chern class. If the complex dimension of the CY manifold
is n, then it is called CY n-fold, which we will denote with CYn.

In 1957 the mathematician Calabi put forward the suggestion that all
CYn’s (with the additional property of compactness) could admit a Ricci-
flat metric (precisely, one for each Kähler class). In 1977 Yau proved such a
conjecture in the so-called Yau’s theorem. Consequently, compact CYn’s may
alternatively be defined as compact Ricci-flat n-d Kähler manifolds.

In general, a CYn is characterized by the existence of a globally defined
harmonic spinor ϕ, implying that the related canonical bundle on CYn is triv-
ial. This can easily be seen by considering a local system of real 2n coordinates

{
x1, . . . , xn, y1, . . . , yn

}
, (7.5)
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in CYn, such that the related complexification is given by the local system of
complex n coordinates (which we will call z-system)

zi ≡ xi + iyi, ∀i = 1, . . . , n. (7.6)

Thence, the harmonic spinor ϕ may be defined in the z-system as

ϕz ≡ dz1 ∧ . . . ∧ dzn, (7.7)

corresponding to a local section of the canonical bundle on CYn. Let us now
perform a(n invertible) change of coordinates to a w-system, defined in matrix
notation as

w ≡ Az, (7.8)

where A ∈ U (n). In the w-system the (nonvanishing) harmonic spinor will be

ϕw = (detA)ϕz. (7.9)

Therefore, in a generic complex (Kähler) n-d manifold the definition of
the nonvanishing harmonic spinor is patch-dependent, and therefore local.
In CYn it is instead possible to extend such a definition to a global level,
simply because, independently on the chosen patch, detA = 1 always. This
can rigorously be stated by saying that the holonomy group of CYn can be
always reduced to the unimodular subgroup of U (n), namely to SU (n). This
is an alternative defining characterization of the CYn’s, usually given in the
context of Riemannian geometry.

Another equivalent definition in such a geometrical framework is that CYn

is an n-d complex calibrated manifold, i.e., it admits a globally defined cali-
bration form τ , algebraically equivalent to

Re
(
dz1 ∧ . . . ∧ dzn

)
. (7.10)

Otherwise speaking, CYn may be characterized as admitting a global, nowhere
vanishing holomorphic (n, 0)-form.

It should also be mentioned that the extra assumptions of simple connect-
edness and/or compactness are often made, especially in the applications.

Let us see some examples.
For n = 1, the CY1’s (also called elliptic curves) are nothing but the torii

T 2’s (dimCT
2 = 1). For such compact manifolds the Ricci-flat metrics are

actually flat, and therefore the holonomy group is the trivial group SU (1).
For n = 2, the (compact) CY2’s are given by the torii T 4’s and the K3-

manifolds, both with complex dimension two. Actually, the T 4’s are sometimes
excluded from such a classification, because their holonomy group is still the
trivial group SU (1) ⊂ SU (2), and not SU (2), as the above given definition
would require. On the other hand, K3-manifolds are an important example of
compact complex surfaces. Generally, they are not algebraic, i.e., they cannot
be embedded in any projective space as surfaces defined by polynomial equa-
tions. Despite this fact, they originally arose out in algebraic geometry, and
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they are named after three algebraic geometers, Kummer, Kähler, and Ko-
daira, also alluding to the mountain K2, who was often in the news when the
name was given during the 1950s. Compactifications on K3-manifolds are the
simplest after the toroidal ones, and they preserve 1

2 of the supersymmetries
of the original, uncompactified theory.

For n � 3, the complete classification of all possible CY3’s is still an open
problem. One example of (compact) CY3 is given by the quintic three fold in
the complex projective space CP

4.
For what concerns the physical applications of CY manifolds, they are very

important in string theory (and M-theory) compactifications. Indeed, super-
string theory has critical d = 10 and, as previously mentioned, usually the four
dimensions of s-t are obtained through a process of compactification, in which
the starting 10-d manifold acquires a fibered structure M4 × V6, where M4 is
the 4-d s-t (usually assumed to be Minkowski) and V6 is the internal manifold
of the “extra” compactified dimensions (dimRV6 = 6). The compactifications
where V6 is a compact CY3 are particularly important, because they leave 1

4
of the supersymmetries of the original 10-d superstring theory unbroken.

Finally, we mention that the compact CYn’s, and their moduli spaces,
have noteworthy properties of symmetry. In particular, the so-called mirror
symmetries of the numbers forming the Hodge diamond of a compact CYn are
very interesting, because they have been discovered to be realized by another
CY manifold, which is related to the starting one by a duality called “mirror
pairing.”

Coming back to our treatment, let us mention that M-theory contains
a 5-brane (named M5-brane) which can wrap itself around a 4-cycle P of
CY3. The massless modes captured by the 4-d effective field theory picture
correspond to harmonic forms on CY3, and they are independent of S1. In
particular, the CY two-forms ωA’s give rise to vector gauge fields AA in the
following way:

AA
µ ∼ ωAνρTµνρ , (7.11)

where T is the rank-3 tensor gauge field of 11-d M-theory. The CY two-forms
ωA’s are Poincarè dual to 6− 2 = 4-cycles, and the wrapping configuration of
the M5-brane on CY3 may be encoded by the wrapping numbers pA’s, which,
as previously mentioned, appear in the 4-d effective field theory picture as
magnetic charges coupled to gauge fields AA’s.

It is also worth recalling that a CY 3-fold CY3 has a triple intersection
number CABC , which determines the three-point couplings of the 4-d effective
field theory. Therefore, the wrapping of the M5-brane around the 4-d cycle P
on CY3 is invariantly expressed by the cubic form

p · p · p ≡ CABCp
ApBpC . (7.12)

Moreover, as it pertains to all complex manifolds admitting nontrivial four
cycles, CY3 is also characterized by a nonvanishing second Chern class κ. κ is a
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four-form whose integral over the four cycles ςA’s (belonging to the considered
basis of H4(CY3,Z)) defines the set of numbers c2A’s:∫

ςA

κ ≡ c2A, (7.13)

or equivalently ∫
CY3

κ ∧ ω̂A ≡ c2A, (7.14)

where ω̂A are the two-forms Poincarè dual to the four-cycles ςA of the ho-
mological basis of (7.3). Therefore, by recalling the decomposition (7.3), the
so-called instanton number of the four-cycle P of CY3 may be defined as the
“scalar product” of the vector of the c2A’s and the vector of the winding
numbers of P: ∫

P=pAςA

κ = pA

∫
ςA

κ ≡ c2Ap
A; (7.15)

equivalently, by Poincarè-dualizing (7.3) and thus by introducing the two-form
P̂ Poincarè dual to the four-cycle P of CY3, we get∫

CY3

κ ∧ P̂ =
∫

CY3

κ ∧ pAω̂A = pA

∫
CY3

κ ∧ ω̂A ≡ pAc2A, (7.16)

where in the last passage we used (7.14).
Notice that in this framework the cardinality of the set of indices {A} is

expressed by the second Betti number of CY3, which expresses the number
of independent harmonic forms of H2(CY3) coinciding, by Poincarè duality,
with the number of independent four cycles of H4(CY3).

In addition, the compactification on the circle S1 gives rise to an extra
vector gauge field A0: it corresponds to the graviphoton associated with S1,
and it is Poincarè dual to a zero-form. By the standard KK mechanism, the S1-
graviphoton A0 will couple to electric charges q0 associated with momentum
modes on S1. It should be pointed out that in such a microscopic picture,
the total number of vector gauge fields arising in the resulting N = 2, d = 4
SUGRA theory is equal to the second Betti number of CY3 plus one, and
consequently it depends on the topological properties of (a part of) the higher
dimensional manifold of the extra, compactified dimensions.

In order to preserve N = 1 SUSY in the BH solution of the resulting
N = 2, d = 4 SUGRA theory, the four-cycle P must be holomorphically
embedded in the manifold CY3. Thus, the number of degrees of freedom of
the 4-d BH solution (associated with the massless excitations of the wrapped
M5-brane characterized by the wrapping numbers pA’s on P) will correspond
to a (1 + 1)-d superconformal field theory (SCFT). Due to compactification
of the remaining extra spatial dimension on S1, one obtains a closed string,
with left- and right-moving states.

Therefore, the four supersymmetries preserved by the 4-d BH solution
will necessarily reside in one of these two sectors. Without loss of generality,
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if we choose this to be the right one, one finally gets that the considered BH
solution (often called a 4-d CY BH) of the N = 2, d = 4 SUGRA, obtained by
a N = 1 SUSY-preserving CY3×S1 compactification of the 11-d M-theory, is
described by a (0, 4) sigma model. As it usually happens for SCFTs in 1 + 1
dimensions, a central charge will arise, but in the considered case, it splits in a
central charge for the right- and the left-moving sectors, respectively denoted
by cR and cL.

cR and cL can be expressed in terms of the wrapping numbers, intersection
numbers and second Chern class, and their explicit form respectively reads

cR = CABCp
ApBpC +

1
2
c2Ap

A; (7.17)

cL = CABCp
ApBpC + c2Ap

A. (7.18)

It is important to notice that such expressions hold just in the limit of large
pA’s, i.e., in the semiclassical approximation of large (magnetic) charges. Gen-
erally, only in the limit of large electric and magnetic charges one can relate
the topological properties of the four-cycle P with the topological features of
the CY3 space.

Now, in order to calculate the entropy of the resulting 4-d CY BH, we can
start with a supersymmetric state in the right-moving sector, with a given
momentum q0. The corresponding left-moving states will not preserve any
SUSY, and, in general, it will have a certain degeneracy depending on q0.
Therefore, we obtain a tower of states with momentum q0, built on supersym-
metric right-moving states, and including degenerating nonsupersymmetric
left-moving states. In the limit of momentum q0 large compared to the left
and right central charges expressed by (7.17) and (7.18), we may use Cardy’s
formula to calculate the total degeneracy D(q0) of such states:

D(q0)
q0�cL≈ exp

(√
2
3
π
√
|q0| cL

)
. (7.19)

Thence, in the limit of large charges and large momentum q0, we get the
following result for the entropy of the considered 4-d CY BH:

Smicro (q, p) = ln (D(q0))
q0�cL≈

√
2
3
π
√
|q̂0| (CABCpApBpC + c2ApA).

(7.20)

The term proportional to the triple CY intersection number CABC is clearly
the leading one, while the term containing the (integrals of the) second Chern
class is the subleading one. Due to the interaction between the electric charges
qA’s associated with the vector gauge fields AA with the 2-brane of 11-d M-
theory (named M2-brane), the momentum must be shifted in the following
way:

q0 → q̂0 = q0 +
1
2
CABqAqB , (7.21)

where CAB is the inverse of CAB = CABCp
C .



8

Macroscopic Description.
Higher Derivative Terms
and Black Hole Entropy

In the previous section, we considered the microscopic description of N = 1
extremal BHs in N = 2, d = 4 SUGRA obtained by a compactification of 11-d
M-theory on CY3×S1. In this section, we are going to reconsider the SUGRA
macroscopic description, in relation to the presence of higher derivative terms.

As mentioned at the beginning of Sect. 3, the field content of the consid-
ered N = 2, d = 4 SUGRA is given by a gravity supermultiplet, containing the
graviphoton field A0

µ which may couple to charges q0 and p0, and nV Abelian
vector supermultiplets, containing nV Abelian gauge vector fields AA

µ . We
previously named such theories nV -fold N = 2, d = 4 MESGTs. Also nH hy-
permultiplets could be taken into account, but, as it was previously explained,
they do not enter in the attractor mechanism, because they are dynamically
decoupled.

It should be pointed out that the microscopic string description is, in
general, more restrictive than the macroscopic SUGRA one. Indeed, in the
stringy treatment of the previous section we put p0 = 0, and the cardinality
of the set of indices {A} was given by the number h21 ≡ dim

(
H2,1 (CY3)

)
,

thus depending on the topology of the internal manifold of compactification of
the extra dimensions. Instead, in the SUGRA treatment considered here, we
do not have to necessarily put p0 = 0, and the cardinality of the set of indices
{A} is nV , a priori unbounded. Nevertheless, in order to compare the results
with the ones obtained in previous section, we will also put here p0 = 0.

In general, there is an infinity of N = 2, d = 4 SUGRA vector multiplet
couplings, but they can all be conveniently encoded into a holomorphic func-
tion F (Y ), which is called the N = 2, d = 4 SUGRA prepotential. It can be
shown (see, e.g., [39], [94], and [95]) that such a function must be homogeneous
of second degree, i.e.,1

1 In the following treatment, we will assume that the considered symplectic refer-
ence frame in the moduli space is such that a prepotential F exists. For subtleties
concerning some particular cases in which F may not exist, we address the reader,
e.g., to [38]
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F (λY ) = λ2F (Y ), ∀λ ∈ C, (8.1)

implying that

Y Λ ∂F (Y )
∂Y Λ

= 2F (Y ). (8.2)

The complex, Kähler gauge-invariant coordinates
{
Y Λ

}
are related to the

previously introduced central charge Z of the N = 2, d = 4 superalgebra and
to the Kähler potential K and complex coordinates

{
XΛ

}
of the Kähler–

Hodge manifold MnV
by the following definition (Λ = 0, 1, . . . , nV ):

Y Λ (z, z; p, q) ≡ Z (z, z; p, q)LΛ (z, z) = eK(z,z)/2Z (z, z; p, q)XΛ (z) ;
(8.3)

consequently, by using the homogeneity properties of the prepotential, we get
that

∂F (Y )
∂Y Λ

= eK/2Z
∂F (X)
∂XΛ

. (8.4)

Moreover, by recalling definition (3.2.53) of the central charge function Z, we
may write

Z ≡ 〈n, V 〉 = nT εV = LΛne
Λ −MΛn

Λ
m = eK/2

[
XΛne

Λ − FΛ (X)nΛ
m

]

= eK/2

[
XΛne

Λ −
∂F (X)
∂XΛ

nΛ
m

]
=

1
Z

[
Y Λne

Λ −
∂F (Y )
∂Y Λ

nΛ
m

]
, (8.5)

such that the manifestly symplectic-invariant expression of |Z|2 reads

|Z|2 = Y Λne
Λ −

∂F (Y )
∂Y Λ

nΛ
m = 〈n, J〉 = nT εJ, (8.6)

where we introduced the Sp (2nV + 2)-covariant vector

J ≡


 Y Λ

∂F (Y )
∂Y Λ


 = eK/2ZV, (8.7)

which is (nm, n
e)-dependent due to the presence of the central charge Z, and it

is Kähler gauge-invariant (i.e., has Kähler weights (0, 0)). It is worth recalling
that, from the microscopic perspective, the Kähler–Hodge manifold MnV

is
nothing but the space of the complex structure moduli of the CY three-fold
CY3.

Let us now reconsider the algebraic 1
2 -BPS-SUSY extreme BH attractor

equations, given by (4.4.2.46), and corresponding to nothing but the evalu-
ation of the identity (3.2.97) of the special Kähler geometry of MnV

at the
1
2 -BPS-SUSY extreme BH attractors
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nΛ

m

ne
Λ


 = −2


Im


 ZLΛ

ZMΛ






(zsusy(p,q),zsusy(p,q))

. (8.8)

By substituting (8.3) and (8.4) in (8.8), one gets2

(
nΛ

m

ne
Λ

)
= −2


Im


 eK/2ZXΛ

eK/2Z ∂F (X)
∂XΛ






(zsusy(p,q),zsusy(p,q))

= −2


Im


 Y Λ

∂F (Y )
∂Y Λ






(zsusy(p,q),zsusy(p,q))

. (8.9)

By renaming as before nΛ
m ≡ pΛ and ne

Λ ≡ qΛ, and by denoting FΛ(Y ) ≡ ∂F (Y )
∂Y Λ

and FΛ(Y ) = FΛ(Y ), we finally obtain3



ipΛ =

[
Y

Λ
(z, z; p, q)− Y Λ (z, z; p, q)

]
(zsusy(p,q),zsusy(p,q))

;

iqΛ =
[
FΛ(Y (z, z; p, q))− FΛ(Y (z, z; p, q))

]
(zsusy(p,q),zsusy(p,q))

.

(8.10)

It should be recalled that, in the previously formulated hypotheses of sta-
ticity and spherical symmetry of the extremal BH solution being considered,
all quantities will have a s-t dependence exclusively on the radial coordinate r.
As previously noticed, in principle the 2nV + 2 real equations (8.10) yield the
horizon values of the nV + 1 complex coordinates Y Λ in terms of the charges
pΛ and qΛ of the BH

Y Λ (zsusy (p, q) , zsusy (p, q) ; p, q) ≡ Y Λ
Hor. (q, p) ≡ Y Λ (rH) .

(8.11)

Thus, (8.10) may be rewritten as


ipΛ = Y

Λ

Hor. (q, p)− Y Λ
Hor. (q, p) ;

iqΛ = FΛ,Hor.(q, p)− FΛ,Hor.(q, p),
(8.12)

2 With respect to the notation of [93], the r.h.s.’s of (8.9) has a “−” overall. But
this is due to the fact that in [93] the central charge Z is defined as the opposite of
the central charge (3.2.49) defined in these lectures. Thus, everything is consistent

3 Due to the holomorphicity of the prepotential, it holds that

F Λ(Y ) ≡ (FΛ(Y )) =
∂F (Y )

∂Y
Λ

≡ F Λ(Y ).
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where

FΛ,Hor.(q, p)≡
∂F

∂Y Λ
(Y (z, z; p, q))

∣∣∣∣
(zsusy(p,q),zsusy(p,q))

=
∂F (Y )
∂Y Λ

∣∣∣∣
Y =YHor.(q,p)

.

(8.13)

It is worth stressing once again that, depending on the features of the
input data of system (8.10), i.e., on the complexity of the functional form of
the prepotential F (Y ) and on the BH charge configuration

(
pΛ, qΛ

)
∈ Γ , it

might not be possible to explicitly write down the solutions.
In the case at hand, the simplest form of the N = 2, d = 4 SUGRA prepo-

tential compatible with properties (8.1) and (8.2) is (remind that A,B,C =
1, . . . , nV )

F (Y ) = −1
6
CABCY

AY BY C

Y 0
, (8.14)

where CABC is the triple CY intersection number defined above, and the
prefactor − 1

6 is put for later convenience. By calculating the area of the EH
of the corresponding BH, we obtain

A (q, p) = 4

√
2
3
π
√
|q̂0|CABCpApBpC . (8.15)

By applying the BHEA law, we therefore obtain

Smacro (q, p) =

√
2
3
π
√
|q̂0|CABCpApBpC , (8.16)

corresponding to the leading contribution to the microscopic result expressed
by (7.20).

At this point, a simple question naturally comes out: is it possible to re-
produce the subleading terms of Smicro (q, p) in the SUGRA, macroscopic ap-
proach?

The answer is yes, but new contributions from the SUGRA field content
must be considered. What one should consider now is the so-called F-term
contributions from the vector supermultiplets. Indeed (see, e.g., [96–100]; for a
complete review, see [101]), it was noticed that such terms do not vanish in the
presence of a BH solution, and they generate higher derivative corrections to
the SUGRA action, which are suppressed in the above considered semiclassical
limit of large charges, giving rise to the needed subleading terms in the BH
entropy.

Without entering in details, here we just say that such corrections may
be encoded in a generalized, F-(term)corrected N = 2, d = 4 SUGRA prepo-
tential, depending on another complex field W2, proportional to the square
of the previously introduced graviphoton field strength T−

µν , but with another
(complex) scaling weight, namely twice that of Y Λ’s:
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F (Y ) −→ F
(
Y,W2

)
: F

(
λY, λ2W2

)
= λ2F

(
Y,W2

)
, ∀λ ∈ C,

(8.17)

implying

Y Λ ∂F (Y,W2)
∂Y Λ

+W ∂F (Y,W2)
∂W = 2F (Y,W2).

(8.18)

A nontrivial dependence onW2 in the holomorphic function F
(
Y,W2

)
has

important consequences, because it introduces in the resulting SUGRA action
terms proportional to the square of the Riemann–Christoffel tensor, giving
rise to the so-called R2-SUGRA4. The 1

2 -BPS-SUSY extreme BH attractor
equations (8.10) are unchanged; we just have to replace the old prepotential
with the new, F-corrected one. The new thing is the fact that the complex
field W2 will have its own independent attractor value: independently on the
charges, at the horizon

W2 =W2
Hor. = −64. (8.19)

Therefore, the F-corrected 1
2 -BPS-SUSY extreme BH attractor equations may

be written as follows:


ipΛ = Y
Λ

Hor. (q, p)− Y Λ
Hor. (q, p) ;

iqΛ = FΛ(Y Hor. (q, p) ,W
2

Hor.)− FΛ(YHor. (q, p) ,W2
Hor.);

W2 = W2
Hor. = −64,

(8.20)

which can be summarized as

ipΛ = Y

Λ

Hor. (q, p)− Y Λ
Hor. (q, p) ;

iqΛ = FΛ(Y Hor. (q, p) ,−64)− FΛ(YHor. (q, p) ,−64),
(8.21)

with

FΛ(Y Hor. (q, p) ,−64) ≡ ∂F (Y ,W2

Hor.)

∂Y
Λ

∣∣∣∣∣
Y =Y Hor.(q,p),W2

Hor.=−64

. (8.22)

Therefore, the F-term corrections, due to the vector supermultiplets and
corresponding to higher derivative terms in the resultingN = 2, d = 4 SUGRA
action, break the uniformity of (complex) scaling of the area and of the en-
tropy of the 1

2 -BPS BH solutions, making them not necessarily homogeneous
functions of the BH charges.
4 The attractor mechanism in R2-SUGRA, also in relation to nonsupersymmetric

attractors, has been recently investigated in [102]
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In order to reproduce the whole microscopic result Smicro (q, p) expressed
by (7.20), attempts have been performed with the following F-corrected holo-
morphic generalized prepotential:

F (Y,W2) = F (Y )− c2A

24 · 64
Y A

Y 0
W2 = −1

6
CABCY

AY BY C

Y 0
− c2A

24 · 64
Y A

Y 0
W2,

(8.23)

where c2A’s are defined by the (generally) nonvanishing second Chern class of
CY3. Notice that the above introduced F (Y,W2) is holomorphic and homo-
geneous, as it has to be. Consequently, it is possible to calculate the area of
the EH, and try to obtain the result of (7.20) by applying the BHEA law. But
all efforts have turned to be unsuccessful, and it has been shown [103] that
the problem to recover subleading terms in the BH entropy cannot be solved
with such an approach.

At this point, in search of other terms which could possibly save the day,
one could be lead to think about the contributions of the hypermultiplets.
But the vevs of the hypermultiplets are not fixed at the EH of the BH, and
they can vary continuously. If BH entropy depended on such vevs, it could
not be an intrinsic physical property of the BH, and moreover the number
of microstates for fixed charges, which microscopically originates the entropy,
could not be an integer. Thus, at least at perturbative level, one would expect
that the vector multiplet F-terms encode all (holomorphic) corrections to the
BH entropy5.

The only way out is to abandon the faith on the validity of the BHEA law.
This should not surprise, because such a relation between the EH area and
the entropy of a BH generally holds true only for gravitational actions of the
Einstein–Hilbert type, i.e., linear in the intrinsic Riemann curvature R. For
more general, nonlinear gravitational Lagrangian densities, such as the ones
arising when F-term contributions are taken into account, the BHEA ceases
to hold.

Nevertheless, Wald et al. (see, e.g., [104–107]) elaborated an alternative,
generalized definition of BH entropy, based on the existence of a conserved
surface charge, which can be used for any Lagrangian invariant under gen-
eral coordinate transformations. In the general context of a holomorphic, F-
corrected, generalized N = 2, d = 4 prepotential F (Y,W2), by considering all
constraints imposed by the restoration of the full N = 2 SUSY at the EH
of the BH, a general formula for N = 2, d = 4 SUGRA theories has been
obtained, reading as follows [97]:

5 Once again, the story is not so simple. Actually, a nontrivial dependence on the
hypermultiplets could arise, but only at a nonperturbative level. Also, due to
the so-called holomorphic anomaly, some nonholomorphicity could be included in
the functional dependence of the F-term corrected, generalized prepotential. We
address the interested reader to, e.g., [98]
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Smacro(q, p)

= π |Z|2Hor. (q, p)− 256π
[
Im

(
∂F (Y,W2)

∂(W2)

)]
Y =YHor.(q,p), W2=W2

Hor.=−64
,

(8.24)

where Y Λ = Y Λ
Hor. (q, p) is the solution of the AEs (8.21).

|Z|2 may be rewritten in a manifestly symplectic-invariant, W2-dependent
form by noticing that the generalization of (8.6) in the considered context
reads

|Z|2 = Y ΛqΛ −
∂F (Y,W2)

∂Y Λ
pΛ = 〈n, JW〉 = nT εJW , (8.25)

where JW is nothing but the F-term-corrected counterpart of the vector J
defined by (8.7):

JW ≡


 Y Λ

∂F (Y,W2)
∂Y Λ


 . (8.26)

Consequently, by evaluating (8.25) at the horizon, 1
2 -BPS-SUSY attrac-

tor point(s), we obtain the purely charge-dependent, manifestly symplectic-
invariant expression

|Z|2Hor. =
(
Y ΛqΛ −

∂F (Y,W2)
∂Y Λ

pΛ

)∣∣∣∣
r=rH

=
(
Y ΛqΛ −

∂F (Y,W2)
∂Y Λ

pΛ

)∣∣∣∣
Y =YHor.(q,p), W2=W2

Hor.=−64

= qΛYHor. (q, p)− pΛ ∂F (Y,W2)
∂Y Λ

∣∣∣∣
Y =YHor.(q,p), W2=W2

Hor.=−64

,

(8.27)

where clearly the F-corrected 1
2 -BPS-SUSY extreme BH attractor (8.21) have

been used to determine the horizon, “attracted,” purely charge-dependent
values YHor. (q, p) and W2

Hor. of the moduli Y Λ’s and of the complex field
W2.

By substituting (8.27) in (8), we finally get an explicitly
Sp (2nV + 2)-invariant, purely charge-dependent expression for the (macro-
scopically determined) entropy of a static, spherically symmetric, 1

2 -BPS ex-
tremal BH with charge configuration

(
pΛ, qΛ

)
∈ Γ in nV -fold N = 2, d = 4

MESGT in the presence of F-term contributions from the vector multiplets

Smacro(q, p)

=π
[(
Y ΛqΛ− ∂F (Y,W2)

∂Y Λ pΛ
)
− 256Im

(
∂F (Y,W2)

∂(W2)

)]
Y =YHor.(q,p), W2=W2

Hor.=−64
.

(8.28)



218 8 Macroscopic Description.Higher Derivative Terms and Black Hole Entropy

As indicated, everything is evaluated at r = rH , i.e., on the EH of the BH,
and made exclusively charge-dependent by using the AEs (8.21).

Let us analyze (8.28): by recalling (8.27), we see that the first term in
round brackets corresponds to the BHEA law, properly corrected by F-term
contributions from the Abelian vector supermultiplets, because |Z|2Hor. is the
horizon area in Planck units divided by 4π. The second term, proportional to
the derivative of F (Y,W2) w.r.t.W2, represents the deviation from the BHEA
law, due to the higher derivative, non- Einstein–Hilbert gravitational terms
in the SUGRA action coming from the F-term contributions of the vector
multiplets.

By inserting the holomorphic, F-corrected, generalized N = 2, d = 4 pre-
potential F (Y,W2) expressed by (8.23) in the attractor equations (8.21), and
by substituting the corresponding solutions Y Λ

Hor. (q, p) in (8.28), it is then
possible to show that the string, microscopic result (7.20) is fully and faith-
fully recovered.

In order to explicitly show the deviation from the BHEA law due to the
F-term contributions, the ratio between one quarter of the EH area and the
BH entropy can be calculated as

A(q, p)
4Smacro(q, p)

=
CABCp

ApBpC + 1
2c2Ap

A

CABCpApBpC + c2ApA
=

cR

cL
. (8.29)

In the last passage, by using (7.17) and (7.18), we interestingly find that such
a ratio equals the ratio of the previously introduced central charges cR and
cL. Therefore, to some extent the asymmetry between the left- and right-
moving sectors of the (0, 4) sigma model describing the above-mentioned 4-d.
CY BH is responsible for the failure of the BHEA law when going beyond the
semiclassical limit of large charges.
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Further Developments

We devoted these pedagogical, introductory-level lectures to the dynamics
governing the (equilibrium) thermodynamics of extremal singular interpolat-
ing soliton solutions in N -extended, d-d SUGRAs.

We analyzed the attractor mechanism in various contexts, each with spe-
cific relevant features.

They are, respectively:

1. The N = 2, d = 4 dilatonic extremal Reissner– Nördstrom BH arising from
heterotic string theories.

2. The N = 2, d = 4, nV -fold Maxwell–Einstein Supergravity theory
(MESGT), i.e., the N = 2, d = 4 SUGRA coupled to nV Abelian vector
supermultiplets; the moduli space of such a theory has a special Kähler–
Hodge geometry with additional symplectic structure.

3. The N = 8, d = 5 SUGRA, having the exceptional noncompact Lie group
E6(6) as U -duality symmetry group.

4. The N = 8, d = 4 SUGRA, having the exceptional noncompact Lie group
E7(7) as U -duality symmetry group.

The maximal SUGRAs of points 3 and 4 are usually obtained by a N = 8
SUSY-preserving toroidal compactification from 11-d M-theory or 10-d super-
string theory.

Now, we would like here to mention that in the last months string theory
has been enlighted by a very interesting conjecture (which we will call the
OSV conjecture) formulated by Ooguri, Strominger, and Vafa in [108]. Such
a conjecture suggests an intriguingly interesting connection between BHs and
topological string theory, which may be summarized as

ZBH = |Ztop|2 , (9.1)

where

1. ZBH is the partition function related to a “mixed,” microcanonical/canoni-
cal statistical treatment of the magnetic–electric charge configurations of

S. Bellucci et al.: Supersymmetric Mechanics – Vol. 2, Lect. Notes Phys. 701, 219–233 (2006)
DOI 10/1007/3-540-34157-9 9 c© Springer-Verlag Berlin Heidelberg 2006
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a 4-d static, spherically symmetric, asymptotically flat, 1
2 - BPS BH in the

N = 2, d = 4, nV -fold MESGT obtained by a CY compactification of 10-d
type II superstrings.

2. Ztop is the second-quantized, perturbatively expanded partition function
for a gas of topological strings on a CY background three- fold.

In such a context, the attractor mechanism turns out to play a key role,
because in the conjecture (9.1) Ztop is evaluated at the horizon, attractor
point(s) of CY moduli space. Such attractors are determined by the attractor
equations, and (up to some subtleties concerning the background dependence)
they are purely dependent on the BH charge configuration.

By adopting a perturbative approach based on the expansion parameter
1
Q , where Q is the so-called graviphoton charge, OSV came to formulate the
relation (9.1), in which substantially BHs with large charges get mapped to
the weak coupling limit of topological strings. Equation (9.1) immediately
suggests an alternative interpretation of (the horizon) Ztop. Indeed,

Ztop,Hor.(φHor., p), (9.2)

could be interpreted as a wavefunction, expressing the quantum amplitude
to find a BH solution with charge configuration

(
pΛ, qΛ

)
, where the horizon

electric potentials φΛ
Hor. and the electric charges qΛ are related by canonical

conjugation. As explained in [108], a BH “mixed” microcanonical/canonical
ensemble may be introduced, resulting in a “BH degeneracy function” Ω (p, q),
which can be seen as a Wigner function, related to the “topological wave-
function” Ztop,Hor.(φHor., p) and defined on the (2nV + 2)-d electric–magnetic
charge real lattice Γ (whose corresponding semiclassical, continuum limit may
reasonably be chosen to be R

2nV +2).
The seminal OSV paper [108] stimulated lot of work in the last months in

different research directions, leading to exciting new developments shedding
new light on the interconnections between black holes, string theory, topolog-
ical string theory, and dynamical systems. In what follows we try to mention
a few of such advances, apologizing since the beginning for the incompleteness
of our listing.

1. The connection between BPS BHs and topological strings expressed by
(9.1) has been explicitly studied in a number of special cases with few
charges (see, e.g., [109–112]). Moreover, it should also be mentioned that
the matching of the BH entropy with the degeneracy of elementary string
states has been recently studied in depth for the particular class of purely
electrically charged BHs in heterotic string theory [110,112–120]; such BHs
have vanishing entropy in the SUGRA approximation, where only terms
linear in the curvature R are considered in the gravitational sector of the
action [121–123]).

2. Then, in [124] Verlinde faced the general case with an arbitrary number
of charges in the context of type IIB superstrings compactified on a CY
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three-fold. He considered a subtle but crucial point: in order to derive
the conjecture (9.1), OSV used a holomorphic topological string amplitude
Ftop. But actually Ftop has, through its higher order terms in the perturba-
tive expansion with parameter gtop, an antiholomorphic dependence; this
phemonenon is called holomorphic anomaly of the topological string the-
ory, and it is encoded by the so- called holomorphic anomaly equations,
obtained from the world-sheet formulation of topological strings in [125].
Thus, the question is: how to reconcile the OSV conjecture (9.1) (founded
on the holomorphicity of Ftop, and thus of Ztop = exp (Ftop)) with the
holomorphic anomaly?
The way out to the problem is the wavefunction interpretation of the holo-
morphic anomaly phenomenon. Such an interpretation was firstly proposed
by Witten [126]. Almost simultaneously to the appearance of [125], he in-
terpreted Ztop = exp (Ftop) as a wavefunction obtained by quantizing the
real cohomology H3 (CY3,R), i.e., the space of the three-forms on the con-
sidered CY background three-fold, in a complex polarization. From such
a viewpoint, the holomorphic anomaly equations express nothing but the
behavior of the wavefunction Ztop under an infinitesimal change of po-
larization. Further elaborations along this direction have been made by
Dijkgraaf, Verlinde, and Vonk in [127].
By studying the interconnections between the attractor equations and the
holomorphic anomaly equations in the framework of the wavefunction in-
terpretation, Verlinde realized that the background dependence expressed
by the antiholomorphic dependence of Ftop is actually due to the choice of
complex polarization in the quantization of H3 (CY3,R). Consequently, he
performed a change to a real polarization suggested by the attractor equa-
tions, in which, as we have seen above, the horizon CY (complex structure
and Kähler) moduli are expressed in terms of the BH real (integer, at
the quantized level) charges. In such an “attractor equations-induced” real
polarization, the background dependence of Ftop disappears, and one ends
with a generalized, background-independent generalization of the OSV con-
jecture (9.1).

3. A few months later, Ooguri, Vafa, and Verlinde obtained in [128] an in-
teresting progress toward a realistic formulation of quantum cosmology in
string theory, connected also with the OSV conjecture. Let us spend a few
more words, taken from the introduction of [128].
Generally, the approach to the compactifications of extra dimensions in
string theory is (often implicitly) founded on the assumption that the uni-
verse should include a noncompact, 4-d macroscopic s-t. If this is absolutely
natural to be conceived in the present cosmological epoch, it is unclear if
the primordial universe had actually shared such a property. At its early
stage, it is instead much reasonable to conjecture that the universe would
have been arising from a microscopic/Planckian size compact space.
If such a picture had to be implemented within string theory, clearly it
would lead to compactify all spatial dimensions. As a consequence, one
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would not be allowed to freeze the string moduli out. Thus, in order
to construct a physical framework where comparisons between different
string compactifications could be made on probabilistic grounds, the no-
tion of a wavefunction, defined on the moduli space of string compactifi-
cations, would naturally arise. The classical physical behavior, analytically
described by the equations of motion, would then correspondingly be given
by the peak(s) of the amplitude of such a wavefunction.
As correctly pointed out by Ooguri, Vafa, and Verlinde, this should be
the guiding idea in the formulation of a realistic quantum cosmology in
the context of string theory. In [128] they present a result on the (par-
tially) SUSY-preserving compactifications, where usually calculations are
much simpler to be carried out. They argue that the previously consid-
ered topological string partition function Ztop should be considered as a
“wavefunction of the universe” in the mini-superspace sector of physical
superstring theory, analogously to the Hartle–Hawking description [129].
Moreover, such an identification turns out to be exact, because it takes into
account all orders of quantum corrections in string perturbation theory.
Consequently, [128] represents an interesting development of the hypothe-
sized wavefunction interpretation of Ztop, arosen out from the original OSV
conjecture, which gets extended to all-loop orders, and related to Hartle–
Hawking approach to quantum cosmology.

4. Two months later, in [130] Dijkgraaf, Gopakumar, Ooguri, and Vafa ex-
tended such results to the process of creation of baby universes in quan-
tum cosmology, implemented within string theory. Such an extension has
been achieved by conjecturing that the holographic description of 4-d BPS-
SUSY-preserving BHs would naturally include multicenter solutions, yield-
ing a coherent ensemble of BR geometries AdS2×S2’s. In the particular ex-
ample treated by the authors, the Euclidean wavefunction of multi-center
BHs gets mapped into the “Hartle–Hawking wavefunction” of baby uni-
verses.

5. A few days before Dijkgraaf, Gopakumar, Ooguri, and Vafa put their pa-
per [130] on ArXiv, the OSV conjecture was extended to the case of open
topological strings in a nice paper [131] by Aganagic, Neitzke, and Vafa.
Since the OSV conjecture formulated in [108] concerns the closed topo-
logical string theory, such a generalization seemed quite natural. Clearly,
the microscopic, D-brane characterization of the electric and magnetic BH
charges in the open case is different from the one exploited in the previ-
ously considered closed case. It should be pointed out that, despite the
simplicity of its formal expression, schematically reading

Zopen
BH =

∣∣Zopen
top

∣∣2 , (9.3)

the groundness of what may be called the “open generalization of the OSV
conjecture” is less solid than the one of its closed counterpart. Indeed, in the
open case the macroscopic SUGRA description at large charges of the BPS
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states has not been studied. Also, the possible existence of an “open analog”
to the attractor mechanism has not been checked for this case, and thence,
in general, one does not even have a SUGRA, macroscopic derivation of the
(leading term of the) BH entropy. As Aganagic, Neitzke, and Vafa pointed
out, further investigation and results in this direction would be precious in
order to check, or at least to strengthen, the conjecture (9.3).
Another generalization of the OSV conjecture is the one given by Pestun in
[132]. He extended the OSV conjecture to topological strings on generalized
CY manifolds X’s, arguing that the classical BH entropy is given by the
so-called generalized Hitchin functional, which defines generalized complex
structure on X by means of properly defined critical points.
Motivated by the OSV conjecture, in [133] Shih and Yin computed the
semi-canonical partition function of BPS BHs in N = 4 and N = 8 string
theories, to all orders in perturbation theory. Surprisingly, they found that
the BH partition functions have a simple form, and they encode the full
topological string amplitudes, confirming the OSV conjecture. Neverthe-
less, Shih and Yin found a slight disagreement between the BH and topo-
logical string partition functions also at the perturbative level, and thus
they proposed a “minimal” modification of the starting conjecture, in which
such differences are understood as a nontrivial measure factor for the topo-
logical string (a “minimal redefinition” of the OSV conjecture has been
proposed also in [134]).
On the other hand, recent agreements with the OSV conjecture have been
obtained, in the context of the computing of exact degeneracies of BPS
BHs on toric CY3’s, by Aganagic, Jafferis, and Saulina in [135].

6. Finally, in [136] Gukov, Saraikin, and Vafa further developed the Hartle–
Hawking wavefunction approach to the topological string theory partition
function, determining an entropy functional on the moduli space of the
(compact or noncompact) CY three-fold of the “internal,” “extra” dimen-
sions in compactifications of type IIB 10-d superstrings. Rather interest-
ingly, they found that the maximization of such a functional is related to
the appearance of asymptotic freedom in the corresponding effective field
theory. Recent advances and observations along this direction have been
made in [137] and [72].

7. In [138] Sen, who in the last years devoted various papers to the issue of
BH entropy (see, e.g., [112, 116, 119], and [120]1), developed an “entropy
function formalism” which generalizes some results related to the OSV
conjecture to not necessarily supersymmetric contexts.
He started by observing that generally all results listed in points 1–6 heav-
ily rely on SUSY. In particular, only a particular class of higher derivative
terms, computable by the (perturbative expansion of the) topological string
partition function [125,140], and [141] have been considered in the SUGRA

1 The results of this last paper have been recently generalized to all dimensions
in [139].
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action (representing the low-energy, effective limit of the related – funda-
mental – string theory action). The effect of the introduction of such terms
may be encoded in the generalized prepotentials (in the case of heterotic
BHs, they may also be nonholomorphic: see, e.g., [96–99]).
But, even if the terms encoded by generalized prepotentials are an im-
portant class of higher derivative corrections to the effective string theory
action, they are by no means the only ones, and it is actually not clear
why one should consider only such terms. Indeed, as shown by Sen himself
in [116], in type II superstrings some cases exist in which the generalized
prepotential is not enough to reproduce the matching between BH entropy
and the degeneracy counting in the microscopic description by elementary
string states.
In [138] the complete set of higher derivative terms was considered in rela-
tion to the near-horizon geometry AdS2 × Sd−2 of a d- d extremal BH, by
applying the general formalism elaborated by Wald et al. in [104]– [107].
Without relying on the explicit structure of the higher derivative terms,
Sen was able to derive two fundamental results:
1. The Legendre transform of

SBH(q,p)
2π w.r.t. the electric BH charge vari-

ables q’s is nothing but the integral of the whole Lagrangian density
over the (d− 2)-d sphere Sd−2 enclosing the considered BH. As in the
OSV treatment, the (canonically) conjugated variables to the q’s are the
horizon, radial electric potentials φHor.’s.

2. In the working hypotheses formulated by Sen, the family of the d-d
generalizations AdS2 × Sd−2 of the BR background geometries is pa-
rameterized by the BH magnetic charges p’s, the horizon values of the
BH electric potentials φHor.’s, the horizon values uHor.’s of the vari-
ous considered real scalars, and the sizes v1 and v2 of AdS2 and Sd−2,
respectively.
In such a framework, an “entropy function” S

(
u, v1, v2, ; q, p

)
is con-

structed by performing the following steps:
a. integrating the whole Lagrangian density (related to the AdS2 ×

Sd−2 family) over Sd−2, then
b. Legendre-transforming the result w.r.t. the horizon, radial, electric

potentials φHor.’s, and finally
c. multiplying by 2π.

Thus, the attractor mechanism was shown to work, also in determining the
sizes of the d-d BR geometries, because Sen obtained that, for a given BH
charge configuration

(
p, q

)
, the horizon values uHor.’s of the scalar fields

and the sizes v1 and v2 are purely charge-dependent quantities, determined
by the extremization of S

(
u, v1, v2, ; q, p

)
w.r.t. u, v1, and v2, respectively
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uHor.

(
q, p

)
:

∂S(u,v1,v2,;q,p)
∂u

∣∣∣∣
uHor.=uHor.(q,p)

= 0;

v1

(
q, p

)
:

∂S(u,v1,v2,;q,p)
∂v1

∣∣∣∣
v1=v1(q,p)

= 0;

v2

(
q, p

)
:

∂S(u,v1,v2,;q,p)
∂v2

∣∣∣∣
v2=v3(q,p)

= 0.

(9.4)

Finally, the BH entropy is nothing but the purely charge-dependent horizon
value of S

(
u, v1, v2, ; q, p

)
:

SBH

(
q, p

)
= S

(
uHor.

(
q, p

)
, v1

(
q, p

)
, v2

(
q, p

)
; q, p

)
≡ SHor.

(
q, p

)
.

(9.5)

Sen’s elaboration of the Wald et al.’s higher order derivative Riemannian
formalism is based on a set of working assumptions, which are, respectively,
– asymptotical flatness,
– spherical symmetry,
– Abelian gauge fields.
Moreover, Sen’s results rely on the assumption that the Lagrangian density
can be expressed only in terms of gauge-invariant field strengths, and does
not involve explicitly the related gauge fields. Such a condition is clearly
violated in presence of Chern–Simons terms. If such terms cannot be re-
moved by switching to dual field variables, the results obtained in [138] still
hold true if the additional Chern–Simons terms do not affect, for some rea-
sons, the equations of motion and the entropy of the particular BH solution
under consideration.
A progressive, possibly combined generalizing relaxation of such working
hypotheses might lead to further generalizations, which hopefully might
allow one to gain new interesting insights into the attractor mechanism
dynamics in supersymmetric and nonsupersymmetric frameworks.
The results of [138] have been applied in [142] in order to analyze the effects
of Gauss–Bonnet terms in the entropy of 4-d heterotic BHs, obtaining
interesting results with possible implications on the supersymmetrization
procedures of R2-terms in the SUGRA action (indeed, an approach based
on the Gauss–Bonnet combination might be more convenient than the usual
one based on the Weyl tensor square term).

8. Recent advances in the study of the nonsupersymmetric attractor mecha-
nism have been obtained by Goldstein, Iizuka, Jena, and Trivedi in [66].
In an approach conceptually similar to Sen’s one, they directly studied the
equations of motion in theories with gravity, gauge fields, and scalars in
static, spherically symmetric BH backgrounds. In such a framework, they
were able to determine two sufficient conditions for the attractors mecha-
nism to work, independently on the supersymmetric nature of the system
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being considered. Such conditions define the attractor points to be the sta-
ble critical points of a suitably defined “effective potential” Veff , which is
generally a real positive function only of the BH charges and of the scalar
fields2 (see also Sect. 4).

The simplest case treated in [66], characterized by spherical symmetry,
asymptotical flatness, and only magnetic charges in d = 4, corresponds to

L4 ∼ R− 2
(
∂rφ

i
)2 − fab (φ)F a

µνF
bµν , (9.6)

where r is the radial coordinate, R is the s-t Riemann scalar curvature, φi

(i = 1, . . . , nφ) are the (real) scalar fields, and F a
µν (a = 1, . . . , nA) are the field

strengths related to the considered nA Abelian gauge fields. fab (φ) denotes
the (real, symmetric) nA × nA matrix, determining the dilaton-like couplings
between the scalars and the U(1) field strengths. Each Abelian field strength
is related to a (integer, quantized) magnetic charge pa. The definition of Veff

corresponding to the action (9.6) reads

Veff (φ; p) ≡ fab (φ) papb, (9.7)

and the sufficient conditions for the existence of an attractor mechanism in
the space of the configurations of the (purely r-dependent) scalar fields may
be written as 



I.
∂Veff (φ;p)

∂φi

∣∣∣
φj=φj

Hor.(p)
= 0 (criticality);

II.
∂2Veff (φ;p)

∂φj∂φi

∣∣∣
φk=φk

Hor.(p)
> 0 (stability),

(9.8)

where φi
Hor. (p) denote the horizon, “attracted,” purely (magnetic) charge-

dependent values of the scalar fields. Condition I means that the attractor
point(s) are critical points for Veff (φ; p), whereas condition II is a shorthand
notation meaning that the Hessian of Veff (φ; p) at the attractor point(s) must
be strictly positive definite.

The generalization to the 4-d case with both electric and magnetic charges
is characterized by the presence of “axion”-like couplings in the Lagrangian
density, which correspondingly becomes3

L4 ∼ R− 2
(
∂rφ

i
)2 − fab (φ)F a

µνF
bµν − 1

2
f̃ab (φ)F a

µνF
b
λρε

µνλρ,

(9.9)

2 The relevance of Veff in relation to the inner, “attractive” dynamics of BH solu-
tions in the absence of SUSY was firstly remarked in [143]

3 A comparison of (9.9) with (4.1.1) yields that the analysis performed in the first
part of [66] is very similar to the one of [55] (see Subsects. 4.1 and 4.2)
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where f̃ab (φ) is the (real, symmetric) nA × nA matrix of the axion-like cou-
plings between the scalars and the U(1) field strengths; in general, it is inde-
pendent of its dilatonic counterpart fab (φ):

1
2
F b

λρε
µνλρ ≡ ∗F bµν , (9.10)

denotes the usual Hodge-dual gauge field strengths, with εµνλρ being the to-
tally antisymmetric Ricci–Levi–Civita tensor in d = 4. In this case the con-
sidered nA Abelian field strengths are related to magnetic charges pa’s and
electric charges qa’s. Thence, the Veff related to the Lagrangian density (9.9)
may be defined as

Veff (φ; q, p) ≡ fab (φ)
(
qa − f̃ac (φ) pc

)(
qb − f̃bd (φ) pd

)
+ fab (φ) papb,

(9.11)

with fab (φ) being the inverse4 of matrix fab (φ). Thus, the sufficient condi-
tions for the existence of an attractor mechanism in the space of the config-
urations of the (purely r-dependent) scalar fields may now be generalized to
the following system:




I.
∂Veff (φ;q,p)

∂φi

∣∣∣
φj=φj

Hor.(q,p)
= 0 (criticality);

II.
∂2Veff (φ;q,p)

∂φj∂φi

∣∣∣
φk=φk

Hor.(q,p)
> 0 (stability),

(9.12)

where φi
Hor. (q, p) now stand for the horizon, attracted, purely (electric and

magnetic) charge-dependent values of the scalar fields.
In all cases the BH entropy is proportional to the horizon, attracted, purely

charge-dependent value of the “effective” potential

SBH (q, p) ∼ Veff (φHor. (q, p) ; q, p) , (9.13)

and it is therefore purely charge dependent itself, too.
The results on the attractor dynamics obtained in [66] hold for BH solu-

tions in nonsupersymmetric theories, or also for nonsupersymmetric or par-
tially SUSY-preserving solutions in N � 1-supersymmetric contexts. Clearly,
as explicitly checked in [66], 4-d 1

2 -BPS extremal BHs inN = 2, d = 4 SUGRA
do satisfy the sufficient conditions (9.12).

Goldstein, Iizuka, Jena, and Trivedi were also able to extend the above
d = 4 results to generic (higher) d’s, and to asymptotically nonflat metric
4 As correctly pointed out by Goldstein, Iizuka, Jena, and Trivedi, fab (φ) is sym-

metric, and therefore it is always diagonalizable. Its possibly existing zero eigen-
values would correspond to gauge fields with vanishing kinetic terms, which may
therefore be omitted from the action (9.9). See also Footnote 1 of Sect. 4
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backgrounds, e.g., to asymptotically AdS and dS BHs in d dimensions. While
in AdS cases the Breitenlohner–Freedman bound [144] naturally enters the
game, in dS cases some additional assumptions were needed in order to take
into account the infrared divergences in the far past (or future) of dS spaces5.

Different, complementary approaches were used in the analysis of [66]: both
perturbation theory and numerical simulations were considered. By starting
from explicit expressions of Veff , the numerical approach allowed one to go
beyond the perturbative regime; in the treated cases, only one basin of at-
traction was found in the dynamics of radial evolution of the configurations
of the nφ scalar fields, even though, at least in supersymmetric frameworks,
multiple basins may exist. In some special cases, the equations of motion could
be mapped onto an integrable dynamical system of Toda type [147].

It should be clearly stressed that, at least in the asymptotically flat and
AdS cases, the whole analysis of [66] is based on the fact that the scalars do not
have a potential in the original action, and in particular they are massless. The
explicit introduction of a potential for the scalars in the Lagrangian density
would destroy their moduli nature. Clearly, N � 1-supersymmetric theories
can be characterized by such an absence of potential, by requiring suitably
arranged couplings between scalar and gauge fields. But when SUSY is not
there, there is actually no way to naturally avoid a potential for the scalars; in
this sense, when considering nonsupersymmetric theories, the results of [66]
should more properly be conceived as a “mathematical investigation.”

Recently, in [78] Tripathy and Trivedi extended the results of [66] to non-
supersymmetric BH solutions emerging from type II superstrings compactified
on a CY three-fold, still obtaining that nonsupersymmetric attractors are re-
lated to the minimization of a suitably defined effective potential. In [71] a
c-function, to some extent mimicking the central charge function in nonsuper-
symmetric settings, was found and generalized also to d > 4.

Also other extensions of the results of [66] could interestingly be consid-
ered, for example the ones related to the relaxation of the working hypotheses
of staticity (e.g., extension to rotating BHs) and pointlike nature of the singu-
larity (i.e., generalization to black rings). Recently, the attractor mechanism
for spherically symmetric extremal BHs in a theory of general R2 gravity in
d = 4, coupled to gauge fields and moduli fields, have been investigated, also
in the case of nonsupersymmetric attractors, in [102].

Beside the recent developments concerning the OSV conjecture, the ad-
vances mentioned above are related to the search for some kind of attractor
mechanism when (some of) the hypotheses on which all the previous treat-
ment was founded are removed. Similarly to Sen’s previously listed working
assumptions, such Ansätze are:

- asymptotical flatness,
- spherical symmetry,

5 For (quite) recent reviews on the (classical) features of de Sitter spaces in any
dimensions, see, e.g., [145] and [146]
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- staticity,
- extremality,
- supersymmetric (partially BPS) nature

of the BH metric solution being considered.
Also, it would be interesting to see what happens for d 	= 4 (considerably

for d > 4)6 and/or considering spatially extended singular solutions, such as
p (> 1)-black branes.

Let us also mention that very interesting results have been recently ob-
tained about the variational approaches to BH entropy, relating the BH en-
tropy to the exact counting of M/string theory microstates, mostly in N = 2
and N = 4 supersymmetric frameworks (see also [155]). They are mainly
achieved by the research group of de Wit et al.; after anticipations by Mo-
haupt in [156] and some presentations at various conferences (see, e.g., [157]
and [158]), the most recent results are given in [159]. For further discussion,
the reader is addressed also to [93], [160], and [161].

Finally, also the question of non-Abelian charges (and singular metric
backgrounds carrying non-Abelian charges), and the related issue of the non-
Abelian generalization of electric/magnetic duality (see, e.g., [163–168]) (and
its insertion in the previous treatment, possibly suitably generalized) might
be addressed.

Below we give a list (far from being exhaustive) of just some of the possible
directions that appear to be a natural extension of the results briefly reported

6 For what concerns d = 5, we mention the results of [148], where Gaiotto, Stro-
minger, and Yin proposed a simple, linear relation between the BPS partition
function Zd=4

BH of a 4-d BH obtained by CY compactification of 10-d type IIA
superstrings (usually named type IIA CY BH) and the BPS partition function
Zd=5

BH of a 5-d spinning BH obtained by CY compactification of 11-d M-theory.
Consequently, by using the OSV conjecture (9.1), they were able to directly relate
Zd=5

BH with the N = 2 topological string partition function Ztop. Due to the ap-
pearance of |Ztop|2 in formula (9.1), the resulting relation between Zd=5

BH and Ztop

is nonlinear, differently from the previously proposed, linear relation between the
same quantities at different points of CY moduli space [149], [150]. Thus, com-
bining the results of [148] with the older ones of [149] and [150] might lead to new
nontrivial relations between the different values of Ztop, obtained by evaluation
at different points in the CY moduli space.

The relation proposed in [148] has then been used in [151] and [152], where
Shih, Strominger, and Yin, by starting from exactly known 5-d degeneracies,
derived weighted BPS dyonic BH degeneracies for 4-d N = 4 and N = 8 string
theory, respectively. In particular, the result obtained for the N = 4 case perfectly
matches the conjecture formulated by Dijkgraaf, Verlinde, and Verlinde in [153].

It should also be mentioned that recently in [154] Guica, Huang, Li and Stro-
minger studied the R2-corrections to the BH and black ring solutions of 5-d
SUGRA. As pointed out by them, the nature of such terms is less clear than that
of their 4-d counterparts, mostly due to the relatively limited understanding of
F-term contributions in 5-d SUGRA.
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above, mostly being related to the removal of some hypotheses made in our
treatment.

First of all, it should be pointed out the following remark on the
I) large charge (semiclassical) limit approach (and its removal) in N = 8,

d = 4 and 5 SUGRAs.
In the above treatment we often mentioned the quantization of the con-

served BH electric and magnetic charges, related to the topological nontriv-
iality of the backgrounds arising from string theories, i.e., to the intrinsic
quantum nature of the basic, fundamental theories of which the considered
asymptotically flat SUGRAs constitute a low-energy effective theory.

But we did not mention that the corresponding “discretization” of the U -
duality symmetry group, which turns out to be defined on the numeric field
of integers Z, leads also to some corrections to the entropy formulae for the
BHs, in particular to their U -invariant expressions, which seem to exist only
in d = 4 and 5, respectively given by (6.2.16) and (6.1.15).

Indeed, it turns out that the cubic and quartic invariant appearing on
the r.h.s.’s of such formulae (namely, I4(56) for the d = 4 U -group E7(7)

and I3(27) for its 5-d counterpart E6(6)) acquire some quantum corrections,
containing the related modular forms. Roughly speaking, such modular forms
are some kind of invariants of both the “continuous” and “discrete” versions
of the U -groups, but they vanish in the “continuous,” classical limit of large
values of the charges.

Thus, (6.2.16) and (6.1.15) should not be considered as exact ones, because
the reported approach allows one to take into account only the leading term
for large charges. Equations (6.2.16) and (6.1.15) should better be seen as
semiclassical limits of more general quantum formulae, approximated for large
values of the (quantized) conserved charges of the system.

II) Removal of the hypothesis of asymptotical flatness of metric back-
grounds.

Asymptotically nonflat (maximal) SUGRAs, in general corresponding to
(maximal) gauged SUGRAs, do deserve a completely different treatment w.r.t.
their asymptotically flat, ungauged counterparts.

For instance, the asymptotically AdS, N = 8, d = 4 SUGRA does not
have any moduli space, because the moduli are all fixed. Indeed, the SO(8)-
invariance of the asymptotically AdS, maximally supersymmetric vacuum
state “freezes” out all possible moduli of the theory. This happens because
the relevant set of scalar fields generally transforms under a nontrivial repre-
sentation of SO(8), but, at the same time, it must also be SO(8)-invariant in
the vacuum: the only possibility of simultaneous fulfilling of such requests is
to make the scalars constant.

Consequently, at least in d = 4, in order to allow for the existence of some
moduli space and therefore for some internal nontrivial evolution dynamics of
the relevant set of scalars, the interesting idea arises to consider nonmaximal,
N -extended gauged SUGRAs, in which therefore the nonmaximality of the
localized SUSY would not completely “freeze” the dynamics of the moduli.
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In previous sections we treated the ungauged N = 2, d = 4 MESGT, i.e.,
the asymptotically flat, nonmaximal N = 2, d = 4 SUGRA coupled to nV

Abelian vector supermultiplets, and possibly to nH hypermultiplets, too. In
such a case we have seen that the scalar fields coming from the hypermultiplets
are not fixed at the EH, because the central charge of the local SUSY algebra
does not depend on the asymptotical configuration of these fields. Thus, such
scalars are completely decoupled from the dynamical behavior of the system,
and they do remain moduli of the theory also in the asymptotical near-horizon
radial evolution of the considered extremal (spherically symmetric) BH.

Instead, in the nonmaximal gauged SUGRAs all the scalars coming from
the field contents of the extra matter multiplets coupled to the SUGRA one
should be taken into account, including the ones related to the hypermulti-
plets, which now cannot be decoupled from the dynamics of the system.

Asymptotically AdS backgrounds have been quite extensively considered
in the literature, also in their relation with string theories. In a recent work
[66] some advances were made in the study of the attractor mechanism in
such backgrounds, also in the de Sitter (dS) case. The obtained results are
quite general, because they do not rely on SUSY, but nevertheless some other
aspects of the attractor mechanism in asymptotically (A)dS background still
wait for a detailed examination.

In particular, the moduli space dynamics related to the radial evolution of
the scalars of the hypermultiplets coupled to asymptotically nonflat, nonmaxi-
mal (spherically symmetric)N -extended, d-d SUGRAs (e.g., to the spherically
symmetric, asymptotically AdS, gauged N = 2, d = 4 MESGT) has not yet
been considered, but its study seemingly appears an interesting direction of
development to be pursued.

III) Removal of the hypotheses of spherically symmetry and /or staticity.
All the extremal BH solutions considered in our treatment, and in most of

the literature, have spherical symmetry. That is why we always considered only
the evolution flow in the moduli space which was related to radial dynamics
of the relevant set of scalar fields.

The study of nonspherically symmetric singular metric solutions in the
context of SUGRAs should naturally lead to the “merging” of the radial and
angular dynamics, and consequently to a deeper understanding of the attrac-
tor mechanism, possibly involved in both of them.

Also the removal of the hypothesis of staticity (i.e., time- independence)
of the considered solutions should shed some new light on interesting aspects.
Some spinning (for example, Kerr–Newman-like) BH metrics could be con-
sidered, and their possible interpolating soliton nature could be investigated,
together with the possibility to obtain higher dimensional spinning extensions
of such backgrounds.

IV) Attractor mechanism in higher dimensions and black rings.
Reasonably, the removal of the basic hypotheses about the structure of

the BH metrics should possibly determine a modification of the attractor
mechanism itself, as recent works seem to point out.
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Indeed, a deeper, recently gained understanding of the BPS equations in
SUGRA [169–171] has led to new examples of general solutions, such as 5-d
black rings [172–182]. Also multi-centered BHs in four dimensions have been
considered [143, 183–185], and they share some of the features of their ringy
5-d counterparts7.

For these new classes of singular metrics the entropy turns out to be func-
tion not only of the conserved (quantized) charges related to a certain number
of (Abelian) gauge symmetries exhibited by the low-energy effective SUGRA
theory, but it also depends on the values of the dipole charges. These are
nonconserved quantities, which may be defined by flux integrals on particular
surfaces linked with the ring.

Thus, it could be reasonably conjectured that the near-horizon, attracted
configurations of the moduli should in this case also depend on the dipole
charges.

Rather intriguingly, they actually turn out to exclusively depend on the
dipole charges [189–191].

Consequently, for black rings the attractor mechanism cannot be related
to some kind of extremum principle involving the central charge, because
such a quantity depends on the conserved charges, and not on the dipole
charges. In [189] Larsen and Kraus formulated a new extremum principle
for the attractor mechanism in 5-d black ring solutions, in which a certain
function of the dipole charges plays a key role.

A general analysis revealed the existence of two general classes of solutions,
whose internal, near-horizon dynamics is governed by the universal attractor
mechanism, differently realized in terms of extremum principles for different
functions of different charges.

The discriminating, key point is the vanishing or not of certain components
of the field strengths (the so-called dipole field strengths). The framework
corresponding to nonvanishing dipole field strengths represents a new arena
to generalize the possible realizations of the attractor mechanism.

Finally, for very recent advances in the study of extreme BHs and at-
tractors (also in relation to quantum information), we address the reader
to [29,61,205,209,211,213,222–233].

7 An interesting line of research on black ring solutions in 5-d SUGRA has recently
been pursued by Strominger et al. .

By using M-theory, in [181] Cyrier, Guica, Mateos, and Strominger exploited
the microscopic interpretation of the entropy of a recently discovered new black
ring solution in 5-d SUGRA.

Moreover, as previously mentioned, in [148] Gaiotto, Strominger, and Yin pro-
posed a simple relation between Zd=4

BH and Zd=5
BH based on the demonstration that

the M-theory lift of a 4-d CY type IIA BH is a 5-d BH spinning at the center of
a Taub-NUT-flux geometry. Such a result on M-theory liftings was then further
generalized to the case of 4-d multi-BH geometries, which in [186] were shown
to correspond to 5-d black rings in a Taub-NUT-flux geometry (see also [187]
and [188] for related further developments)
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We end these introductory lectures devoted to the attraction mechanism
in BHs by saying that it appears to be particularly relevant also in the frame-
work of flux compactifications in string theory (see [192] for a nice recent
review). In such a context, the attractor mechanism turns out to be encoded
in phenomena of moduli stabilization occurring for compactifications in the
presence of internal form fluxes and geometrical fluxes à la Scherk-Schwarz.
In these cases the fluxes originate masses and distort the original geometry,
thus restricting the moduli space of solutions.

Despite the considerable number of papers written on the attractor mech-
anism in the past years, lots of research directions have still to be pursued,
paving the way to further developments in the deep comprehension of the in-
ner dynamics of (possibly extended) s-t singularities in SUGRA theories, and
hopefully in their fundamental high-energy counterparts, such as superstrings
and M-theory.
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